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Chao cac vi anh hung hao han, khi cac ban dang doc nhung 
dong nay, tuc la cac ban dang cam tren tay cuin Bi Tich giup 
nang cao vo cong ciia cac ha, lam cho noi lire ngay cang uyen 
tham du sue hanh tiu tren giang ho cung nhu tranh Slot vao 
Dai Hoc, dieu ma ai cung mu6n va chi co chien thing bing 
dung thuc luc cua minh mdi mong gianh dugc. 

Hanh tau tren giang ho cac ha cung da biet, ngoai phai 
can cu sieng nang, hoc hanh cham chi de co nhung ki nang co 
ban thi can phai co nhung chieu thuc doc va manh, cung nhu 
vu khi vip. Thu hoi co cao thu vo lam nao, khong nam trong 
tay cac tuyet thi vo hoc nhu Cuu Duong Thin Cong, Cuu Am 
chan kinh, Hang Long Thap Bat Chudng, Nhu Lai Thin 
Chuong.... 

Horn nay, ban da co 1 bi tich nhu vay va nhung Skill chi 
trong sach nay moi co, ban se khong tim thiy a 1 quyen sach 
mau me nao khac... 

Va day la 1 phien ban dac biet Limited. Hay g6i diu giuong 
va tu luyen no cho cin than nhe !!! 

P/s: Nhu cac ha da biit nam nay, thi trac nghiem 50 cau trong 
90 phut nen cac ban chi co 1 phut 48 giay cho viec lam va lua 
chon 1 dap an bdi vay ma ngoai kien thuc vung vang thi con 
can nhung Skill manh de day nhanh toe do lam bai, tang do 
chinh xac va gianh chiin thing. 
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SKILL TRlC KGHiEM Nguyln The Anh (Great Teacher) - Nguyen The Lux (Casio Expert) 


TAM PHAP 

Skill CASIO cong pha Trac Nghiem Toan 2017 

Ver 2.0 

(Lituy: Cac thao tac casio chi tiet da co a titng chuyen de, day la muc phan dang theo casio thay 
vi phan theo chuyen de.) 

I. Ham so 


Cac bai t oan ha m so chu yeu la hoi ve circ tri do do chung ta se sir dung ti'nh nang dao ham: 

(ID O H 0] d3 ® [U m 

0 Math A 


2 

Vi'du 1: Ham so y = x 3 - 5x 2 + 3x + l dat circ tri khi: 


II 

1 

LO 


o 

ll 


* 

i! 

o 


1 

x = - 

L 3 

B. 

10 

3 

c. 

_ 10 

3 

D. 


Cac em se nhap nhtr sau: 

ID ® S CD ID (HI 0 (D H CD EJ El [13 H HI E3 CD ® 0 0 d 

B Math A B Math A 

^(X 3 -5X 2 +3X+i:i; ^-5X 2 +3X+1)| x __ 3 
60 

Do do loai A vi dao ham cua y khong bang 0 tai x = -3 nen no khong the la cu-c tri diroc 
Tirong tu 1 cac em thir voi x = 0 

® ID IQ QD (=) 

0 Math A B Math A 

+5X 2 +3X+l)|,._ 0 ^(X 3 -5X 2 +3X+1> 


Vay loat not B,C Do do ta se chon D. 


3 


Vi' du 2: Ham so y = x 3 -6x 2 + /nx + l dong bien tren mien (0,+oo) khi gia trj m la: 

A. m>0 B. w>12 C. m<0 D. w<12 

Nhu-ng bai nhir the nay tot nhat la cac em dao ham tay cho d! xet, ta dao ham luon tren may va 

thay tham so m bang tham so Y tren may 


m ) w 


1 2 


mm ebb so 


3X 2 -12X+V1 


Math A 


Tim Y de bieu thuc tren > 0 voi moi x thuoc (0,+oo) thi khi do ham se dong bien thoi 

Cac em chon bira x=l roi chon Y theo hirong loai dan dap an, tru'6 , c het chon Y=15 xem A,B 
dung khong? Hay la C,D dung 


4 
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SKILL TRAC NGHl|M 


Nguyen The Anh {Great Teacher) - Nguyen The Lu-c (Casio Expert) 


11 03 (H 03 © (D 

0 Math A 

3XM2X+Y 


Do do A,B se dung, gib A vcri B no khac nhau gia tri 0-M2 ta chon bira x=l 



0 Math A 


3X 2 -12X+Y 

-8 

Vay loai A do Ion hon 0 van chira dime, chac phai Ion hon 12 AA do do chi con chon B 
Vi du 3: Tim m de ham so y = x 3 - 2x 2 + mx + m dat cun tieu tai diem co hoanh do bang 1 

Don gian la cac em giai phirong trinh 3.1 2 -4.1 + /w = 0 thoi A A 
Giai tay cho khoe, chi! Solve hoi lau. 

Dang viet phurong trinh tiep tuyen: 

Vi du 1: Viet phirong trinh tiep tuyen cua y = x 3 - 2x 2 + 2x+1 tai x = 1 
Ta da biet phirong trinh tiep tuyen co dang : y = ax+b 

« = j;'(x o ) = — (x 3 -2x 2 +2x+1) = 1 con 2> = y(x 0 )-ax 0 
dx 

Cac em bam may nhir sau: 

@ ® ® [D ® ® 0 El @ CD S3 ffl IXI @ CD ffl CD ® S (=1 


0 Math A 

|tCx 3 -2X 2 +2X+i:i; 



E Math A 


(X 3 -2X 2 +2X+1)-It> 


1 


=>y = x+l 


Vi du 2: Viet phiro-ng trinh tiep tuyen cua y = r 5 - 3x +1 di qua M{ 1; -1) 


Ta co he: 

| k-y(}) _j >A .3_3 x+ j_(3 X J _3)( x _i)_i 

\y = *(x-l)-l 


SOLVE 


* 


X = 1 

x = 0.5 


Vay la quay lai bai toan tim tiep tuyen tai 1 diem. 

1LPT-BPT- He 

Co 2 dang chinh la tim nghiem cua phiro-ng trinh va tim so nghiem hoac tim tong cua cac 
nghiem, hay noi each khac 1 dang co sin nghiem roi chi viec thfr, 1 loai phai di tim nghiem 
chinh xac cua no. 

Chu yeu la dung CALC de tinh gia tri bieu thuc thoi cac em 
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Nguyen The Anh (Creat Teadier) - Nguyen The Luc (Casio Expert) 


SKILL TRAC NGHIEM 


l.Dang don gian khong co tham so: 

Vi du 1: Phirong trinh log 2 (3x-2) = 3 co nghiem la: 

A. x = ~ B. x = 3 C. x = — 

3 3 

Cac em dung tinh nang tinh gia tri bieu thu*c de thtr tumg gia tri: 
Trirdc het nhap phuong trinh: 


D. x-2 


oitnc^ EM mRm(g)Rf3i 


cu m oa (B GO 


109 z C 3K—2 5-3 


0 


CALC 3 


mh a 


log 2 C3X-2)-3 
-0.1926450779 

Vay dap an A dung 

Ap dung: Phirong trinh sm3x+smx = cos3x + cos x co nghiem la: 

n 

x = — + 2 kn 
2 

n . 

X = -h K7T 

4 



n . 

a = — + kn 

n , 

x — —h kn 

1_ 

II 

A. 

2 B. 

n i 

A = -h k7l 

l Kn C 

x = —+ — 

n D. 

a = —h kn 

L 8 


L 4 

L 8 2 


A'H-1 4x~2 

Vi du 2: Bat phirong trinh->-co nghiem la: 

a-1 x 


A. - < a < 2 
3 


B. 


0 < A < — 

3 

C. 

V 

x. 

V 

| co 

D. 

1 < A < 2 


A > 2 



A < 0 


-<a<2 

3 


Cac em lan lirot tim ra cac mien khac nhau cua cac dap an dexem dap an nao chua gia tri 
dung. 

Vi du nhu vi du tren ta se tinh x = 100 de xem x > 2 dung khong? 

Hay tinh x = -100 xem x < 0 dung khong 

Cir the cac em loai dan cac dap an, chu yeu la phai chon gia tri chi dap an nay co ma dap an 
khac khong co. 

m a □ ai 03 ® m ca s m ® b ® a m cd s d ® m m a m m dd d 

B Math A 

X+l 4X-2 

X -l- X 

-2.95979793 

Vol x-100 gia tri bieu thirc am chu- khong phai diromg nen loai luon ( 

Tiromg ttfx= -100 
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SKILL TRAC NGHIEM 


Nguyen The Anh (Great Teacher) - Nguy&n The Luc (Casio Expert) 


HBDIEEiS 


0 Math A 

X+l 4X-2 
X-i X 

-3.03(9801) 

Do do cung loai not 

Vay chi con A va B, ta se chon 1 gia tr j ma A co con B khong co de xem dap an nao dung 
Chon x=0.5 

mi 

0 Math A 

X+l 4X-2 
X-l“ X 


-3 


Vay loai not A do do chon B 


Ap dung: Bat phirongtrinh 0,3 r+x > 0,09 co nghiem la: 

A. x > 1 B. -2 < x < 1 C. x < —2 


D. 


x<-2 

x>l 


2.Loai phiro'ng trinh phai tim chinh xac nghiem 

Vi du 1: Cho phirongtrinh: log 4 (3.2 x -8) = x-l co 2 nghiem x,,x 2 tinh x l +x 2 

Cac em se tim nghiem bang tinh nang SOLVE cua may tinh: xfr dep moi loai phurnig trinh 1 

an 



E Math A 

<i3x2*-8)-(X-l) 


SHIFT ICALCJ 


Solve for X 


Math A 


S Math A 

log 4 l.3x2''-8J-Oit> 

X= 3 

L-R= 0 

Vay ta dime 1 nghiem dau tien x=3, ta se kiem tra xem con nghiem nao khac khong bang 
each chia cho (X-3] cac em su-a thanh (.): (X-3) 

H CD E) [S CD 


S><3) ) 


( 
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SKI Li TRAC N GHI EM Nguyen The Anh (Great. Teacher) - Nguyen The Lux (Casio Expert) 


13 Math A 

<-cx-n)-cx-3) 


13 Math A 

Solve for X 


3 


, _ , _ 0 Math A 

Uo^3><2 A -8J-0> 


X= 

L-R= 


2 

0 


Ta dime them 1 nhiem x =2 vay tong 2 nghiem la 5 

Cac em co the thu- luon xem con nghiem nao nu-a khong bang each su-a thanh 
(....): (X-3)(X-2) 

B.Loai co tham so: 

Vidu 1: Phiro-ngtrinh x* + x = m 2 +m co3 nghiem phan bietkhi: 

A. m<\ B. -l<w<2 C. -2 < w < 1 D. m>-21 

De xira nhanh dang nay cac em vao luon tlnh nang giai phu'ong trinh bac 3 cua may tfnh roi 

lai "chon bira” m nhir vi du triroc: 


MODE 5 4 



o 

Ta se lay m = -100 xem A co dung khong? 

m d gd d b m d a m m b m m ej m m a s m m ta m u m @ 

0 Math 0 MathT 

»fa l 1 n ‘ -3 Xl= 

i 21.51886327 

" 0 MathfA 

&= 

«+J8.55521779i 

Do ta thay loai A luon vi co nghiem phirc 

Tiep tuc vo-i m =-10 xem D dung khong, neu khong dung thi lai thu- gia tri B co C khong co 

® 0 ® s m m b m (a (a 0 ffl m s m ta ca m u 

0 Math 0 Math^A 

I b D ' -3 ■fc lT] X2= 


-so 09+3.687594015i 

Tiep tuc thu* voi m = 1,5 

0 Math 0 Math A 


-3 


Xs= 

.75 -^196-0.737464541 
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Nguyen The Anh (Great Teacher) - Nguyen Th£ Lux (Casio Expert) 


SKILL TRAC NGHIEM 


Do 36 Loai B vi no dura gia tri tren, va duy nhat C dung ,cac em khong tin thi thu lai nhe. 

4. Tim s6 nghiem cua phiro-ng trinh : Ngoai Solve chung ta co the dung TABLE 
(Cac em xem a phan chuyen de nhe) 

Cir nho- la /(x) d6i tir am sang du-crng hoac ngu-ffc lai thi tire la tren cai doan doi dau do co 
1 nghi$m, li thuyet nay cac em da diror hoc tir nam lop 11. 

Vidu: PT log 4 (3.2 I -8) = x-l co may nghiem thi cac em xet: f(x) = x-l-log 4 (3.2*-8) 

E Math E Math 

Start? 

1 

B Math 

End? 


20 


Chu y la nhin qua thi jc > 1 nen ta se cho Start tir 1 toi 20 vi Table chi tinh diroc 20 gia tri 


thoi 

Step? 


Math 


1 


B 


m&m 

FUO 

ERROR 

E 

D 

3 

D 


Math 


1 


Vf du nay dac biet qua, ra luon 2 nghiem, nen Table cung la 1 each de tim nghiem nhe cac 
em ve ban chat no cung la tinh gia tri bieu thuc nhu* CALC nhirng ma no tinh dirgc nhieu 
hom va tong quan hom, cac em xem vi du 6* phan chuyen de nhe se thay ro hom six khac biet 
Table va Solve trong tim so nghiem cua phu-omg trinh. 

5. Ki thuat gia! he : tim moi quan he (trich tu* sach B1 Kip The Lire ver tir luan) 

So* do chung de giai he phirorng trinh: 


I Tir 1 trong 2 phuang trinh, hoac phuc tap 
* hem la phai ket hap 2 phirang trinh 



« M6i quan he giua x va y ^ j 

j (mu6n lam dugc di£u nay thi cac em phai dung cac pp thS, dura ve phirang J 

trinh tich, an phu, ham so, danh gia....) 1 



! Thi vao 1 trong cac phuong trinh d£ dua ve phuang trinh 1 3n, co the la giai 
| dugc luon, hoac co th& la mot phuang trinh chira can phai dung them phuang 
I phap mai giai dugc, tiiy vao muc do de thi 


a. K! thuat tim nhanh moi quan he: 

<Jx 2 -x~-y-\.$]x-y-l =y + \ 


Vi du 1: Cho he : 


[x + y + l + yjlx + y = yj5x 2 + 3y 2 +3x + ly 



Web: Alika aw 


The Luc - fb.com/Ad.theluc The Anh - fbxom/nguyentheanh.teacher 















SKILL TRAC NGHiEM 


Nguyln The Anh (Great Teacher) - Nguyfai The Lire (Casio Expert) 


Goi (x,, y,) la nghiem cua he ti'nh x,+y, 

A.O B.l C.2 

Huong din: 

Cac em chi can loc tho voi y = 100 cho nhanh: 
Biro-c 1: Nhlp nguyen phirong trinh 1 vao 


< 3 J>PM-CY+1)I 


D.3 


Biro-c 2: Goi chirong trinh SOLVE va khoi tao gia tri tham so Y = 100 

aiBEEaa 

0 Math . E Math 

v? Jx 2 -x-y-i WFt 

X= 102 

.100 L-R= 0 

Sau khi ra X = 102 thi cac em pMi tim vdi Y = 100 thi con nghiem X nao khac khong bang 
each chia cho (X-100) nhir la phan giai phurnig trinh do. 


B Math 


<(Y+n)-o;-io 2 )i y? 


Tir do suy ra dime m6t moi quan he duy nhat: x-y = 2->y = x-2 
Thay vao phirnng trinh 2 ta dime 

2x-l + >/3x-2 = >/8x 2 -2x-2 Bieu kien : x > — 

3 

B Mat h 

< z 2-J8X 2 -2X-2 


Math E Math 

Can’t Solve 

ir , n CAC] : Cancel 
100 c<]cm Goto 


[SHiFTl [CALCl f0~| [=] 

.-S. , _ B Math E Math 

2X-l+J3X-2-i8X z i> ^-2x-2)-fCX-l) Can,t Solve 

^ - n_ i CAC] sCancel 

L”K- U cmmGoto 

Bam may ra nghiem x = 1 la nghiem duy nhat 
Vay nghiem cua he la (k-ty-^Xj + y, =0 

b. KT thuat tim moi quan he voi can thirc: cac em chon y cho can thirc ra gia tri dep thi 
moi dl nhin moi quan he. 

Vid M l:eh„«:| <4 '’ + 1) '‘ +<} '- 3) '^ = 0<1) 

[ 4x 2 +y 2 + 2-j3-4x = 7(2) 

Goi (x,,y,) la nghiem cua he tlnh x,.y, 

A.O B.l C.2 

5 3 

Bieu kien: v<-. jc<- 
2 4 

© Bang ket qua vo*i phirorng trinh 1: (4x 2 + l)x + (y - 3)^5 - 2y = 0 
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SKILL TRAC NGHIEM Nguyen The Anh (Great. Teacher) - Nguyen The Lux (Casio Expert) 


Y 

0.5 

2 

-2 

j5-2y 

2 

1 

3 

X 

1 

0.5 

1.5 


Tir do suy ra moi quan he la : 2x = ^5-ly <=> 
4x 2 +(^-2x 2 | +2n/3-4x-7 = 0(3) 


^>0 5-x , „ , 

=> y - -the vao (2) 

jc = 5 - 2y 2 


Bam may dirge : x = - => y = 2 -» x, .yj 


III.Tinh giai han - Nhi thirc Newton 
1. Tinh gioi han. 

Phan nay co the noi la 1 phan rat de cac em a, thirc chat la tinh gia tri bieu thuc tai diem lan 
can cai diem minh can tinh thoi. 

VI du x tien toi 1 thi cac em lay 0.999999 hoac 1.000001 thoi 
Hoac dung cong thirc Lopital & chuyen de gioi han nhe. 


^ x 2 -4x + 3 

Vi du 1: Tim lim . = 

x_>1 v4x + 5-3 

Cac em nhap bieu thirc: 



0 Math 


^2-4^+3 

^4X+5 -3 


Sao do dung CALC de tinh : 

IcalcI flTl R [9] [1] B3 B 5] GD [=3 [s»o] 

0 Math A 

X2-4X+3 

J4X+5 -3 

-3.000001125 

Vay ta dirge ket qua la -3 
Hoac tinh each khac: 


Math A 


5? (x2 - 4?i ;- | -3 ) ix=i 

,±azzs- 3)| x=1 


Math A 

A.— X 


^( V 4 ^ 5 - 3)| x=1 


-3 


Noi chung dang tinh lim nay da phan la de, anh cung da noi chi tiet 1 lan nira o’ phan 
chuyen de roi, ca each lam sao de chuyen ve phan so neu ket quk la so thap phan vo han 
tuan hoan. 

2.Nhi thuc newton 

Cach tim he so x m trong khai trien anh da trinh bay a chuyen de, a phan nay anh se khong 
nhac lai nira ma se mo* rong hon: 


4 
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Chung ta xet khai trien: (ax+b) w = ]Tc k n (ax) k F~ k =]T C* a k b n ~ k .x k 


k =0 

He so cua x k trong khai trien la: Cj a k b n ~ k = ——— .a k b 


k in-k 


Be don gian hoa cac em dat: 


sau: 


k.+k 1 = n n \ 

, va he so can tim la: —— .a ' b * 1 
K=m k,!k,! 


k!(n-k)f 

k { = k 

^ k x +k 2 = n ma ta dang can tim x"’ do do ta co he 

fCr) - Jl ~~ K. 


Chung ta lai xet tiep khai trien 3 so hang: 
(ax 2 +bx+ c)" = C k (ax 2 ) k .(bx + c) n ~ k 

k=0 

n n-k n n-k 


LEc;(« ! )‘ cr k (bxy. =x£c: cy .x lt+l 


k=0 /=0 


A-0 i=0 


De cho gon cac em lai dat nhir sau: 


k l =k 


k 2 =i z^k^k 2 + k 3 =n 


k 3 =n-k~i 


k x +k 2 + k 3 = n 


Ma chung ta lai dang di tim x m do do: 2k+i = m, ta co he sau: 

[ 2k x + k 2 = m 

Tir he phirong trinh cac em se tim dirge k x ,k 2 ,k 3 va tir do ti'nh dirge he so bang cong thirc: 

~%kf>n-k „k L i n n-k-i _ (n—k)! _ ^k y yi-k-i 


C ks~\n-k k ri n n-k-i 

n Lj a 0 .C = 


(n-k)!k! (n-k-i)!i! 


A n- n b ; — _ ^ 1 ~k: 


-a k b\c 


.a 1 .b k \c h 


k!i!(n-k-i)! ^!A 2 !k 3 !’ 

Vay la chung ta da co cong thirc tong quat cho 2 trirong hgp kha don gian, each de nho* cai he 

A , , , [k+L +L=n 

cung rat don gian: 

I 2 k x “f* k<) — yyi 

Tu cdc^ 2ij bx -> 1 ,k 2 -> 2k x + k 2 chinh la so mu cua x m trong khai trien 

Vi du 1: Tim he so cua x 6 trong khai trien P = (3x 2 -2x-l) 9 


Cac em viet luon he sau: 


k x +k 2 +k 3 =9 
Ik^ + k 2 = 6 


k x <3 


k 2 = 6-2^ 
k 3 = 9-(k,+k 2 ) = 3 + k 1 


(cac em de cau true nhir anh nhe) 

Made in by CASIO EXPERT - Nguyen The Lux 
Cach 1: 


9! 


X!*(6-2X)!*(3+X)! 

B Math 


* 3 Y .(—2) 6 " 2A '1) 3+a ' 


Sau do cac em vao Table va nhap : F(x) = 

Sid) 

B Math 

fW’t xixie-zxn * fOO=<3*x(-2) 6 > f00^x(-i)3 + x 
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SKILL'TRAC NGHIEM; 


Nguy&n The Anh (Great Teacher) - Nguyen The Lire (Casio Expert) 


0 Math 


Sau do cac em bam = = de bo qua G(X) 

Start cac em cho la 0= End cac em cho la 3= (vi minh chi can chay toi 3 thoi) Step 1= nhe 

0 Math B Math 

Start? End? Step? 

0 3 


Sao do ghi lai cac so hang nay vao de tl nu-a c6ng lai 


X 

□ 

0 

FOD 

B-fhl- 

Math 

3 

X 

2 

0 

FCX) 
-212 IB 

1 

2 

30240 
-213 IB 


M 

E 

3 



Math 


I 

a 

3. .5375 

Cac em cong lai dirge: 

0 Math A 

-5376+30240-272 > 

-84 

Vay he so cua x 6 trong khai trien la -84 

Cach 2: Su dung lap trinh dong lenh - The Luc 
Cac em nhap nhu sau: 

S (3 @ @ @ (3 (B E3 H El S @ @ @ @ i§ (±1 ® ® @ ® ® H S 

m m ® ® m a m m @ © 0 a e m ® ® m a m m izi in m s s 


0 Math A 


K-X+1 : Y-Y+ X!X (5^ Lzxhxo+x) ! 2) b ZXx ( ► 


E Math A 




E Math A 

>6-2X, 


Sau do cac em bSm CALC roi bam-1= 0= de kho-i too cho Z = -1,F = 0 (*) 
Sau do bam =, thi luc nay k { = 0 va de no tinh ra he so thi cac em bam = 


X=X+1 


0 Math ADisp 


0 Math A 

9! 


Y - ^ + X!xC6-2X)!x I> 

0 -5376 

Vay la dot 1 da xong, cac em lai bam = tiep, roi = tiep, roi = tiep : day la cac thong so khoi dau 


cua dot 2 

x? 


0 Math A 


Y? 


Math A 


X=X+1 


0 Math ADisp 


0 -5376 1 

Bay gio- lai bam = nhir dot 1: thi no hien he so luc nay la tong cua he so luc = 0 va A, = 1 


Y=Y+7 


E Math A 

9! K 


X!X(6-2X)!X 

24864 

Tiep theo lai bam = tiep 
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SKILL TRAC KGHilM ; Nguyen The Anh (G reatTeacher) - Nguyen Th£ Lire (Casio Expert) 

B Hath A 


X? 

Ketqua dot 3 


v? 


i 


B Math A 

9! 


1 ' r ^ + X!x(6-2K) ix 1 * 

-2352 

B Math A 

X? Y? 


B Math A 


24364 


X=X +1 


0 Math j&Disp 


B Math A 


Cac em phai chu y bam = lien tuc toi 3 thi bairn cham th6i vi day la dot cuoi k, = 3 

, . , , ^ 0 Math ADisp B Math A 

X=X +1 y = y+^- 9! 


-2352 

da 

k 


X!X(6-2X5!X 

3 -84 

Neu cir bam mda thi cung chang sao vi no se bao 16i 

a A 0 Math A 0 Math 

X? Y? Math ERROR 

, CAC3 sCancel 

4 -34 Cult nos Goto 


Meo nhap xong & (*) bao gib bao I6i thi dimg: bam gcD H 

, , 0 Math A @ Math A 

Y X 

-84 4 

(Nhung chu y Id khi do Xphdi la 4 nhe cliirX ldl,2,3 thi lai ddy sang trdi CALC dip: xem vi du 
2 ) 

Vi du 2: Tim he so cua x s trong khai trien P = (l + x 2 (l-x)) 8 = (-x 3 +x 2 +l) 8 (A-2004) 


Cac em tong quat len se dirox cong thirc: 


Cac em nhap vao : 
Dau: cac em nhap la 


k t + k 2 + k 3 = 8 
3 £, + 2k 2 = 8 


k { <2 

k 8 ~ 3 ^ 

2 2 

& 3 =8-(k,+k 2 ) = 4 + — 


B Math A 


X=X+l:Y=Y+ 




B Math A 

t«h 4 


X!x(^ ^MHe) ! k(4 + f)! 


B Math A 

-X(-1) X 
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SKILL TRAC NGHIEM 


NguySn The Anh (Great Teacher) - Nguygn The Lye (Casio Expert) 


Sau do cac em bam CALC va cho X= -1, Y =0 va may hien 

13 Math ADisp 

X=X+1 


0 


Cac em lai an = 


Y=Y+ 


B Math A 


70 


Roi lai an = = = 


x? 


B Math A 


Y? 


B Math A 


X=X+1 


0 


70 


Th'i no bao 16i do khong co giai thira cua ca so khong nguyen 

B Math 

Math ERROR 

CAC] sCancel 
C-fl ] C &•] ! GOtO 

Sau do cac em bam "day sang trai” va bam CALC roi lai = roi lai = 

B Math A “ A 


B Math A 


X? 


Y? 


X=X+1 


1 


70 


Ten day la k x = 2 chi viec = la ra h£ so Y 

B Math A 

Y=Y+- To ^vT ~> 

!x| 

238 

Vay he so cua jc 8 trong khai trien tren la 238 


Math ADisp 


1 


Math ADisp 


2 


Vi du 3: So hang khong dura x trong khai trien P = (yfx + 



1 - - 

Cac em viet lai chut trong cho nghe thuat: P = (tfx + -W) 7 = (x^ + x 4 ) 7 

\JX 


Cac em viet luon he: 


k s +k 2 — l 



= 0 


Nhap vao may: dung Table nhe 
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SKILL TRAC NGHIEM 


Nguyen The Anh (Great Teacher) - Nguyen The Luc (Casio Expert) 


Math 


f00=4 


Xlxf ! 


Start? 


End? 


Math 


0 


Step? 


1 


K 

F(K) 

1 

ERROR 

2 

ERROR 

2 

■Hip 


35 


VI.Tinh nguyen ham - tich phan 

a, Tich phan xac dinh : Dang nay kha dan gian cac em chi can nhap true tiep tich 
phan can tinh va bam = de ra KQ 


Vi du 1: Tmh tich phan sau: \e x ^-dx 


Cac em nhap nhir sau: 

E ® H D3 H CD ® Q3 @s Q] Q] © h (j) @ dj ® ® ® (T) <g> H] (D 

Va day la ket qua : 

0 Math A 

0.1011388899 

Be lira lai gia tri ti'ch ph£n de tien cho viec so sanh cac em luu vao A bang each: 




AC| (Ansi [sfiiFfl IrcD ^ 


5jc + 7 


-dx 


Vi du ap dung: 

Trich de mlu 2016: 

Vi du 1. Tinh tich phan: / = f- 

J 0 * 2 +3x + 2~ 

A. 21n3+31n2 B. 2in2+31n3 

Vi du2. Tich phan: 1 = JV ]nxdx c6 gia tri bang: 


C. 21n2 + ln3 


D. 21n3+ln4 


A. -In2-- 
3 3 


C. -In 2-— 
3 9 


D. 241n2-7 


B. 81n2—- 
3 

Vi du 3: Tinh dien tich hinh phang diroc gidi han bdi do thi ham so co phirong trinh: 

y = -x 2 + 2x+l,y=2x 2 -4x + l 
Trade het ta tim hoanh do giao diem de biet can da 
Giai: 

(2x 2 -4x+1 )-(-jc 2 + 2x+l)=0 (Cac loai khac khong phai bac 2 hay 3 thi cac em giai nhir phan 
d HD d phia dda tai lieu ve PT-BPT) 

B ’ Math 0 MatbV 

-i = 01 Xl = 


X2= 


MathTA 


3 2 

Sau do chi viec t inh (Xem them tinh nang Abs d bai so phde] 


o 
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Nguyen The Anh (Great Teacher) - Nguyen The Luc (Casio Expert) 


SKILL TRAC NGMIEIVi' 


0 fi 

Jq 13X 2 -6S< I dx 


Math A 


Vi du4: Biettich phan: Jl x + l +—-\dx = a+b\n2 .Tinha+b 


A.— 

2 

Huong dan: 


B.~— 

2 


C.- 


D.-- 


Tru-o’C het cac em bam ket qua tich phan roi 1 mi vao A. 

B MathV E Math A 

-0.8862943611 -0.8862943611 

Sau do vao Table: Mode 7 


fGO= 


ft-x 

ln(2) 


Roi bam = = va cho Start 4= End 4= va Step 0.5= 

Math 


Db5 


“LETS 

-E*nEi 


-2 


Vayla a = 0,5 £ = -2-»a+Z> = — 


b. Nguyen ham : tich phan khong co can, do do ta phai cho no gia tri cua can tuy y 


Vi du 1: Tim a>0 sao cho : I = J xe 2 dx = 4 roi dien vao cho trong 

o 

Thong thirong ho se cho a nguyen vi la ho cham bang may nen de so dep thl may de cham 
ho*n la so xau. 

Ta thay Ian lirot a=l, a=2 .... Vao xem 

0 Math A 0 Math A 

f hj 

.7025574586 J0 





Web: Alika.vn ThiLyc-fli.com/Ad.tfieluc The Anh- 


Vay ta dirge a =2 

Be do* phai edit nhieu Ian thi cac em sira thanh: 
Bau tien gan 1 vao Y bang each: 


Sau do sira tich phan thanh: 

















SKILL TRAC KGMIEM Nguyen The Anh (Great: Teacher) - Nguy&n The Luc (Casio Expert) 


E MathVA 

rv * 

| 0 Xe z dx 

. 0 

Roi bam '=" xem KQ la bao nhieu, sau do cac em lai gan 2 roi 3... cho den khi dung ket qua nhir 
yeu cau: 


H (shf! (rcO 1s»d1 ® 




Nhir vay d& phai day con tro nhieu lan de sira lai can cua ti'ch phan. 


Vi du 2: Tim nguyen ham cua ham so: y = xe 2x 

A. I e 2 *( A --I) + c B. 2e lx (x-2) + C C. 2 e 2x (x~) + C D. -e 2x (x-2)+C 

2 2 2 2 

O' day ta co 2 each tinh 1 la sir dung dao ham ket qua (dap an) roi so sanh veri de bai, each 2 la 
tinh xuoi 

Ro rang 6- day, each 1 la do-n gian nhat vi may tinh da co san tinh nang tinh dao ham tai 1 diem 
xac djnh cho cac em. 

Cach 1: Cac em xet dao ham tai x=l cua 4 dap an xem co bieu thirc nao bang: j>(1) = \.e 2 
khong? 



|;(|e 2X CX-0.5i> -*X-0.5>)| x=1 -€F 


0 ° 0 ’ 0 ” 

Thi thay dap an A dung 

b 

Cach 2:Ta co: J f(x)dx = F(x) 


F(b)-F(a) 


Cac em xet rich phan tir ~ tcri 2 de co 1 cai F(...) = 0 
Cac em xet dap an A tnx&c nhe: 


B Math A 0 Math A 

i 0iS Xe 2 *dx-ie 4 > ^dx-|e 4 (2-|) 
0 

Vay cac em chon A nhe. 


Jl 


Tong ket: Vay la cac em se bien yeu cau tong quat cua bai toan thanh 1 bai tinh thong thirong 
bang each tur thay so vao cho phu hop. 


V. So phtre 
l.Tinh toan co* ban 


011 
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SKILL TRA€ MGHIEM 


Nguyen The Anh (Great Teacher) - Nguyen The Lure (Casio Expert) 


Be tinh diror so phu*c cac em phai vao he CMPLX bang each: 

CMPLX 0 Math 


BodeI H 


Goi thanh phan ao bang each bam: 

CMPLX I 


SHIFT ENG 


Math 


Vi du l:Tinh (2+ i)z +1+3/ = - — 7 

1+i 

E) CD El [3 @ Hi ® CD E) e a © E) CD B El ill IS (3 0 CD E BE) S SI CD (D 

CMPLX 0 Math A 

3 11 - 


Be tim so phire lien hop cua z ta dung ham Conjg 



CMPLX 0 Math A 

ConjgCl+i) 


1 -i 


Ttrong tu tinh Argument (goc) cua z 



CMPLX 0 Math A 

arg(l+i) 


45 


Tinh do dai ta dung Abs: 


shift! |hy£ 


1+i 


CMPLX 0 


Math A 


12 

Vi du 2: z = (2+i)(l - /)+1+3/ cac em co the tinh z bang may roi dung Abs hoac Abs ca bieu 
thuc do luon dup*c: 

CMPLX 0 Math A 


I (2+iKl-i)+l+3P 
2l5 

Vi du 3: Tim tap hop z thoa man dang thuc |r + 2+i| = |r - 3/j 
A. y = x-l B. j = * + l C. y = -x+ 1 D. y = -x-\ 
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SKILL TRAC NGHIEM Nguyen The Anh (Great Teacher) - Nguyen The Lire (Casio Expert) 


Anh giai thich 1 chut vf du z~a + bi thi y cua ho la moi quan he a,b la bieu thu*c nao trong 4 
dap an 6* tren do. 

Thi o' day minh se lan lirot di tmh 4 dap an 

Dap an A. y = x-1 tire la: b = a- 1 => Chon b = 100 ,a = 101 ->2 = 101+100/ 

Sau do nhap: 


HiiiFTiihjimmmiiiiimmHmw 

CMPLX 0 Math A CMPLX 0 M; 

lX+2+il-lConjgO «-IConjg(X)-3i 


Math A 



Sau do tmh bang each bam CALC 

CMPLX 0 Math A 


X? 


0 


Cac em nhap la 



Dirge ket qua: 

CMPLX 0 Math A 

lX+2+iHConjgO 


0 

Vay la dap an A thoa man yeu cau, cac em tM luon cac dap an khac de luyen 
2.Tim can cua so phur, module 
Vi du 1: V-33 + 56/ 

A. 4+7; B.-4-7; C. -4+7;; -4-7; D. 4 + 7/; —4—7/ 

Cach 1: Cac em thir dap an : Tmh meo 

M CMPLX 0 Math A M ‘ CMPLX 0 Math A 

(4+7D 2 (-4-71 ) 2 


-33+561 -33+561 

Cach 2: Tmh khong dga vao dap an . * r 
Cac em ve COMP tfnh toan thong thircmg: 

Chung ta se chuyen tir dang dai so sang dang lirgng giac de tien hanh khai can 

M 0 Math A 

Pol(-33,56) 
r=65,e=2.103300K- 

Khi do cac gia trj goc va ban klnh nay duwc liru a X,Y 

M 0 Math A M 0 Math A 

X Y 

65 2.103300425 F..-S&* 

Sau khi chuyen dirge sang lirgng giac roi thi cac em nhd ten cong khai can dang lu’gng giac 
la 
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SKILL TRAC MGHIEM 


Nguyen The Anh (Great Teacher) - Nguyen The Luc (Casio Expert) 


z = r (cos cp +isin cp) -> \fz = %[r( cos ^+isin •—) 

Do do minh lai chuyen tu: ltromg giac sang dai so bang each bam 

@El(S|^D]®@[I]@©(i|[I]ll](il 

U 131 Math A 


Math A 

RecCJX.Y-2) 

X=4>Y=7 

Cach 3: Theo SGK: 

,. [a 2 -b 2 =33 2 

s = 33-56/ = (a+bi) -+ 

lab =-56 


^-(f) 2 -33 


-28 

a 


= 33 


Math A 




x LxJ -aa 

x= 7 

L-R= 0 

■ - ■ “* I V1 ,^1 0 ...jT' V 

1?) -33)+(X-7) ^ l - xJ J + 7 

L-R= 0 

Vay dap an la D. 

Vi du 2. Tim module cua z biet £ + (1 + i) Z = 5+2; 

A. yjl B. 2-Jl C.-fs D.Ao 

Cac em nhap vao may tinh nhir sau; 

HmmmmmHHmHfiifiiHcaGiBiiiBSiiBiG] 

M CMPLX E Math A M CMPLX B Math A 

X+(l+i)Conjg(X)^ «njg(X)-(5+2i) 


Sau do cac em nhap 2f = 1000+100/ 

I^lcI m fol fol fol FR m Co] Co] IsiiiFfl (eng! [=] 

M CMPLX E Math A 

X+(l+i)Conjg(X)i> 


2095+9981 

O' day cac em se co: 

2095 = 2.1000+100-5 = 2a+6-5 
998 = 1000-2 = 0-2 


Mat khac ta dang muon phiroiig trinh no bang 0 thay 


2a+6-5=0 

fa = 2 , , 

\ <=>- 


[ a- 2=0 

[b=l 11 


Liru y: cac em phai lay so dau gan nhat tu*c la: 2198 = 20+26-2; 
Vi du 3: Tinh module cua z 9 biet: — 

A. yfl B.2V2 


2795 = 30-26-5 


■ + 2i 2 
C. W2 D. l&Jl 
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SKILL T.rAc NGHipi Nguyen The Anh (Great Teacher) - Nguyen The Luc (Casio Expert) 


Cac em quy dong len va nhap vao may tfnh: 2(z-1)(2 - i) = (3+/') (z+2/) CALC 


z = 10000+100/ 

CMPLX 0 Math 

«3+i)(Conjg(XD+^ X? 


CMPLX E Math A 

2(X-lK2-i)-(3+t> 


CMPLX 


10000 

+100I 


10098-293041 

_ A , f a+b-2=0 . . _ . . — 

Tasuyra dirge he: \ o-a = b = l ->2 = \ + i->\s = Jl -» r 2 = 16v2 

|3a-7i + 4 = 0 11 II 

IV. IJng dung trong Oxyz, Oxy 

a. Tinh khoang each tu 1 diem tdi 1 duang thang, 1 mat phang: 

Voi Oxy d^ (4) = • V<W 0x y z : <W) = - ^4===^ 

■JA' + B- Ja 2 + B 2 +C 2 

b. Tfnh goc tao bo-i 2 diro-ng thang (2 vecto chi phiro-ng), 2 mat phang (2 vecto 
phap tuyen) 

k*2+W>2+- r rtl 


cosa = - 


voi Oxy thi cac em bo z di la dirge 


\l x \ + y 2 \ + z \ \[x.2 + y\ + A. 

c. Tfnh tich co huomg, vo huorng cua 2 vecto,tfch hon tap- IJng dung tinh V bang tich 
hSn tap 

Cac em vao tinh nang vecto 


MODE 8 


Vector? 
lsVctA 2:vote 
3:Veto 

Sau do nhe nhap dir lieu cho tirng vecto: Chon 1 de nhap cho VectoA 

VctA(m) m? 
is 3 2;2 


Chon 1 de chon he true Oxyz 
vers 


Sau do cac em nhap du* lieu cho no 
vers 

% « 


Be nhap tiep du* lieu cho vectoB cac em bam 

[sijfi fiiin m m 
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SKILL TMCNGHIEM 


Nguyen The Anh (Great Teacher) - Nguyen The Luc (Casio Expert) 


VCTB 

IT □ 


D] 


Lai nhap dir lieu cho no: 

m (=} [u [=] m © 


VCTB 


[ 1 


Ti'nh ti'ch co hirong cua vecto A va B ta bam nhu- sau: 

(mPtIITI [3l [sIftI fD fTl [=1 


An; 


VCTB 


B -M] 


-4 


Ta diro-c vecto mcri vuong goc voi 2 vecto A va B la ti'ch co hircmg cua chung 
Be ti'nh ti'ch vo hirong ta bam nhu- sau: 



VCTB 

VctA-VctB 


10 

Be ti'nh ti'ch hon tap cua 3 vecto thi ta se nhap them dir lieu cho vectoC 

ia5i [iiFTi fri m in m m [=] [n [=1 [g [=) 

VCTB 

C [ u 5HI 


[Ed] B m 0 b m t?i b o (si ji 

^ VCTB 


VctAVctB-VctC 


0 

Be ti'nh the ti'ch cua tu- dien tao bo-i 4 diem (=> 3 vecto) thi cac em dung cong thun: 

v a . bcd = 1 -/Tb,ac]a .d 

Vi du ap dung: 

Cho bon diem 41;0;l) 5 5(2;2;2),C(5;2;l),D(4;3;-2) 

Tinh the tich tu* dien ABCD ? 

Day la Skill Casio ver2.0 cua sach Luyen Thi Trac Nghiem Toan 2017 verl.O ban Skill Casio 
se tiep tuc dirac Update o' cac phien ban sau. 
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Nguyln The Anh (Great Teacher) - NguySn The Lire (Casio Expert) 


HAM SO 


CHUYEN BE HAM SO VA CAU LIEN QUAN 
PHAN 1: KHAO SAT VA VE DO THI 
1.1 HAM SO BAG NHAT/BAC NHAT 
BE THI NAM TRl/OC 

Khdo sat sir bien thien va ve do thi cac ham so sau: 

1. De du doan 2017: v = ——- 

' x + l 

2. DHKD-2011: y = 

x + l 

3. DHKA-2011: v = 

2jc-1 


BAI TAPTlTLUYEN 


Bai 1. Khao sat sir bien thien va ve d6 thi cua ham s6: y = 


2x~l 
x — 1 


Bai 2. Khao sat sir bien thien va ve <36 thi cua ham s6 : y ■ 


x + l 


• t r ' \ ' 2x *4“ 1 

Bai 3. Khao sat sir bien thien va ve <36 thi cua ham so: y = - 

x — 1 
' 3 — 2x 

Bai 4. Khao sat su bien tliien va ve do thi cua ham so: y =- 

x-1 

Bai 5. Khao sat su bien thien va ve do thi cua ham so y - - 

x + l 

BAP AN TlTLUYEN 
2z-l 


Bai 1 . Khao sat sir bien thien va ve do thi cua ham so: y = 


x — 1 


• Tap xac dinh: D = M \ {1} 

• Bao ham: y' = --— < 0, Vz € D 

(x-lf 

• Ham s6 da cho nghich bien tren cac khoang xac dinli va khong dat cue tii. 
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HAM SO 


Nguy&ti The Anh (Great Teacher) - NguySn The Lure (Casio Expert) 


• Giai han va tiem can: lim y = 2 ; lim y — 2 => y = 2 la tiem can ngang. 

a;-4—00 a;-4+oo 

lim y = — oo ; lim y = +oo => x — 1 la tiem can dung. 

£-41" £~4l + 

• Bang bien thien 


• Giao diem vai true hoanh: y = 0 & 2x - l = 0 x = 

Giao diem vai true tung: cho x = 0 => y = 1 

• Bang gia tri: x | -1 Q 1 2 3 

y 3/2 1 || 3 5/2 

• B6 thi ham s6 nhu hinh ve ben day: 

r •» * X 

Bai 2. Khao sat su bi£n thien va ve do thi cua ham so: y =-- 

x 4-1 



X 

- oo 1 +oo 

y 1 

- 

— 

y 

-oo 

+°°'— 

2 


• Tap xac dinh: D — R \ {-1} 

• Bao ham: y f = --—- > 0, Vs £ D 

(x +1) 2 

• Ham s6 d6ng bi£n tren cac khoang xac dinh va khong dat cue tri. 

• Giai han va tiem can: 

lim y = 1 ; lim y = 1 => y = 1 la tiem can ngang. 

£-4—00 £-4+00 


lim y = +oo ; lim y = —oo => x = —1 la tiem can dung. 

£-+(-l)“ £-4(-l) + 


• Bang bi&n thien 
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MAM SO 


Nguy&n The Anh (Great Teacher} - Nguy&n The Lux (Casio Expert] 



* Giao diem vai true hoanh: cho y = 0 & x = 0 
Giao diem vai true tung: cho x — 0 =+ y = 0 


' Bang gia tri: jc 


~3 -2 -1 0 


y 1,5 2 II 

• Bo thi ham so nhu hinh ve ben day: 


0 0,5 


1 

i 

W 

l 


2 

1 

1 

1 

1 

. 1 

0.5 


-2 -1 


0 1 X 


f ' •» ' 2x *4" 1 

Bai 3. Khao sat sir bien thien va ve do thi cua ham so: y =- 

x — 1 


# Tap xac dinh: D = M \ {1} 


* Dao ham: y' = ■ 


-3 


• < O.Vz € D 


(x-lf 

• Ham sd luon nghich biSn tren cac khoang xac dinh va khong dat cue tri. 

• Giai han va tiem can: 

lim y = 2 ; lim y = 2 =$> y = 2 la tiem can ngang. 

x —* —OO X— »-f-OC 

lim y = —oo ; lim y — -boo => x = 1 la tiem can dung. 

*-»r ‘ ' 

• Bang bien thien 


X 

—OO 1 +00 

y 1 

+ 

+ 

y 

2\^ 

—oo 

+oo*\^^ 

2 


0 Giao diem vai true hoanh: cho y = 0 x = - 
Giao diem vai true tung: cho x = 0 y = — 1 


2 
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HAM SO Nguy&i The Anh (Great Teacher) - Nguyen The Lire (Casio Expert) 


• Bang gia tri: x -20124 

y 



y l -l II 5 3 l 

2 


- r 





• E>6 thi ham sd nhu hinh ve ben day: — 1 

o 

i !: 

i U x 

3 - lx -2 \ 

Bai 4. Khao sat su bien thien va ve do thi cua ham so: y = .1 

x — 1 

\ 



, * 3 — 2x — 2x + 3 

Ham so: y — -=- 

x — 1 x — 1 


• Tap xac dinh: D — R \ {1} 


• Dao ham: y f = -< 0,V:r E D 

(x - if 

• Ham s6 nghjch bi§n tren cac khoang xac djnh va khong dat cue tri. 

• Gidi han va tiem can: lim y = -2 ; lim y = -2 => y = -2 la tiem can ngang. 


lim y = —00 ; lim y = -j-oo =>■ x = 1 la tiem can dung. 

x— >1” x~*l + 

• Bang bien thien 


X 

— oo 1 +oo 

y 1 

- 

— 

y 

-oo 

-2 


• Giao diem vdi true hoanh: y = 0 —2x 4- 3 = 0 x ■ 


Giao diem vdi true tung: cho x = 0 => y = — 3 


* Bang gia tri: x 


0 1/2 1 3/2 


y -3 -4 || 0 “1 

• B6 thi ham so nhu hinli ve ben day: 

Bai 5. Khao sat su* bi£n thien va ve do thi cua ham so y ■ 


-x +1 


x +1 


y> 

0 

k 

4 

1 \ 2 X 

-i 

-2 

.r. 

i 

i 

i 

1 

1 



1 

1 

1 

. 1 

V i 

\l 

1 

■4 

1 

1 
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HAMS 6 


Nguy&n The Anh (Great Teacher) - NguySn The Lire (Cash Expert) 


> TXD : D = R\ {-lj 


• x -2 

> Chieu bien thien y’=-y’ < 0 vai moi x ^ -1, hs nghich bien tren cac klioang: (-oo;-l) va 

( % 1 ) 

(-l;+oo) 

-* +1 ~ JC -}- 1 

>Tiemcan : lim -= + oo lim - =-qo Nenx = -llaTCB 


->-i + x +1 


-r x + 1 


lim>’=-l Neny = -llaTCN 

X*->±oo 


> Bang biin thien. 


X 

-oo +ao 

y' 

- 

- 

V 


4- <=o 

-7 



> Bo thi: do thi cat Ox tai (i;0), cSt Oy tai (0; 1) 


1.2 HAM SO BAG BA 

BE THI DAI HOC NAM TRUOC 


Khao sat sir biin thien va ve do thi cac ham sd sau: 

1. THPTQudcgia2015: y = x 3 - 3x 

2. (DHKB - 2012) y = x 3 - lx 1 + 3 


3. (DHKD - 2012): y = - x 3 -x 2 -4x + - 

3 3 

4. (DHKA - 2010): y = x 3 -2x 2 + 1 

5. (DHKB - 2007): y = -x 3 +3x 2 -4 

6. (TK2010): y = -x 3 -x 

7. (TK 2009): y = x 3 -3x 2 +4x-2 

8. (DHKA-2006): y = 2x 3 -9x 2 + \2x-4 
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HAM S6‘ 


Nguyen The Anh (Great Teacher} - Nguyln Th£ Lye (Casio Expert} 


9. (DHKD - 2005): y = -^jc 3 +x 2 -i 

10 . (DHKB - 2008): y = 4x 3 -6x 2 +l 

11. (DHKB - 2004): y = ^x 3 - 2x 2 + 3x 


BAI TAP TULUYEN 


Bai 1. Khao sat su* bi&n thien va ve do thi ham s6: y = z 3 - 3x 2 -f 3rn 
Bai 2. Khao sat sir bien thien va ve do thi cua ham so: y = (l-*) 2 (4- x ). 


Bai 3. Khao sat sir bi£n thien va ve d6 thi cua ham s6: y = 2z 3 4- 3a; 2 -1 


1 3 2 

Bai 4. Khao sat sir bien thien va ve do thi cua ham so: y = - - x‘ + 2x - 3x 

u 


Bai 5. Khao sat sir biSn thien va ve do thj cua ham s6: y = -x A + Sx 2 -1 

Bai 6. Khao sat sir bi£n thien va ve do thi cua ham s6: y = ~x 3 + 3# +1 

BAP AN TlTLUYEN 

|||2 Khao sat sir bi£n thien va ve do thj ham so: y = x 3 - 3x 2 + 3a; 

# Tap xac dinh: D = R 


• Bao ham: y f — 3a; 2 - 6a: -f 3 


• Cho y f — 0 44 3a; 2 — 6a:-t-3 = 044a; = l 

• Gioi han: lim y = — oo ; Inn y = +oo 

a;-4—oa a:—++oo 


• Bane bien thien: 


X 

-oo 1 +oo 

y l 

+ o + 

y 

- * * ^ ^^^+00 
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Nguyln The Anh (Great Teacher) - Nguy&ii The Lux (Casio Expert) 


HAM SO 



y 0 12 


• Do thi ham so (nhu hinh ve ben day): 

Khao sat sir bien thien va ve do till cua ham s6: y = (1- x) 2 (4- x ). 


T = (1“^) 2 (4-^) = (1-2x+x 2 )(4-^) = 4-x-~8ji'+2x 2 + 4x 2 -x: 3 = -x 3 +6jc 2 - 9x+4 


y = -x 3 +6x 2 -9x+4 
0 Tapxacdjnh: D = R 


0 Dao ham: / = -3x 2 + 12 jc - 9 


• Cho v = 0 o -3x 2 +12x - 9 = 0 <=> 


x = l 
x = 3 


•Gidihan: lim v = -K>o ; lim y = ~ao 

X->-00 X->4O0 ^ 


0 Bang bien thien: 
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HAM SO 


Nguyln The Anh (Great Teacher) - Nguyen The Lire (Casio Expert) 


> Ham s6 dat cue dai yen = 4 tai x C b = 3 ; dat cue tilu ^ CT =0 tai x CT = l 
• y" =-6x+12 = 0<z>x = 2=>y = 2. BiSm u6nla/(2;2) 


1 Giao diem vori true hoanh: }> = 0o- x 3 + 6x 2 - 9x + 4 = 0 <=> 


Giao diem vori true tung: x~0=>y = 4 


x = l 
x = 4 


* Bang gia tri: 


0 


1 


y 4 0 2 4 0 

* Bo thi ham s6: nhan di$m I lam true d6i xung nhu hinh ve ben day 

Sfjffp Khao sat sir bien thien va ve do thi cua ham so : y = 2x 3 + 3x 2 — 1 

• Tap xac dinh: D — K 

• Bao ham: y ' = 6z 2 + 6x 

• Cho y f = 0<=}6x 2 +6x = 0&x = 0 hoac x = -1 

• Gioi han: lim y = —oo ; 

X-4—00 

• Bang bien thien 


lim y = +oo 

:r—++oo 




y" = 12x + 6=0<$ x = — =>y = — • DiSmuon: I 
2 2 


■ Giao diem voi true hoanh: 
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HAM SO 


Nguy&n The Anh (Great Teacher} - Nguyen The Lire (Casio Expert) 


Bai 4. 


cho y = 0 2x' ] + 3x 2 —l = 0<^x = —1 hoac x = ■ 


Giao diem vciri truetung: cho x = 0=^>y = -l 
• Bang gia tri: x 


-1 -i 0 


3 


y -l 0 -i -l o 

• Bo thi ham so: nhir hinh ve ben day 
Chao sat su bien thien va ve do thi cua ham so: y — - 

• Tap xac dinh: D = M 

• Bao ham: y 1 = -x 2 +4^-3 

c Cho y 1 = 0 <$■ — x 2 + 4# — 3 = 0<£4>£ = 1;# = 3 

• Giod han: lim y = -foo ; lim y = -oo 

x-*-oo x-++oo 

• Bang bien thien 




• Ham s 6 dong biln tren khoang (1;3), nghjch biSn tren cac khoang (-oo;l), (3;+oo) 

, , ^ 

Ham so dat cue dai y C D = 0 tai x QD = 3 ; dat cue ti£u y QJ = - 7 tai x CJ = 1 

3 

* y" = -2x -\-4 = 0^x = 2=^y = — —. Biem uon la I 2;—~ 

3 


• Giao di£m vdi true hoanh: cho y = 0 <£> - - x* + 2x 2 - Sx — 0 <s> 

3 


x = 0 
x = 3 
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HAM SO 


NguySn The Anh {Great Teacher} ■ Nguyen The Lire (Casio Expert} 


Giao diem vdi true tung: cho x — 0 y = 0 


1 Bang gia tri: x_ 


0 


1 


0 


y 0 ~i 

• B6 thi ham so: nhu hinh ve 
j Khao sat su bien thien va ve do thi cua ham so: y 

• Tap xac djnh: D = M 

• Bao ham: y ! = -3x 2 + 6x 

• Cho y f — 0 <=> -3a; 2 +6x = 0<^a; = 0 hoac x~2 

• Giori han: lim y = T-oo ; 

x—*—oo 

• Bang bien thien 



z ;i + 3x 2 -1 


lim y — — oo 

x —>-f-oo 



• Ham s6 d<5ng bi&n tren khoang (0;2); nghich bien tren cac klioang (-oo;0), (2;+oo) 
Ham s6 dat cue dai yco = 3 tai £ CD — 2 

dat cue tieu y CJ = -1 tai x CJ = 0 

• Giao diem voi true tung: cho x = 0 =4> y = — 1 

• Biemuon: y N = —6x + 6 = 0^>x = l=^y = l. 

Biem uon la 7(1; 1) 

• Bang gia tri: -1 0 


\ 1 

y 

rf 

f 

I 1 

--/ ! \ 

r \ 

oh .?.I. r 

- 1 V 

/I 2 |3 1 

-1 

;. 1 


y 3 -1 

’ B6 thi ham s6 nhu hinh ve: 


3 -1 


9b 
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HAM SO 


Nguyln The Anh (Great Teacher} - Nguyen The Lire (Casio Expert) 


Khao sat sir bien thien va ve do thi cua ham so: y — —x 3 + 3a; +1 


• Tap xac dinii: D = M 

• Dao ham: y f = -3a: 2 + 3 

• Cho y' — 0 —3a: 2 + 3 = 0<£>a: 2 ==l4=>a: = ±l 


• Giai han: lim y = +oo ; lim y — — oo 

X-+—OQ 2—*+OC 


• Bang bien thien 



• Ham s6 d6ng biln tren khoang (-1; 1); nghich biSn tren cac khoang (-oo;-l), (1 ;+oo) 
Ham s6 dat circ dai y C D = 3 tai tai x CD = 1 
dat circ ti4u y CJ = -1 tai a; CT = -1 


° y" — -6a; = 0 & x = 0 => y = 1. 

Diem uon la 7(0; 1) 

0 Giao diem voi true tung: cho x = 0 =$> y = 1 


1 Bang gia tri: x 


-1 


0 


1 


y 3 -1 

* Do thi ham so nhir hinh ve: 


-1 



1.3 HAM SO BAG BON 

BE THI NAM TRlTOC 


Kf 
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HAM SO 


NguySn The Anh (Great Teacher} - NguySn Th£ Lire (Casio Expert] 


Khao sat sir bien thien va ve do thi c&c ham so sau: 

1. THPT QuSc gia 2016: y = -x 4 + lx 1 

2. DHKB - 2011: y = x 4 -Ax 2 +1 

3. DHKD-2010: y = -x 4 -x 2 + 6 

4. TK-2011: y = --x 4 + x 2 - 2 

4 

5. TK-2010: y = -+x 2 -- 

2 2 

BAI TAP TU" LU YEN 

Bai 1. Khao sat sir bi£n thien va ve do tlii ham so: y = — x 4 + 4a; 2 — 3 
Bai 2. Khao sat sir bien thien va ve do thi ham so: y = x 2 (A — x 2 ) 


Bai 3. Khao sat sir bien thien va ve do thi ham s 6 : y = x 4 + 2x 2 — 3 


r * ' X 0 

Bai 4. Khao sat sir bien thien va ve do thi ham so: y = — - x" — 4 


Bai 5. Khao sat su bi&n thien va ve do thi ham so: y = (x 2 - 2 ) 2 -1 
Bai 6. Khao sat va ve do thi ham so: y = x 4 - 4x 2 + 3. 


Bai 7. Khao sat va ve do thi ham so: y = x 4 -lx 2 -\ 


Bai 8. Khao sat sir bien thien va ve do thi ham so: y = 2x 4 ~ 4x 2 

BAP AN TlTLUYEN 

Bai 1. Khao sat su bi&n thien va ve do thi ham so: y = -x 4 + 4a : 2 - 3 
° Tap xac dinh: D = R 


• Bao ham: y f = —4a ; 3 4 - 8 a: 


y f = 0 <(=$> —4a ; 3 + 8 a = 0 <*=> 4a(—a 2 + 2) = 0 4=> 


II 

o 

a = 0 



9 

-x 2 + 2 = 0 

a ; 2 =2 


a = 0 
a = i “\/2 



Web: AUka.vn 


The Lux -fb.com/Ad.theluc The Anh - fb.com/nguyentheanhieacher 


32 









HAM SO NguySn The Anh (Great Teacher} - Nguyen The Lire (Casio Expert} 

a Ham s6 dong bi£n tren cac khoang (- 00 ; —^2) ,(0; \p2) , 
nghich bi4n tren cac khoang (->/2;0),(>/2;+oo) 

Ham s6 dat cuedai j^cd = 1 tai x CD = ±V2, dat cue ti£u j; C t = -3 tai x QJ =0. 


• Gioi han: lim y = —00 ; lim y = —00 

x —*—00 a:—*+00 

• Bang bien thien 




y = a; 2 (4 - x 2 ) = -x 4 + 4a; 2 
• Tap xac dinli: D = M 


• Bao ham: y 1 = —4a; 3 + 8a; 


1 

$ 

O 

1! 


O 

11 

x = 0 

tm 3 + 8a: = 0 <S> Ax{-x 2 + 2) = 0 ** 

2 r\ r, ^ 

« ^ 


— x +2 = 0 

a; 2 = 2 


a; = 0 
x = ±S 


' Ham s6 dong bien tren cac khoang (- 00 ; —J 2 ) ,(0; \p2), 
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HAM SO. 


NguySn The Anh (Great Teacher) - Nguyen The Lire (Casio Expert) 


nghich bien tren cac khoang (->/2; 0), (^2 ; H-oo) 
Ham s6 dat cue dai yev = 4 tai x QD = ± >/2 , 
dat cue tieu yc t = 0 tai x CJ = 0. 

* Giai han: lim y = —oo ; 

X —>—OG 

* Bang bien thien 


lim y = — oo 

:E—>4-00 


X 

—oo — V2 0 ^2 +00 

y f 

+ 0-0 + 0 

y 

—00 0 —00 


• Giao diem vai true hoanh: 


x = 0 
x = ±2 

Giao diem vai true tung: cho x = 0 =>► y = 0 


cho y = 0 -x 4 + 4 a ; 2 = Q 


x 2 = 0 


x 2 =4 


• Bang gia tri: x 

y 



o 


o 


0 


&2 

4 0 



• Bo thi ham so nliu hinh ve ben day: 

Bai 3. Khao sat su bien thien va ve do thi ham so: y = x 4 + 2 a ; 2 — 3 

• Tap xac dinh: D = R 


• Bao ham: y' = 4a; 3 + 4a; 


• Cho y' = 0 <=> 4 a ; 3 +4a; = 0^>a; = 0 

* Ham so dong bien tren cac khoang (0; -f oo) , nghich bien tren khoang (— 

Ham so dat circ tieu yc r “ -3 tai x QJ = 0. 
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HAM SO 


Nguyen The Anh (Great Teacher) - Nguyen The Lire (Casio Expert) 


1 Gidi han: lim y = —oo 

x—*~oo 

' Bang bien thien 


lim y = -foo 

£—>+00 


X 

-oo 0 -foo 

y f 

- o + 

y 

•foo 

-3 


* Giao diem vdi true hoanh: 

Cho y = 0 x A 3x 2 — 3 = 0 


x l =1 


^ x = 1 x = ±1 


Giao diem voi true tung: cho x = 0 =$> y — -3 


0 Bang gia tri: x__ 


-1 0 1 


y 0-3 0 

• Do thi ham so: nhu hinh ve ben day 


Bai 4. Khao sat su bien thien va ve do thi ham so: y — - x 2 — 4 



■ Tap xac dinh: D — M 
' Dao ham: y f = 2x 3 - 2x 

' Cho y’ = 0 <£> 2x* - 2x = 0 


^ = 0 
£ = ±1 


• Ham s6 d6ng biSn tren cac klioang(-l;0),(l;+oo) 5 nghich biSn tren cac khoang 
(-oo;-l),(0;l) 


Ham so dat cue dai yc© = -4 tai x QD = 0. 

o 

Ham so dat cue tieu y CT = 


tai a: CT = ±1. 
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HAM SO 


NguySn The Anh (Great Teacher) - Nguyen The Lire (Casio Expert) 


• Gioti han: lim y = -foo ; lim y = +oo 

x —>—oo x —>-foo 

• Bang bien thien 



• Giao diem voi true hoanh: 



• B6 thi ham so: nhu hinh ve ben day 


Bai 5. Khao sat sir biSn thien va ve d6 thi ham s6: y~(x 2 - 2 f -1 
y = (x 2 - 2 f -1 = x x - 4x 2 + 4 -1 = x 4 - Ax 2 + 3 

* Tap xac dinh: D = M 

• Bao ham: y' = 4x 4 - Sx 


> Cho y / = 0 <£> 4x 3 — 8x = 0 4x(x 2 - 2) 


x — 0 
x = ±^2 


• Ham s6 dong bien tren cac khoang (— -v/2; 0), (^; -foo), 
nghich bien tren cac klioang (— oo; — 

Ham so dat cue dai yco = 3 tai x CD = 0. 
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HAM SO 


Nguy&n The Anh (Great Teacher) - Nguydn The Lire (Casio Expert) 


Ham so dat cure tieu y CJ = -1 tai x CJ = ±^2 . 

• Giori han: lim y = -boo ; lim y = +00 

X—*— 00 O-'-t+OO 

0 Bang bi£n thien 



0 Giao diem vai true hoanh: 


Cho y = 0 <=> x 4 -4x 2 +3 = 0 


x 


2 


x 


2 



x = ±l 
x = +y[s 


Giao diem voi true tung: cho x = 0 => y = 3 


‘ Bang gia tri: x 


-2 -1 


1 


-1 


2 


3 


0 Do thi ham so: nhir hinh ve ben day 



kt 
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HAMSG 


Nguyln The Anil (Great Teacher) - NguySn The Lye (Casio Expert) 


PHAN 2: CAU LIEN QUAN HAM SO 

Ph&n nay chi&n 1 diem trong de thi va klio hem chut it so vai cau thu nhat la Khao sat va ve do thi. Nam 
2015 thi vao Gia trj Ion nhit - nho nlilt trong 1 khoang. Nam 2016 thi vao Cue dai cue tiSu. Nhin chung 
nam nay kha nang cao se roi vao TiSp tuydn hoac Tuong giao. Tuy nhien cac em vln phai hoc tat bdi no 
dl ma. Tap trung cay chi 1 tliang la FULL SKILL. 

[2.1 Baii toan.Tiep tuyjn; 

Dang 1: Tiep tayen cua do thi ham so tai mot diem M(x (l ,_y 0 ) e (C): y = f (x) 

* Tinh y = /'( x) ; tinh k = f (x Q ) (he s6 goc cua tilp tuyln) 

* TiSp tuy&i cua d<5 thi ham s6 y = f(x) tai dilm M(x 0 ;y 0 )co phuomg trinh 

J-Jo = f( x oH x ~ x o) v6i Fo =/( x o) 

...*.... •«•••»•• ■*••*•• . *... 

I Vf du 1 : Cho ham s6 y = x 3 - 3x + 5 (C). Viet phuang trinh tiep tuyen cua do thi (C): 

: a) Tai diem A (-1; 7). 

; b) Tai diem co hoanh do x = 2. 

I c) Tai diem co tung do y =5. 

a) Phuang trinh ti4p tuyen cua (C) tai diem M 0 (x 0 ;y 0 )co dang: y-y 0 = f\x Q )(x-x 0 ) 



Tacoj;’ = 3x 2 -3 1) = 0. 

Do do phuang trinh tiep tuyen cua (C) tai diem A(-l; 7) la: y — 1-0 hay y = 7. 


b) Tu x = 2 => jy = 7. 

y’(2) = 9. Do do phuang trinh tiep tuyen cua (C) tai diem co hoanh do x = 2 la: 
y-1 -9(x-2)<=>y-l = 9x-\%<$y = 9x-\\ 

x = 0 

c) Ta co: y = 5 <=> x 3 - 3x + 5 = 5 <=> x 3 - 3x = 0 O 


x = -^3 
x = ^3 


+) Phuang trinh tiep tuyen tai cua (C) tai diem (0; 5). 

Ta co y’(0) = -3. 

Do do phuang trinh tiep tuyen la: y - 5 = -3(x - 0) hay y = -3x +5. 
+) Phuang trinh tiep tuyen tai cua (C) tai diem (—>/3;5). 
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Nguyln The Anh (Great Teacher) - Nguydn The Lyc (Casio Expert) 


HAM Sd' 


y'(~S) = 3(—s/3) 2 —3 = 6 


Do do phuomg trinh ti4p tuyln la: y- 5 = 6(x + 73) hay y = 6x +673 + 5. 

+) Tuong tu phuong trinh tiep tuydn cua (C) tai (-73; 5) la: y = 6x- 6\f3 + 5. 

r.;.;., 

| Vi du 2: Cho do thj (C) cua ham so y = x 3 — 2x 2 + 2x - 4. \ 

j a) Vi4t phuong trinh tidp tuydn vcri (C) tai giao di&n cua (C) voi true hoanh. j 

i b) Vilt phuong trinh tidp tuydn vcri (C) tai giao di&u cua (C) vcri true tung. j 

j c) Vidt phuong trinh tidp tuydn vai (C) tai dilm x 0 thoa man y”(xo) = 0. j 

Taco y' = 3x‘—4x + 2. Goi M (x 0 ;y 0 ) la tiep diem thi tiep tuyen co phuong trinh: 

y~y 0 =y'(x 0 )(x-x 0 )<^y = y'(x 0 )(x-x 0 )+y 0 (1) 

a) Klii M = ( C ) f) Ox thi yo = 0 va xo la nghiem phirang trinh: 

~2x~ + 2x-4 = 0<=>x = 2; y’(2) = 6, thay cac gia tri da biet vao (1) ta dugc phirang trinh tiep 
tuyln: y = 6(x-2) 

b) Khi M = (C)nOythixo = 0=>^ 0 = j(0) = -4 va y(x 0 ) = T*(0) = 2 , thay cac gia tri da 
biet vao (1) ta dirge phirang trinh ti£p tuydn: y = 2x - 4. 

c) Khi x 0 la nghiem phuong trinh y”= 0. Ta co: y” = 6x ~ 4. 


y"-Oo6*-4 = Oo* = | = a^=>y 0 =^|j = ~ ; y'(x 0 ) = y0j = | 

Thay cac gia tri da biet vao (1) ta dugc phuaiig trinh tilp tuy&i: y = ~x- 

Vi du 3: Cho ham so y = x 3 — 3x +1 (C) 

a) Viet phuong trinh tidp tuydn d voi (C) tai didm co hoanh do x=2. 

b) Tidp tuySn d cSt lai d<3 thj (C) tai di&n N, tim toa do cua dilm N. 


a) Ti6p tuydn d tai diem M cua d6 thj (C) co hoanh do x 0 = 2 => y 0 = 3 
Ta co y'(x) = 3x 2 -3 => y'(x 0 ) = y'(2) = 9 
Phuong trinh tiep tuydn d tai didm M cua d6 thi (C) la 

y = y '(*0 X x -■) + To => y = 9(x -2 ) + 3 => y = 9x - 15 



Ntikti'f'* 
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Vay phuang trinh tiep tuyen d tai diem M cua do thi (C) la y = 9x — 15 
b) Gia sir tiep tuyen d cat (C) tai N 


Xet phuang trinh x 3 -3x + \ = 9x-15 <=> x 3 -12x + 16 = 0 <=> (x-2)(x 2 + 2*-8) = 0 <=> 


jc = 2 
x = -4 


Vay V(~4;~5l) la diem can tim 

r"”.*.......»•«••»••• ■ ..... ..*.*.».••••••«».’**..i 

I Vf du 4: Cho ham s6 y = x 3 - 3x +1 (C) va di£m A(x 0 ,y 0 ) e (C), ti4p tuy&i cua <36 thi. (C) tai diSm 
| A cat (C) tai dilm B khac diem A. tim hoanh do diem B theo x 0 

... I •«»».. M t « I •»»»••«• .fM ...•» M* Ml •»!. 

Vidilm A(x 0 ,y 0 )e (C) =>y 0 =x o _3x o +1 > y' = 3x 2 - 3 o .y(x 0 ) = 3x 2 -3 
Tiep tuyen cua do thi ham co dang: 

y = v’(x 0 )(x -x 0 ) + v 0 o y = (3x 0 2 -3)(x-x 0 )+x 2 - 3x 0 +1 
« y = (3x 2 -3)(x -x 0 ) - 2x 0 3 +1 (d) 


Phuang trinh hoanh do giao diem cua (d) va (C): 


x 3 - 3x +1 = (3x 0 2 - 3)(x - x 0 ) - 2x 3 +1 ox 3 - 3x 0 2 x + 2x 3 = 0 <=> (x - x 0 ) 2 (x + 2x 0 ) = 0 


<=> 


(x-x 0 ) =0 

< 

x + 2x 0 = 0 


x = -2 x. 


(x 0 ^ 0) 


Vay diem B co hoanh do x R = -2x 0 

Vi du 5: Cho ham s6 y = ~ r 5 - lx 1 + 3* (C). ViSt phuang trinli tiSp tuySn d cua d6 thi (C) tai diem co 
hoanh do x 0 thoa man y (x 0 ) = 0 va chung minh d la tiep tuySn cua (C) co he s6 goc nho nhk 

Ta co y =x 2 -4x + 3=> y = 2x-4 


y"(x Q ) = 0 <=> 2x 0 -4 = 0 <=> x Q = 2 => M(2;-) 


Khi do tidp tuyen tai M co he s6 goc k Q = y (x 0 ) = y( 2) = -1 

f 2^ 


Vay tiep tuyen d cua do thi (C) tai diem M2;— co phuang trinh y-y Q - f (* 0 ) {x ~ x 0 ) 

V 
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H AM SO 


2 g 

suy ra y-— = - l(jc — 2) hay y = -x + ~ 

Tiep tuyln d co he s6 goc k Q = -l 

Mat khae tiep tuyen cua do thi (C) tai diem bly ky tren (C) co he s6 goc 
k = y\x) = x 2 -4x + 3 = (x-2) 2 -1 > -1 = k Q 


Dau 4 xay ra <=> x = 1 nen toa do tiep diem triing vdi M 


K 


Vay tiep tuyen d cua (C) tai diem M | 2;— 


co he so goc nho nhat. 


.' , , i % -j- 2 

Vi du 6: Viet phuong trlnh tiep tuyen vdi do thi (C); y - -tai cac giao didm cua (C) voi duong 

x-1 

j thing (d): y = 3x-2. 

+ Phuomg trinh hoanh do giao diim cua (d) va (C): 
x + 2 

——- = 3x-2ox + 2 = (3x - 2)(x -1) (x = 1 khong phai la nghiem phuomg trinh) 

<=> 3x 2 - 6x = 0 <=> x = 0 (y = -2) v x = 2 (y = 4) 

Vay co hai giao diem la: Mj(0; -2) va M 2 (2; 4) 


+ Taco: y' = 


-3 


(*-i ) 2 


+ Tai tiep diem Mi(0; -2) thi y ? (0) = -3 nen tiep tuyen co phuong trinh: y = -3x—2 
+ Tai ti4p diem M 2 (2; 4) thi y’(2) = -3 nen tiep tuydn co phuong trinh: y = -3x +10 
Tom lai co hai ti4p tuyin thoa man yeu ciu bai toan la: y = -3x - 2 va y = -3x+10. 


■. ••*•••*1 


Vi du 7: Cho ham so y - — x 3 -~x 2 + — (C m ).Goi M la diem thuoc do thi (C m ) co hoanh do bang -1. 
Tim m di tiep tuySn voi (C m ) tai M song song vdi duong thing d: 5x-y=0 

Ta co y - x 2 - mx 

Duong thang d: 5x-y=0 co he so goc bang 5, nen de tiep tuyen tai M song song vdi duong thang d trude 
hdttacinco y(- 1) = 5ow + l = 5ow = 4 
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Khi m = 4 ta co ham s6 y = ~x 3 -2x 2 +•- ta co x 0 = -1 thi y 0 = -2 

Phuorngtrinh tiep tuyen co dang y -y (x 0 )(x--x 0 ) + y 0 => y = 5(x + l)-2 O y = 5x + 3 
Ro rang tilp tuyen song song vai dirang thang d 
Vay m = 4 la gia tri can tim. 

| Vi du 8: Cho ham so y = x 3 -3x 2 + m (1). 

Tim m d! ti4p tuyln cua d<5 thi (1) tai dilm co hoanh do bdng 1 c k cac true Ox, Oy \hn luot tai cac dilm 

, 3 

A va B sao cho dien tich tam giac OAB bang —. 

Vai x 0 = 1 => y 0 = m-2=> M(1 ; m-2) 

- Tilp tuyen tai M la d: y = (3x^ - 6x 0 )(x -x 0 ) + m - 2 
=> d: y = -3x + m + 2. 

m + 2 A (m + 2 A 

- d cat true Ox tai A: 0 = —3x 4 + m + 2<=>x,= -=> A\ -; 0 


- d cat true Oy tai B: y B = m + 2 =^> B(0 ; m 4- 2) 


s OAB = - <=> - 1 OA 11 OB |= 4 <=>| OA 11 OB 1= 3 o 


2 2 


m + 2 


\m 


+ 2| = 3o(w + 2) 2 =9 


117 + 2 = 2 

m + 2 = -3 


m = 1 

m = -~5 


Vay m = 1 va m = - 5 

Dang 2: Viet ti4p tuyln cua dd thi ham s h y = f (x) (C) khi biet triroc he so goc 

+ Goi M(x 0 ,y 0 ) la tilp diem, giai phuang trinh / (x 0 ) = k => x = x 0 , y Q = /(x 0 ) 

+ Din day tra vh dang l,ta dl dkig lap dugc tilp tuyln cua do thi: y = k(x -x 0 ) + y 0 

> Cac dang bieu diln he so goc k: 

*) Cho Hire tiep: k = 5;k = ±1 ;k = ±A ;k = ±—j=... 
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*) Tiep tuyen tao vdi chieu dirang cua true Ox mot goc a, vdi a g j 15°;30°;45 0 ;—;-j.... 
sogock= tana. 

*) Tiep tuyen song song vai dirang thing (d): y = ax + b. Khi do he s6 goc k = a. 

*) Tiep tuyln vuong goc vai dudng thang (d): y = ax + b=> ka = -1 <=> k = —. 

a 


Khi do he 


*) Tiep tuyln tao vai dirang thing (d): y = ax + b mot goc a . Khi do. 


k-a 


1 + ka 


- tana. 


Vj du 9; Cho ham s 6 y = x 3 -3x 2 (C). Viet phuang trinh tilp tuyln cua d6 thi (C) bik he s6 goc cua 
tiep tuyen k = -3. 

Taco: y' = 3x 2 —6x 


Goi M(x 0 ;j; 0 )lati4p diem =>Tiep tuyln tai M co he s6 goc k = /(x 0 ) = 3x;j - 6 x 0 


Theo gia thilt, he s6 goc cua ti4p tuyln k = - 3 nen: 3x 2 - 6x 0 = -3 O x 2 - 2x 0 +1 = 0 <=> x 0 = 1 
Vi x 0 =l=>y Q =-2=>M(l;-2). 

Phuang trinh tiep tuyln cln tim la y = ~3(x-l)-2o_y = -3x +1 

.. * .... ................ 

; Vj du 10: Viit phuang trinh tiSp tuyen ciia dd thi ham sd y = x 3 -3x 2 +1 (C). Bill ti4p tuyin do song 

jsong vai dudng thang y = 9x + 6. 

Taco: y' = 3x 2 -6x 


Goi M(x 0 ;y 0 ) la tidp didm =>Ti£p tuy&i tai M co he sd goc k = f (x Q ) = 3x 0 2 -6x 0 
Theo gia thiSt, tiip tuyin do song song vdi dudng thing y = 9x + +6 => tidp tuyin co he s6 goc k = 9 => 
3 xq - 6x 0 = 9 <=> Xg - 2x 0 - 3 = 0 o 

Phuang trinh tiSp tuyln cua (C) tai M(-l ;-3) la: y - 9(x +1) - 3 <=> y - 9x + 6 (loai) 

Phuang trinh tiSp tuyin cua (C) tai M(3; 1) la: y = 9(x - 3) +1 <=> y = 9x - 26 

r ................... 

: Yi du 11: Cho ham so y = x 3 - 3x 4- 2 (C). Viet phuang trinh tiep tuyen cua (C) bilt ti4p tuyin do 
j vuong goc vai dudng thing y = — x. 


x 0 =-l=>M(-l;-3) 
x 0 = 3=>M(3;1) 
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Ta co y' = 3x 2 -3. Do ti4p tuyin cua (C) biit ti&p tuyln do vuong goc vdi dudng thing y - —x nen he 

9 

so goc cua tiep tuyen k = 9. 

Dodo y' = k <=> 3x 2 - 3 = 9 <=> x 2 = 4<=>x = ±2. 

+) Vdi x = 2 y = 4. Pttt tai diem co hoanh do x = 2 la: 

y = 9(x- 2) + 4 <=> y = 9x- 14. 

+) Voi x = -2 => y = 0. Pttt tai diem co hoanh do x = - 2 la: 

y ~ 9(x + 2) + 0<=>j = 9x + 18. 

Vay co hai tiep tuyen cua (C) vuong goc vdi dudng thang y = — x la: 
y=9x-14 vay = 9x + 18. 

Vi du 12: Lap phuong trinh tiep tuyen voi do thi (C) cua ham so: y = — x A + 2x", biet tiep tuyen 
vuong goc vdi dudng thing (d): x + 5j-2010 = 0. 


(d) co phuong trinh: y = x 4- 402 nen (d) co he so goc la - —. 

5 5 

Goi A la ti£p tuyen can tim co he so goc k thi --i = -loi = 5 (do A _L (d)). 

Ta co: y' = x 3 + 4x nen hoanh do tiep diem la nghiem phuong trinh: x 3 + 4x = 5 

9 

ox 3 +4x-5 = 0o (x-l)(x 2 +x + 5) = 0 ox-l = 0 ox = l=>j; = - 


Vay tiep diem M co toa do la M\ 1; — 


9 11 

Tiep tuyen co phuong trinh: y-— = 5(x -1) O y = 5x - — 


Vay tiep tuyen can tim co phuong trinh: y = 5x ■ 


11 


Vi du 13: Cho ham so y - 


x + 2 
2x + 3 


(C). Viet phuong trinh tiep tuyen vdi (C) biet rang tiep tuyen cat true 
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hoanh tai A, true tung tai B sao cho tam giac OAB vuong can tai O, d day 0 la goc toa do. 


Ta co: y = - 


-1 


(2x + 3) 2 

Vi tiep tuyen tao vai hai true toa do mot tam giac vuong can nen he s6 goc cua ti£p tuyln la: k - ±1 
Khi do goi M (x 0 ;>> 0 ) la tiSp diem cua tiep tuySn vai d6 thi (C) ta co j; (jc 0 ) = ±1 

-1 


o- 


(2x 0 + 3) 2 


- =±1 <=> 


x o = “2 
x o ~ -1 


Vai x 0 = -1 thi y a = 1 luc do tiep tuySn co dang y = —x (triremg hop nay loai vi ti4p tuyen di qua goc 
toa do, nen khong tao thanh tam giac OAB) 

Vdi x 0 = —2 thi — -—4 luc do tiep tuyen co dang y = -x-2 

Vay tiep tuyen can tim la y - -x - 2 

2x — 1 .. 

Vi du 14: Cho ham so y =-co do thi (C). 

x-1 

Lap phuang trinh ti4p tuyln cua d6 thi (C) sao cho ti4p tuySn nay cat cac true Ox, 0 y lan luot tai cac 
diem A va B thoa man OA = 40B. 

Gia sir tilp tuySn d cua (C) tai M(x 0 ; y Q ) e (C) cat Ox tai A, Oy tai B sao cho OA = 405. 

OB 1 11 

Do AOAB vuong tai 0 nen tan A = — = - => He s6 goc cua d bang - hoac —. 

OA 4 4 * 4 


He so goc cua d la y f (x 0 ) = — 


(*0-1) 


< 0 : 


1 1 

• =-<=> 


K-l) 


x o “ 1 0'o=T) 


x o = 3 ( V 0 = -) 


Khi do co 2 tiep tuy£n thoa man la: 


1, n 3 
v = — (x + l) + - 
4 2 ^ 

1 / ^ 5 ' 

v =—(x-3) + - 

4 2 


1 5 

V = —x + — 

4 4 

1 13' 

y — —x + — 
4 4 


Dang 3: Tiep tuyen di qua diem 

Cho d<5 thi (C): y = f(x). Viet phuang trinh tiep tuySn vai (C) bik ti4p tuyln di qua diSm A(a; J3 ). 
Cach giai 
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+ TiSp tuy$n co phuongtrinh dang: y~f(x Q ) = f'(x 0 )(x-x 0 ), (voi x 0 lahoanh do tiSp dilm). 
+ TiSp tuyln qua A(a; p) nen P- /(x 0 ) = f '(x 0 ){a - x 0 ) (*) 

+ Giai phuong trinh (*) d£ tim x 0 r6i suy ra phuong trinh tiSp tuy&L 

r.....***•;.V”.;......., 

: Vi du 15: Cho d6 thi (C): y = x 3 - 3x +1, viSt phuong trinh tiep tuyen voi (C) biet tiep tuyen di j 

\ qua diem A(-2; -1). : 

Taco: y' = 3x 2 -3 

GoiM(x 0 ;x 3 -3x 0 +l) latiSpdi&n. He s6 goc cua ti£p tuySn la /(*o) = 3x 2 ”3. 

Phuong trinh tiep tuyen voi (C) tai M la A: y — (x 3 “ 3x 0 +1) = (3 Xq - 3)(x - x 0 ) 

A qua A(-2;-l) nen ta co: —1—^xjj - 3x 0 +1) = (3x^ - 3)(—2 - x 0 ) <=> xj| + 3x^ -4 = 0 


<=> (x Q — 1 )(Xq +4x 0 +4) = 0 <=> 


x Q — 1 => Jo ~ 1 
x 0 = —2 => y 0 = -1 


Vay co hai ti$p tuyen can tim co phuong trinh la: A: y = -1 ; A : y = 9x +17 

Dang 4. Mot so bai toan tiep tuyen nang cao. 

r.*;•.;.v.v.*.v. i . 

\ Vi du 16: Tim hai diem A, B thuoc do thi (C) cua ham so: y = x - 3x + 2 sao cho tiep tuyen cua 

j (C) tai A va B song song voi nhau va do dai doan AB = 4^2 . 

Goi A(a; a 3 - 3a + 2), B(b\ ~3b + 2),a*b la hai diSm phan biet tren (C). 


Ta co: y' - 3x 2 -3 nen cac ti4p tuySn voi (C) tai A va B co he so goc lan luot la: 
y '(a) = 3a 2 - 3 va y \b) - 3b 2 - 3. 

Ti6p tuySn tai A va B song song voi nhau khi: 

y'(a) - y\b) o3a 2 -3 = 3 b 1 -3 <=> (a-b)(a + b) = 0<^a = -b(via*b<^a--b*0) 


AB = 4^2 <=> AB 2 = 32 « (a- bf + [(a 2 - 3a + 2) - (i b 3 -3b + 2)J = 32 


<=> {a—by +[(^ 3 — b 3 )—3(a — ft)J = 32 o (a—b) 2 +| ~(a—b)(a 2 -fa£ + Z> 2 ) — 3(a — Z?)J — 32 
<=> (a - b ) 2 + (a- b ) 2 [(a 2 + ab + ft 2 ) - 3] = 32, thay a = -b ta duoc: 
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4 b 2 + 4b 1 - 3 ) 2 = 32 o b 1 + b 2 (b 1 - 3 ) 2 - 8 = 0 <=> b 6 - 6b 4 +1 Ob 2 - 8 = 0 


o(£ 2 -4)(6 4 -26 2 + 2) = 0<^2r-4 = 0o 


b = 2=$ a =-2 
b = -2 => a = 2 


- Voi a = -2vkb = 2^> A(- 2;0), £(2;4) 

- Voi a = 2 va A = -2 => J(2;4) , £(-2;0) 

Tom lai cap diem A, B can tim co toa do la: (-2; 0) va (2; 4) 


r , . I > r 2X _ 1 , 

Vj do 17: Tim hai diem A, B thuoc do thi (C) cua ham so: y =- sao cho tiep tuyen cua (C) 

I Jt + 1 

j tai A va B song song voi nliau va do dai doan AB = 2VlO . 


Ham so dirge viet lai: y = 2 - 


x + 1 


Goi A 


3 ^ f 3 'N ml , 

a\2 -- L B\ b;2-- - la cap diem tren do thi (C) thoa man yeu cku bai toan. 

a + 1) V b + l) 


Vdi dieu kien: a & b, a & -1, b + -1. 


Taco: y' = 


yK<*)' 


(x + l) 
3 


2 nen he so goc cua cac tiep tuyen voi (C) tai A va B la: 
3 


(a + 1) 2 


va y’(Z>) : 


(*+1) 2 


Tiep tuyln tai A va B song song khi: y\a) = y'(b) <=> 


(a + l) 2 (b + l) 2 


<=> 


a + l = b +1 
a +1 = -b -1 


a = b 
a = -b - 2 


<=> a = -b-2 ( 1 ) (do a + b) 


AB = 2n/10 o AB 2 = 40 o (a - bf + 


V 


b +1 a + \ 


= 40 


o {-lb - 2) 2 + 


V 


K b+l -b- 1 . 

o(6+1) 4 -10(6 + 1) 2 +9 = 0o 


= 40«4(£ + l ) 2 + 


(Z> + 1) 2 = 1 
(ft + 1 ) 2 =9 


<=> 



£ + l = lv 6 + l = -l 
Z> + l = 3v6 + l = -3 


41 
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b = 0 => a = -2 

b = -2 r=> a = 0 
o 

6 = 2 => a = -4 
i = ~4 => a = 2 

Cap di§m A va B din tim co toa do la: (-2; 5) va (0;-l); (2;1) va (-4; 3) 

[ Vfdu 18: Cho ham s 6 : y = x 3 + 3x 2 + mx + 1 co d 6 (Cm); (m ia tham s 6 ). Xac dinh m d4 (C m ) efit dudng j 
I th^ng y = 1 tai 3 di 6 m phan biet C(0, 1 ), D, E sao cho cac tiep tuyln cua (Cm) tai D va E vuong goc voi j 
| nhau. j 

Phucmg trinh hoanh do giao diem cua (C m ) va duomg thang y = 1 la: 

fx = 0 

x 3 + 3x 2 + mx+1 = 1 o x(x' + 3xH-m) = 0o 


x 2 + 3x + m = 0 (2) 


* (Cm) cat duomg thang y = 1 tai C(0,1), D, E phan biet: 
o Phuomg trinh (2) co 2 nghiem xd, xe * 0. 



O 


Luc do tiep tuyen tai D, E co he so goc lan luot la: 


k ]3 y (xd) 3x£) + *+■ m *e 2 tw ) 3 

ke = y’(x E ) = 3x^ + 6x e + m = -(x E + 2m). 

Cac ti£p tuy£n tai D, E vuong goc khi va chi khi: k D k£ = -1. 

<=> (3x D + 2m)(3x E + 2 m) = 9x D x E +6m(x D + x E ) + 4m 2 = -1 

o 9m + 6 m x (-3) + 4m 2 = -1; (vi x D + x E = -3; x D x E = m theo djnh ly Vi-t). 



8 
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..... v .............. 

\ each tir diem I(-l; 2) den tiep tuyen la lorn nhat. 


Goi A la tiep tuyen cua do thi (C) tai tiep diem M j a; -- ^ J , (M € (C)). 


Ta co: y' = —^ => y\a) - —-—-, (a * -l) 

(x + 1) 2 (a + \f V } 

Vay A: y — ——— — —— a ~ ~ . i\ 2 J- 


fl-bl (# + !)' 


-(x - a) <=> 4x - (a + 1) y + 2a -4a-2 = 0 (*) 


j/rA , \4(-l)-(a + \f.2 + 2a 2 -4a-2\ 8 |a + l| 

{ ' )= = ^H^' 

Ta co: 4 + {a +1) 4 = 2 2 + [(a+1) 2 J > 2.2(a+ 1) 2 => ^4-t-+1) 4 > ^2.2(0+ l) 2 =2\a+l\ 
=> -j| = 4. Vay Ion nhat khi t/(/;A) =4 


o2 2 = (a + l) 2 o 


a + l = 2 
a 4-1 = —2 


<=> 


a = 1 
a = - 3 


. Ca hai gia tri deu thoa man a & 1 


+ Voi a = 1 thay vao (*) ta dirge phiromg trinh tiip tuySn la: 4x-4y-4 = 0<5>x-y-\ = 0 
+ Voi a = -3 thay vao (*) ta dugc phuong trinh ti$p tuyin la: 4x - 4y + 28 = 0 <=> x - y + 7 = 0 
Tom lai: Co hai tiep tuyen can tim co phuomgtrinh la: x-y-\ = 0\x-y-l = 0 


, t , x +1 . / , , 

Vi du 20: Cho (C) la do thi ham so y = -. Viet phuong trinh tiep tuyen vai (C), biit tiip 

2x + l 

tuyen do cat true hoanh, true tung tuong ung tai cac di£m A, B thoa man A OAB vuong can tai 
goc tga do O. 

Goi M(x Q ;y Q ) la tilp diem. Ti$p tuySn voi (C) tai M phai thoa man song song voi cac duong thing 
y = x hoac y = -x. 

Ta co: y' = ^ ~~^2 n ^ n hiyen voi (C) tai M co he s6 goc la: y'(x Q ) ——rr < 0 

Vay tiep tuyen voi (C) tai M song song voi duong thing d: y = -x 
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Do do, - 


1 =-lo(2x 0 +1) 2 = 1 ;(x 0 = -— klionglanghiemphuangtrinh) 


(2x 0 +1) : 


o 


2x 0 +1 = 1 
2x 0 +l = -l 


<=> 


x 0 ~ 0 => v 0 -1 


. Vay co hai tiep diem la: Mj(0;l), M 2 (- 1;0). 


x Q — 1 => y 0 — 0 

+ Tai di&m Mi(0; 1) ta co phircmg trinh ti4p tuySn la: y = - x + 1: thoa man song song vai d 
+ Tai di&m M 2 (-l;) ta co phuang trinli tiep tuyen la: y = - x -1: thoa man song song vai d 
Vay co hai tiSp tuyen can tim co phuang trinh la: y = -x +1; y = -x -1 

. r X + 3 ' ' ' 

\ Vi du 21: Cho ham so y =-. Cho diem M„(x n ;y„) thuoc do thi (C). Tiep tuyen cua (C) tai M 0 cat 

x — 1 

cac tiem can cua (C) tai cac di£m A va B. Chung minh M 0 la trung diem cua doan thang AB. 


M n (x 0 ;y 0 ) e (C) =>y 0 = 1+—— ■ 

X n 1 


Phuang trinh tiep tuyen (d) tai Mo: V - J' 0 = — - — y(x-x 0 ) 


4 


Giao diSm cua (d) vai cac tiem can la: A( 2x 0 -1;1), 5(1; 2y 0 -1). 

- = x 0 ; — + ~^ = j 0 => Mo la trung diem AB. 




X + 2 X , , X X 

Vi du 22: Cho ham s6: y =- (C) Chung minh rang moi tiep tuyen cua do thi (C) deu lap vai hai 

x-1 

duong tiem can mot tarn giac co dien tich kliong doi. 


Giasu M a\ 


a + 2 

a -1 


e(C). 


,, w x a + 2 -3 a 2 +4a-2 

PTTT (d) cua (C) tai M: j; = j; (a).{x-a) + -- oy = --+ —-777“ 

a-l (tf-1) (fl-1) 

Cac giao di£m cua (d) vai cac tiem can la: 1;-—- j , B(2a -1;1). 


14 = 1 0;—^— I =>IA = T -: ; IB = (2a-2;0) =>IB = 2\a-\ 

a-l) \a- 1| 
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Dien tich A IAB: -IA.IB= 6 (dvdt) =>DPCM. 


2x~3 , 

Vj du 23: Cho ham so y =-. Cho M la diem bat ki tren ( Q. Tidp tuy4n cua (C) tai M ck cac 

x-2 

dudng tiem can cua (C) tai A va B . Goi / la giao diem cua cac dirdng tiem can. Tim toa do diem M sao 
cho dudng tron ngoai ti4p tarn giac IAB c6 dien tich nho nhdt. 


Gia su M 


2x 0 -3 X 
x 0 ; . - 

x a -2 j 


x o* 2 ’ y'(x 0 ) = 


-l 


do-2) 


Phuang tiinh tiep tuySn (A) vai (C) tai M: y ■■ 


-1 , . 2x - 3 

-- 


x Q 2 


x — 2 
o 


Toa do giao diem A, B cua (A) vdi hai tiem can la: A 


C 2x 0 -2 A 

•*•0 - 2 j 


; B( 2x 0 -2;2) 


Taihiy 


v,+ Vn 2x n -3 

= x 0 =x^,—~— =-= j^ suy raM la trung diem cua AB. 

2 2 x 0 -2 


Mat khac 1(2; 2) va ALAB vuong tai I nen dudng tron ngoai tiSp tarn giac LAB co dien tich 


S = nIM~ = n 


(*o-2 f + 


2x n -3 


V 


a—i-2 


V*o 2 


= n 


(x a -2 y + 


2 1 


(*o~2) 2 


>2n 


Dau “=” xay ra khi (x 0 - 2) 2 


1 


(*o ~2) 2 

Do do diem M cdn tim la M(l; 1) hoac M(3; 3) 


Xq — 1 

x<) =3 


2x-l 

Vi do 24: Cho ham so y =-—. Tim toa do diem M sao cho khokig each tu di£m /(-l; 2)tai ti£p 

tuyen cua (C) tai M la ldn nMt. 


( 


NeuM 


* 0 ;2- 


V 


x o+l ) 


6 (C) thi tiep tuySn tai M co phuang trinh y- 2 + 


r(x~x o) 


hay 3(x - x 0 ) - (x 0 +1) 2 (y - 2) - 3(x 0 +1) = 0 


Xq + 1 (Xq +J) 
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Khoang each tir /(-1;2) tai ti4p tuy4n la 

d l 3(_1 ~ ^ ~ 3( *° + 111 ~ 6 1*° + *1 6 


^9 + (x 0 +l) V 9 + ^o + 1 ) I 9 + (jc 0 +1) : 


(Xo+1)' 


Theo bat ding thuc Cosi 


^ +(x 0 +1) 2 >2>/9 =6, vay d<y[<5 . 


(*o+l> 


Khoang each d Ion nhat bang -JE khi 

■ = (x 0 +1) 2 O (x 0 +1)" = 3 o x 0 = -1 ± \f3. 


(3=0+1) 


Vay cohai diemM: M(—l+\f3',2 — y/3^ hoac m/ 1 — -v/3;2 + -\/3^ 


2x +1 , , , , 

Vi du 25: Cho ham s6 v =-. Viet phirang trinh tiep tuyen cua do thi (C), biet rang tiep tuyen each 

x + 1 

deu hai diem >4(2; 4), B(— 4; -2). 

Goi x 0 la hoanh do tiep diem (x 0 -£ -1). 

PTTT(d) la y = -R— I (x-x 0 )+^R o x-(x 0 + 1) 2 j; + 2x 0 2 + 2x 0 + 1 = 0 
(3f 0 +l) _ *0 +1 

Ta co: d(A,d) = d(B,d ) o |2-4(x 0 +1) 2 + 2x 2 + 2x 0 +l| = j—4+2(x 0 +1) 2 + 2x 2 + 2x 0 +1| 

<=> x 0 =lvi 0 =Ovx 0 =-2 

.,,15 

Vay co ba phuang trinh tiep tuyen: y = -~x + '-\ y = x + r, y = x + 5 

i i 

Chu y: Bai toan nay co th£ giai bang each sau: Tiep tuyen each deu A, B nen co 2 kha nang: Tiep tuyen 
song song (trung) AB hoac tiSp tuyen di qua trung diem cua AB 

. ........ M «» M ••«••• ........ 

2.X - , , > r r 

Vi du 26 : Cho ham so y =- (C) tim diem M e (C) sao cho tiep tuyen cua do thj ham so tai M cat 


x +1 


hai true toa do tai A, B sao cho tam giac OAB co dien tich bang 


1 




V;if 
AUikti'f’* 
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Tiep tuy&n tai M c6 dang: 


r (x-x 0 )+^-oy 


x 0 +l 


(^o+l) 2 

Goi A = (d) C\ ox o toa do diem A la nghiem cua he: 


-x+- 


2 xl 


(x 0 + l) 2 (x 0 + l) 2 


(d) 


-X + - 


2xl 


Oo+l)’" <-»0 + l) ! of =>^(-io ! , 0 ) 
b = 0 ^ = ° 


Goi B = ( d) n oy => toa do diem B la nghiem cua he: 


2x 2 

/ lV ; x + 7-^77 [x = 0 2xl n/A 2jCn , 

(x 0 + l)- (x 0 +l) 2 Of ■; 2 o B(0,- -f-r) 


x = 0 


y- ( x a + 1 )' ' ( X Q + 1 )‘ 


Tam giac OAB vuong tai O ;OA= j-x 2 | = x 2 ; OB 


2xl 


(*o+l) 


2x; 


(*0 +1)‘ 


Dien tich tam giac OAB: 


S = — OA.OB = T = - 

2 2 (x 0 + l) 2 4 


4xq — (x 0 +1)*" 


2x 0 — x 0 +1 
l2xq = -x 0 -! 


<=> 


2xq -x 0 ~1 = 0 
2xq + lx 0 +1 (vw) 


x o ~ 2^ ~ ^ 

Xq = 1 => >’o = 1 


Vay tim dugc hai diem M thoa man yeu cdu bai toan: M l (-—; -2) ;. M 2 (1,1) 
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2.2 Bai toan Cue tri 

Dang 1: Tim m d£ ham so co Cue dai hoac cue tieu tai mot diem co hoanh do x 0 hoac tung do y 0 . 
Cach 1 Cach 2 

Buoc 1 : Tim TXD Buoc 1 : Tim TXD 

Buoc 2 : Tinh / 7 (x). Xac dinh cac diem tai han. Buoc 2 : Tinh f 1 (x). Giai phuerng trinh 
Buoc 3 : Lap bang bien thien. Ket luan. 


/ 7 (x) = 0 vakihieuX; (z = 1, 2,...) la cac 
nghiem cua no. 


Buoc 3 : Tinh f" (x) va f" (x,). Kk luan 


a/ DiSu kien de ham so co cue tri tai x = Xn- 


j^'(x 0 ) = 0 

[y ’ doi dau qua x 0 


/(*o) = 


b/ Dieu kien de ham so co cue dai tai xo: 


jj>'(x 0 ) = 0 

[>>’ doi dau tu + sang - qua.x 0 

d Pi|u kien de ham so co cu~c tieu tai xn: 


f^'(x o ) = 0 

I j;' doi dau tu - sang + qua.x a 


hoac | 

[y'(-*o) = ° 

[y , (x 0 ) < o 


hoac j 

iy'(x 0 ) = o 

ly"(x 0 )>o 


d/ Bieu kien de ham bac 3 co circ tri tco cue dai. cue tieu): 


y’= 0 co hai nghiem phan biet o 


a * 0 
A > 0 


e/ PiSu kien d£ ham bac 4 co 3 cu e tri: y 7 = 0 co 3 nghiem phan biet. 

Dang 2 : Tim di£u kien de cac dilm cue tri cua ham s6 thoa man dieu kien cho truoc. 
Phuong phap: 
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© Tim dieu kien de ham so co cue tri 

© Bilu diln dieu kien cua bai toan qua toa do cac dilm cue tri cua d6 thi ham s6, tu do dua 
ra dieu kien cua tham s6. 

vidu 


Vidu 1: Tim cue tri cua cua ham s6 v = -x 3 --x 2 -2x4-7. 

3 2 


Cach 1. 


* Tap xac djnh:R. 


Taco: y' = x 2 -x-2\ j;’ = 0<=> 


x~~\ 
x = 2 


* Bang bien thien: 



Ham so dat cue tieu tai x = 2 va gia tri cue ti4u ycr- y( 2) = 


-4 


Cach 2. (Su- dung auv tSc 21 

* Tap xac dinh:. 


Taco: y' = x 2 -x-2;y' = Oo 

x = 2 

* y , = 2je-l,y , (-l) = --3<0 nen ham so dat cucdai tai diem x = -1 va gia tri cue dai 


19 


yc£)=y(- 1): 

U 

* y"(2) = 3 > 0 nen ham so dat cue tieu tai x = 2 va gia tri cue ti£u . 
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j Vi du 2: Tim cue tri cua cac ham s6 sau: 


1 a) j; = cosx + -^cos 2 x-l 

b) y = ■73 s inx + cos x + j 

| 


a) TXB: D=R 
* y' = ~ smx-sin 2 x 

y' = 0 <=> sinx(l + 2 cos x) = 0 o 


sinx -0 


cosx = - 


1« 


x-kn 

,2n 0 

x = ±— + n2n 


* y" = -co$x-2cos2x 

Ta co y"(kri) = -cos(for) - 2cos(k2n) = ± 1 - 2 < 0 
=> Ham s6 dat cue tieu tai: x = kn (ke Z) 




T—+« 2 ^ 

= —cos 


-2 cos 

1 + 

' 1 * 

3 J 


\ 3 , 


l 3 J 


1 , 3 „ 

- + l = ->0 

2 2 


, , 2^ 

=>Ham so dat eye tieu tai: x- ±—+nln (n e Z) 


b) TXD: D=R. 

* v' = %/3cosx-sinx+l 
y ' = 0 <=> S cos jc - s inx = -1 

V3 1 . 1 . ( n 

<=>-^-cosx--sinx = -- osinl x-— 


N 1 .71 

- = sm— 


x = ^- + k 2 n 
2 

x = -~+k 2 n: 
6 


* y’m-^sinx-cosjt 
Ta co: 


+ y" = \?L + k 27 t 


\ 


+ y"/-+k27t 


~J3 s in ^ - cos ^ = —J3 < 0 


= 4>0 





Web: Alika Am The Luc - fb.com/Ad.theluc The Anh - fbxom/nguyentheanh.teacher 





















H AM SO 


Nguy&i The Anil (Great Teacher) - Nguyen The Lire (Casio Expert) 


Vay ham so dat cue dai tai x - 


■ —■ + kin Ham s6 dat cue tiSu tai x = — + kin 
2 6 


Chu y : Quy tac 1 co uu diem la chi can tinh dao ham cap mot roi xet dau y ’ va lap bang xet dau 
y tit do say ra cac diem cue tri. Nhung guy tac 1 co nhugc diem la no ddi hdi phai xet ddu y diiu nay ; 
khong phai bao gid cung dan gian. 

Neu bai toan khong yeu can fun diem cue tri thi quy tac 1 la hoi thica , khi do ta sit dung quy ttic 2. Song 
quy tac 2 cung co nhugc diem la nhieu khi viec tinh y” la rat phitc tap , dac biet khi khong sit dung duac 
trong truang hap /’ (x Q ) = /” (x Q ) = 0 . 


Quy tac 1 thuang duac dung cho cac ham da thitc, ham phan thirc va tich cac luy thica . Quy tac 2 
thuang duac sit dung cho cac ham luanggiac. 


Vi du 3: Tim w de ham s<5: y = ^x 2 +(m 2 -m + 2)x 2 +(3m 2 +l)x + m-5 dat cue tilu tai x = -2. 
y'(x)-x 2 + l(m 2 -w + 2)x+3m 2 + 1 => y"(x) = 2x + 2(m 2 -m+l) 


De ham so dat cure tieu tai jc = —2 thi 
f/(-2) = 0 \-m 2 +4w-3=0 f(/M-l)(m-3) = 0 

[j(-2)>0 [w 2 -w>0 [m(w-l)>0 


Vi' du 4: Cho ham so: y = x 3 — 3 {m + l)x 2 +9x — m, vdi m la tham so thuc.Xac dinh m de ham s6 da 
cho dat cure tri tai x,,x, sao cho |x, - x 2 |< 2. 

-Taco y = 3x 2 -6(?w+l)x+9. 

- Ham s6 co cure dai, cue tiiu x h x 2 . <=> PT y’ = 0 co hai nghiem phan biet la xj, x 2 . 

<=> x 2 - 2 (m 4- l)x + 3 — 0 co hai nghiem phan biet la x,, x 2 . 

oA' = (m+l) ! -3>0o/n>-l+^ v (1) 

Theo dl ta co: |x, — x 2 | < 2o(x, + x 2 ) 2 -4x,x, < 4 (*) 

Theo dinh ly Viet ta co: x, + x 2 = 2(m + 1); x,x 2 = 3. 


(*)<=>4(w + l) 2 -12<4 <=>(/ra+l) 2 <4<=>-3 <tm<1 (2) 

Tir (1) va (2) suy ra gia tri m can tim la: -3 < m < -1 - 4?> hoac -1 + -Jl < m < 1 . 
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Vi du 5: Cho ham s6 y = /(x) = mx 3 + 3mx 2 -(m - l)x -1, m la tham s6. Xac dinh cac gia tri cua 
di ham s6 y = /(x) khong co cure tri. 

+ Klii m = 0 =^> y = x—1, nen ham so khong co cue tri. 

+ Khi m ^ 0 =>y = 3mx 2 +6mx-(m-l) 

Ham s6 khong co cue tri khi va chi khi y' = 0 khong co nghiem hoac co nghiem kep 
<=> A ’ = 9m 2 + 3m( m - 1) = 12m 2 -3m <0 o0<i«<j 
Vay 0 < m < 4 la gtet 


m 




Vi du 6: Cho ham s6 y = ~x 3 + (2m + l)x 2 -(m 2 -3m + 2)x-4 (m la tham s6) co do thi la (C m ). Xac 
dinh m dk (C m ) co cac diem cue dai va cue tieu nam ve hai phia cua true tung. 


y = -3x 2 + 2(2 m + l)x - (m 2 - 3m + 2). 

(C m ) co cac diim CD va CT nhm vi hai phia cua true tung <=> PT y = 0 co 2 nghiem trai dau <=> 
3(m 2 -3m + 2)<0 <z> l<m<2. 



Ham s6 co CD, CT <=> /' (x) = mx 1 - 2 (m -1) x+ 3 (m - 2) = 0 co 2 nghiem phan biet o 


m^O 


A f = (m-l)" -3m(m-2)> 0 




Voi di$u kien (*) thi fix) = 0 co 2 nghiem phan biet xj, X 2 va ham s6/(x) dat cue tri tai xj, X 2 . Theo 


dinh ly Viet ta co: Xj +x 0 = —^;XjX 0 = —— 

1 m m 


Ta co: x } + 2x 2 = 1 <=> x 2 = 1 - 


2(m-l) _ 2-m . v _ 2(m-l) 2 -m _ 3m -4 


m 


m 


m 


m m 


m = 2 


1 =M.InLzA = 3 0 ( 2 _ w )(3„,_4) = 3 wj(wj- 2) o 
m m m 


Ca 2 gia tri nay deu thoa man dieu kien (*). Vay x { + 2x 2 = lom = 2vm = — 
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Vf du 8. Cho ham s6 y = x 3 -3 mx 2 + 4m 3 (m la tham s6) co <16 thi la (C,„). Xac dinh m d£ (C,„) c6 cac 
diem cue dai va cue tieu doi xung nhau qua dudng thdngj; = x. 


Ta co: / = 3x" - 6mx = 0« 


x = 0 
x = 2m 

Be ham so co cue dai va cue tieu thi m * 0. 

Gia su ham so co hai diem cue tri la: >4(0; 4m 3 ), B(2m\ 0 )=> AB = (2w;-4m 3 ) 

Trung diem cua doan AB la /(m; 2m 3 ) 

Bieu kien de AB doi xurng nhau qua dudng thang y = x la AB vuong gdc vdi dudng thang y - x va / thuoc 
dudng thang j> = x 

ilm-Am 3, = 0 


2m = m 


45 


Giai he phuong trinli ta duac m - ±-; m = 0 

2 


Ket hap vdi dieu kien ta co: m = ± 


4i 


Vi du 9. Cho ham so y = x 3 -3 mx 2 + 3 (m 1 -l)x- m 3 + m (1). Tim m de ham so (1) co cue tri dong 

thdi khoang each tu diem cue dai cua dd thi ham sd ddn gdc toa do 0 bang ^2 \kn khoang each tu didm 
cue tieu cua do thi ham sd den gdc toa do 0. 

Ta co y 3x 2 - 6 mx + 3 (m 2 -1) 

Ham sd (1) co cue tri thi PT y = 0 co 2 nghiem phan biet 

<=> x" - 2mx + m 2 -1 = 0 co 2 nhidm phan biet <=> A = 1 > 0, \fm 
Khi do, didm cue dai A(m -1; 2 - 2m) va didm cue tidu B(in +1; -2 - 2m) 

Taco 0A = yf20B <=> m 2 + 6m + l = 0o W 3 + 2^2. 

m = ~ 2-2^2 


Vi du 10. Cho ham s 6 y = x 4 - 2nfx 2 +1 (C m ) (1). Tim m dd ham sd (1) co ba didm cue tri la ba dinh 
cua mot tarn giac vuong can. 

Vdi dieu kien (*) thi ham sd (1) co ba didm cue tri. Goi ba didm cure tri la: 


Ta co: y' = 4x 3 - 4m 2 x = 4x(x 2 - m 2 ) = 0 
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~tw; 1 - m A ); C ( m\ 1 - m A ). Do do niu ba diem cue tri tao thanh mot tarn giac vuong can, thi 
dinli se la A. 

Do tinh chdt cua ham so trung phuong, tarn giac ABC da la tarn giac can roi, cho nen de thoa man dieu 
kien tarn giac la vuong, thi AB vuong goc vdi AC. 

c>^5 = (-m;--w 4 );JC = ^2;-w 4 );5C = (2m;0) 

Tam giac ABC vuong khi: BC 2 = AB 2 + AC 2 <=> 4m 2 = m 2 + rn + {rn 2 -f w 8 ) 


<=> 2m 1 [m A -1^ = 0;=> in =!<=> m = ± 1 


Vay voi m = ~1 va m = 1 thi thoa man yeu cau bai toan. 

Vi dull. Cho ham s6 y = x 4 - 2m 1 x 1 + 1 (1 ).Tim tit ca cac gia tri m de do thi ham s6 ( 1 ) co ba diem 
cue tri A, B, C va dien tich tarn giac ABC bang 32 (don vi dien tich). 


+) Ta co y’ = 4x 3 - 4m 2 x ; y’ = 0 <=> 


x = 0 
x 2 = m 


; DK co 3 diem cue tri: m ^ 0 


+) Toa do ba diem cue tri: A(0 ; 1), B(- m ; 1 - m 4 ), C(m ; 1 - m 4 ); 

+) CM tarn giac ABC can dinh A. Toa do trung diem I cua BC la 1(0 ; 1 - m 4 ). 


+) S aABC =^AI.BC = m A |tw| = \mf =32om = ±2 (tm) 

Vi du 12. Cho ham s6 y - x A - 2 mx 2 +1 ( 1 ). Tim cac gia ti l cua tham so m de do thi ham si ( 1 ) co ba 
diim cue tri va dudng tron di qua ba diem nay co ban kinh bang 1. 

Taco y'-4x 3 -4ru 


y' = 0<=> 


x = 0 
x 2 = m 


Ham s6 co 3 cure tri <=>y’ doi dau 3 lan 

<i> phuong trinh y’ = 0 co 3 nghiem phan biet O m > 0 

Khi m > 0, d<5 thi ham s6 (1) co 3 diem cue tri la 

, C(0;1) 

Goi I la tarn va R la ban kinh cua duong tron di qua 3 diem A, B, C. 
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Vi 2 diem A, B doi xung qua true tung nen I n&m tren true tung. 

Bat 1(0 ; y 0 ). Ta co: IC = R o J(1 - j/ 0 ) 2 = 1 o :Vo " 0 

_y 0 = 2 

=> 7 = 0(0; 0) hoac 7(0; 2) 

* Vai 1 = 0(0; 0) 


IA = R <=> .Jm + Q.-jri 2 ) 2 = 1 <=> in - 2 m 2 + m = 


m = 0 

m -1 


m - 


m - 


-\-S 

2 

-l + >/5 


So sanh dieu kien m > 0, ta dugc m = 1 va m : 


-1 + ylS 


* Vai 1(0; 2) 

IA = R o^/w+(-l-m 2 ) 2 = 1 <=>m 4 + 2 m 1 + m- 0(*) 
Phuang trinh (*) vo nghiem khi m > 0 

Vay bai toan thoa man khi m = 1 va m = - - -■ ~ ^ 


Vi du 13. Cho ham so y = x 4 - hnx 1 +m -1 (1), vai m la tham s6 thirc. Xac dinh m dS ham s6 (1) co 
ba diem cue trj, d6ng thdi cac diem cue tri cua do thi tao thanli mot tarn giac co ban kinh duang tron 
ngoai tiep bang 1. 


y = 4x 3 - 4 mx = 4x(x 2 -/ji| = 0o 


x = 0 
x 2 = m 


Ham s6 da cho co ba diem cue tri <=> pt y = 0 co ba nghiem phan biet va y ddi d£u khi x di qua cac 
nghiem do <=> m > 0 


• Khi do ba diem cue trj cua do thi ham s6 la: 

^( 0 ; + m-l + 777 - 1 ) 
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s *w = ^\y B - jJ-k ~ x b\ = ™ 2 'f™ ;4B = AC = slm 4 + m, BC = 2-Jin 


n AB.AC.BC , , . (w 4 + m)ljm _ i 

K —- 1 " 7 = — 1 

4 ^bc 4w Vm 


<» m 3 - 2m +1 = 0 o 


m = 1 


m = - 


>/s—1 


2.3 Bai toan Tmmg giao 

Bai todw tawig "/ao tong quat: 

Cho hai d6 thi ham s6: y = f(x, m) va y = g(x,m). Hoanh do giao di£m cua hai d6 thi la nghiem cua 
phuong trinh: f(x, m) = g(x,m) (1). 

Nhan xet: S6 nghiem cua (1) chinh la s6 giao diem cua hai do thi ham s6. 

Sau do lap phuong trinh tuong giao cua d va (C). 

Bang 1: Cho hai d6 thi ham s6: y = f(x, m) va d: y =ax+b 

Hoanh do giao di$m cua hai d6 thi la nghiem cua phuong trinh f(x,m) = ax+b. (1) 

Chu v: 

+ Neu dubng thang d di qua didm M(x 0 ; yo) va co he s6 goc k thi phuong trinh d co Dang: y - y 0 = 
k(x-xo). 

+ Khai thac toa do giao di&n (M(x M ;y M ) cua (C) va d, ta cdn chu y: x M la nghiem cua (1);M 
thuoc d nen y M = ax u + b 

+ N&u (1) din den mot phuong trinh bac hai, ta co the su dung dinh ly Viet 
Dang 2: Phuong phdp ham so 
Chuydn phuong trinh hoanh do tuong giao ve: g(x) = m. 

Klii do so nghiem chinh la so giao diem cua do thi y = g(x) va duong thang y = m. 

Bai tap bai giang 

Dang 1 : Cho hai d6 thi ham so: y = f(x, m) va d: y =ax+b 

Hoanh do giao dikm cua hai d6 thi la nghiem cua phuong trinh f(x,m) = ax+b. (1) 

-—————~——-——■*“““■ —- i 

; Vi du 1. Cho ham so y =- co do thi (C). 1 

* * x-2 \ 

i i 

I Chung minli rang voi moi gia tri cua m, duong thang y = x — m luon cat do thi (C) tai hai diem phan j 
| biet. | 

— 




Web: Alika.m 


The Luc -jb.com/Adtheluc The Anh - jb.com/nguyentheanh.teacher 


jig 
















H AM SO 


Nguy&n The Anh (Great Teacher} - Nguy&n The Lire (Casio Expert) 


© Duong thang y = x - m cat do thi (C) tai hai diem phan biet khi va chi khi phuong trinh 
2x-l 


x-2 


-x-m co hai nghiem phan biet. 


, , 2x-l 

© Xet phuong trinh:- = x-m (x & 2) 

x-2 

o2x-\ = (x-m){x - 2 ) 

<=> x 2 —4x —mx +1 + 2m = 0 
<=> x 2 -(4 + m)x + 1 + 2m = 0 

Co A = (4 + m) 1 - 4(1 + 2m) 

= m 2 +8m + 16-4-8w 
= m 2 + 12 >0 Mm 

© Vay voi moi m thi duong thing y = x - m cit d6 thi (C) tai hai dilm phan biet. 


Vi du 2. Tim m di duong thing y = -1 cit d6 thi y=x 4 -(3m + 2)x 2 + 3m(C m ) tai 4 di£m phan biet d£u 
co hoanh do nho hon 2. 


Phuong trinh hoanh do giao dilm cua (C m ) va duong tiling y = - 1: 
x 4 -(3m-\-2)x 2 + 3m = -\ <=> x 4 ~(3m + 2)x 2 +3/27 + 1 = 0<=> 


x =±1 

x 2 = 3m +1 (*) 


Duong thang y = -1 cit (C m ) tai 4 diem phan biet co hoanh do nho hon 2 khi va chi khi phuong trinh (*) 
co hai nghiem phan biet kliac ±1 va nho hon 2 


| 0 < 3772 + 1 <4 

<=> \ o 

3/27 + 1 ^1 


2x + l 


1 


3 

m + 0 


< 227 < 1 


Vi du 3. Cho ham so y- -(C) Tim tham so m de duong thang d: y = - 2x + m cit d6 thi tai hai 


x +1 


diem phan biet A, B sao cho dien tich tarn giac OAB bing 4 3 . 
Xet phuong trinh hoanh do giao diem cua d va (C): 

2x + l 


x +1 


: ~2x + m (x * -1) o g{x) - 2x -(m- 4)x +1 - 227 = 0 (1) 





Web: Alikavn The Lux - ■fb.com/Ad,thetoc The Anh - fb,com/nguyentbeanhteacher 













HAM SO 


Nguy&n The Anh (Great Teacher) - Nguyen The Lu c (Casio Expert) 


D c&t (C) tai 2 diem phan biet <=> (1) co hai nghiem phan bietkhac -1. 
\i± = {m — V 2 0/1 " A '~ 2 

°[g(-l)^0 ls(-l) = -l*0 


A = (m-4) 2 — 8(1 — m) > 0 m 2 +8>0 2 0 A 

v ' v 2 0 <| ow + 8 > 0 =>meif. 


Chung to vcri moi m d luon c 5 t (C) tai hai diem phan biet A, B 

Goi A(x l ;-2x l + m);fi(x 2 ;-2x 2 + m). V 6 i: x,,x 2 la hai nghiem cua phuong trinh ( 1 ) 


Taco = -x 2 )j=J>J5 = ^(x 2 -x 1 ) 2 +4(x 2 -x l ) 2 = |x 2 -x,|V5. 

Goi H la hinh chieu vuong goc cua O tren d, thi khoang each tCr O den d la h: 


=> ft = 


\m\ 


\m\ 


A 2 + i s 


i... 


Theo gia thiet: S = —AB.h =- 7 =- , _ 

* 2 2 ^5 2 2 4 

Vay: -Jm 2 +8 = ^/4 2 J o m 2 +8 = 4 2 .3 => w 2 = 40 <=> |hj| = 2^/^0 (*) 

Voi m thoa man dihu kien (*) thi d cdt (C) tai A, B thoa man yeu cdu bai toan. 

Dang 2 : Pliir&ng phdp ham so 

Vi du 3. Cho ham so y - -x 3 + 3x 2 -1 

a) Khao sat va ve d 6 thi ham so tren. 

b) Dura vao do thi bien luan theo m s 6 nghiem cua phuong trinh x 3 - 3x 2 + m = 0. 

© y = -3x 2 +6x 

y' = 0 o -3x 2 + 6x=0 <=> 


x = 0 
x = 2 


Gioi han: lim y = +co, lim y = -oo 

X-4-oo x-H-cc 

Bang bien thien: 
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MAM SO 


x 


-oo 


y’ 


o 


o 


+ 


2 


0 


+ oo 


y 



3 



-oo 


• Ham so dong bien tren (0 ; 2); ham so nghich bien tren (-oo;0) va (2;+oo). 

• Ham so dat cue dai tai x = 2, y C o = 3; ham s6 dat cue tieu tai x = 0, y C T = -1. 

• E>6 thi: BiSm daebiet: (0;-l), (-1; 3), (3; -1), (1; 1) 



rr 3 — 3x 2 + m = 0 —x 2 + 3x 2 — 1 = m — 1 

So nghiem cua phuomg trinh la so giao diem cua do thi ham s6 y = - x 3 + 3x 2 -1 vdi dudng 
thang y = m - 1. 

Vay 772 — 1 > 3 <=> > 4: Phuong trinh co 1 nghiem. 

777 — 1 =3 <=> 772 = 4: Phuomg trinh co 2 nghiem. 

3 > 772 — 1 > —1 <=> 4 > 772 > 0: Phuong trinh co 3 nghiem. 
m -1 = -1 <=> 777 = 0: Phuong trinh co 2 nghiem. 
m — 1 < — 1 <=> m < 0: Phuong trinh co 1 nghiem. 


Vi dn 4.Cho ham s6 y = -x 4 +3x 2 +1 co d6 thi (C) 

a) Kliao sat sir bien thien va ve d6 thi ham s6 (C). 

b) Dua vao do thi (C) tim m de phuong trinh x 4 -3x 2 +m = 0 co 4 nghiem phan biet. 
a) Thuc hlen cac bude tuong tu nhu'bai tap 2, ta duoc d<5 thi ham s6 r" 



# i. 
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b) x 4 -3x 2 + m = 0 <=> -x 4 + 3x 2 +1 = w +1 

® S6 nghiem cua phuang trinh la so giao diem cua do thi (C) voi duong thang y=m+l. 

13 9 

® Dua vao d<5 thi, phuang trinh co 4 nghiem phan biet <=> 1 < m +1 < — o0<w?<- 

BAI TAP LUYEN TAP 

Vi du S.Cho ham s6 y = x 3 - 3x 2 + 4 (C) .Goi d la duong thang di qua diem A(- 1 ; 0) voi he s6 goc la 

k (k thuoc R). Tim k di duong tiling d cit (C) tai ba diim phan biet va hai giao diem B, C (B, C khac A ) 
ciing vdi goc toa do 0 tao thanh mot tarn giac co dien tich bang 1. 

Duong thing d di qua A(-l; 0) voi he so goc la k, co phuong trinh la: 


y = k(x+l) = kx+ k. 

N&u d cit (C) tai ba diim phan biet thi phuong trinh: x 3 - 3x 2 + 4 = kx + k 
Ox 3 -3x 2 -kx + 4-k = 0<=>(x+l)(x 2 -4x + 4-k) = 0 


<=> 


x = -l 

g(x) = x 2 “ 4x + 4 ~ ^ = 0 
A'>0 


phan biet khac -1 <=> 


co ba nghiem phan biet o g(x) = x 2 - 4x + 4 - k = 0 co hai nghiem 
k > 0 


<=> 


—1) 9 ^ 0 [9-k^0 


« 0<^9 (*) 


Voi diiu kien: (*) thi d cit (C) tai ba diim phan biet A, B, C.Voi A(-1;0), do do B,C co hokih do la hai 
nghiem cua phuong trinh g(x) = 0. 


Goi 5(x 1 ;Vi);C , (x 2 ;v 2 )voi x 1 ;x 2 la hai nghiem cua phuong trinh: x"-4x + 4-£ = 0. Con 
y ] = kx ] + k\y 2 = kx 2 + k. 


Taco: BC = (x 2 -x l \k(x 2 -x^) => BC = <J(x 2 -x,) 2 (l + A: 2 ) = |x 2 “XjI^I + A: 2 ) 
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Khoang each tir 0 den durong thang d: h = 


Vay theo gia thiet: 


1*1 


-Ji+F 1 


S = ^-h.BC-^- J-L .h^lVl + fc 2 =2\fic*=l =»\/^~ = -oA: 3 = - => k = -4 


2 ATI 


ifA 


Vi du 6. Cho ham so y = x 3 4- 2nvc 2 + {m + 3)x + 4(1). Tim m de dudng th&ng d: y = x + 4 dit d<5 thi 

ham s6 (1) tai ba diSm phan biet A, B, C sao cho tarn giac MBC co dien tich bang 4. (Bi§m B, C co hoanh 
I do kliac kliong ; M(1 ;3)). 


Bo thi (1) cat d tai ba diem A, B, C co hoanh do la nghiem cua phuong trinh: 

O x 3 + 2mx 2 +(w + 3)x+4 = x+4;o x|Ic 2 +2jmx+w + 2J = 0=> 
oA , = ffl 2 -ra-2>0om<-lvm>2 (*) 


x = 0 

x 2 + 2 mx + m +2 = 0 


Vdi m thoa man (*) thi d cat (1) tai ba diem A(0; 4), con hai diem B,C co hoanh do la hai nghiem cua 


phuong trinh: <=> x 2 + 2 mx + m + 2 = 0 => 


A’ = 7w 2 -w-2>0 


O m<-\vm>2:m*-2 


[/w + 2^0 

-Taco 5(x,;x, +4)-,C(x 2 \x 2 +4)=>BC = (x 2 -x,;x 2 -x,) 

^>BC = ^(x, -x,) 2 +(x 2 -x,) 2 =|x 2 -x,|72 

-Goi H la hinh chilu vuong goc cua M tren d. h la khoang each tir M dSn d thi: 

=> h = ^ => 5 = l -BC.h = i|x 2 -x,|V2.V2 = |x 2 -xj 

- Theo gia thiSt: S = 4 o\x 2 -x\ = 4\<$2-JX' =4\^m 2 -m-2 = 4=$m 2 -m-6 = 0 
Ket luan: vdi m thoa man: m = -2 v m = 3 => m = 3 (chon). 

Vi du 7. Cho ham s6 y = x 4 -(m + l)x 1 +m (C„,). Xac dinh m >1 di d6 thi (C,„) cit true Ox tai 4 

dilm phan biet sao cho hinh phang giori han bdi va true Ox co dien tich phin phia tren true Ox bang dien 
tich phan phia dudi true Ox. 

B6 thi ham s6 cit Ox tai 4 di£m phan biet <=> x 4 - (m 4- l)x 2 + m = 0 (1) co 4 nghiem phan biet 
<=> r - {in 4-l)/ -f m = 0 (2) co 2 nghiem duong phan biet 
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O 


A = (/w + l) 2 -4m>0 

772 + l>0 
m > 0 


Hai nghiem cua (2) la t = 1, t = m , do 77? > 1 nen 4 nghiem phan biet cua (1) theo thu tu tang la: 

-yjm 9 - 1,1 5 Vw 


Ham s6 la chSn nen hinh phing trong bai toan nhan Oy lam true doi 
xung. Khi do do thi co dang nhu hinh ben. 

Bai toan tlioa man 

= S}] 2 

1 >/m 

<=> jjx 4 -( 7 ?? + l)x 2 + 7??|<ir = J|x 4 -(w + l)x 2 + m\cbc 

o I 

] >/m 

<=> J(x 4 — (wa + 1)jc 2 + m^dx = - J(t 4 -(/» + l);jc 2 + /»)*& 

o 1 

<=> ~(m + l)x 2 +rn)dx = 0 

o 



f y 5 r 3 

- (m + 1)— + mx 

5 V ; 3 


\/m 


A m m +1 1 A _ 

= 0 <=>-+ 1 = 0 <=> m = 5. 

5 3 


KL: m = 5 thoa man yeu cau 


Vi du 8. Goi (C m )lad6thi cua ham s6 y = x 4 ~2(m + l)x 2 + 2777 + 2. Tim 77?d8ducmgthkg y = lc4t 
(C m ) tai b6n diem phan biet A, B, C, D sao cho OA + OB + OC + OD = 4 + 2\fl 

Xet phuong trinh hoanh do giao diem 

x 4 -2(777+ l)x 2 + 2tt7 + 2 = 1 <=> x 4 - 2 ( 777 + l)x 2 +2t?7 + 1 = 0 


Dat t = x 2 (/ > 0), ta co phuomg trinh t 2 - 2{m + \)t + 2m +1 = 0 5 (*) 

D8 co 4 giao di8m phan biet thi phuong trinh (*) phai co 2 nghiem duemg phan biet 



A'>0 

( 772 + l) 2 -(2777 + 1) >0 

<z>< 

J°>0o< 

2777 + 1 >0 <=>< 


S' > 0 

2(772 + 1 ) > 0 


m + 0 


77 ? > — 


1 
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Vai dieu kien tren phuang trinh (*) co hai nghiem duomg t v t 2 . Theo Vi-et ta co, 
t x +t 2 = 2(w? + l), t x t 2 = 2m + \ 

Tit /j = x 2 => x = ; t 2 = x 2 => x = 

Bat x^ — , x B — , x c = yjt ^, x^ = 

=^ > ^(- s /^;l) 5 lj, lj 

=> CM + Oi? + OC* + OD = 2^1 + /j + 2^ 

Theo de 2 + + 2^1 + 1 2 = 4 + 2\[2 

O ^1 + /j + ^1 + 1 2 = 2 + 72 

<=> + /j + ^1 + 1 2 j =6+472 

<=> /j + 1 2 + = 4 + 4*\/2 

=> 2(/72 4 l) + 2^2m + l + 2(772 + l) + l = 4 + 472 
o yj4m + 4 = 1 + 2^2 - 772 


<=>< 


1 + 2^2 — 772 > 0 

4772 + 4 = ^1 + 2 V 2 — 772^ 


<=> < 


m < 1 + 2 72 

w 2 - 2^3+ 272 jw2 + 5 + 4 V 2 =0 


<=> ;w = 1 


Vay dieu kien phai tim la m = 1. 

Vi du 9. Cho ham so jp = x 4 - 2{in + l)x 2 + 2m +1 co d6 th| la (C /H ). Binh m d<§ d6 thi (C,„ ) cat true 
hoanh tai 4 diem phan biet co hoanh do lap thanh cap so cong. 

Xet phuang trinh hoanh do giao di£m: x 4 - 2{m + l)x 2 + 2m +1 = 0 (1) 


Bat t = x 2 ,t> 0 thi (l)trcr thanh: / (/) = t 2 -2(m + \)t+ 2m + \ = 0. 

Be (CJ cdt Ox tai 4 diem phan biet thi /(/) = 0 phai co 2 nghiem duang phan biet 


O 


A’ = w 2 >0 
S = 2(w + l)>0<=> 
P = 2m + l>0 


m > — 

2 (*) 

m ^0 
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Vai (*), goi <U la 2 nghiem cua /(/) = 0, khi do hoanh do giao di6m cua (C m ) veti Ox \hn luot la: 

^1 = = = ~~ ^2 

x p x 2 , x 3? x 4 lap thanh cdp s6 cong <=> x 2 -x } = x 3 -x 2 = x 4 - x 3 <=> t 2 = % 





( l) o5 M 

= 4(/7?4-l)<=> 

5m = Am 4- 4 

<=> 

Sm = Am 4- 4 





m-A 

4 

m - — 
9 


Vay m = <{ 4;-— 


2.4 Bai loan Suy 36 thi- Bien loan s6 nghiem 

Kien thii*c co 1 ban: D6 thi chua ddu tri tuyet doi 


y =j{x) co do thi (Q 


y = |/(x)| co do thi (C ! ) 


y = f (|x|) co do thi (C”) 


y - j/(x)| > 0, Vx € D . 

Taca: y= f(|x|) = 

/(x) khi x > 0. 

/(—x) khi x < 0. 

Do do: 

4-Ta phai giu nguyen phan (C) phia 
tren true Ox 

+Liy doi xung qua Ox vai phan phia 
duai true Ox, 

+Bo di phan (C) nam a phia duai Ox 


y=f( N) c ° 

/(H) =/(H)* VoceZ) 

nen day la ham so chan do do 
co do thi doi xung qua true tung 
Op. 

Do do: 

4-) Ta phai giu nguyan phan (C) 
ben phai Oy 

4-Bo di phan (C) nam a ben trai 

Oy 

4-Ldy d6i xung qua Oy v6i phan 
d6 thi (C) a ban phai Oy 



Web: Alika Am The Luc - fb.com/Ad.ihetoc The Anh - fb.com/nguyentheanh.teadh 























HAM SO 


Nguyen The Anh {Great Teacher) - Nguy§n The Lux (Casio Expert) 


4.2. Vi du va bai tap 

Vi du 1: Cho ham so: y = 2x T ~ 9xM- 12x -4™(C)" 

1) Khao sat sir bien thien va ve db thi ham s6 (tfi thi dai hoc khdi A- 2006) 

2) Dira vao do thi (C) ve do thi cac ham s6: 

a) y = 12x 3 - 9x 2 + 12x -41 

b) y = 2 |x | 3 -9x 2 + 121x| -4 

1) Khao sat sir biin thien va ve id thi ham so: y = ix" 3 "- 9X 5 + 1 2x - 4 (C) 

*) Khao sat sir bien thien: (Ban doc tu giai) 

Taco: y ! = 6x 2 - 18x + 12. 


y” = 12x -18 
CD(1;1);CT(2; 0) 
*) Bang bien thien 
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2) Dim vao do thi (C) ve db thi ede ham so: 
a) y = 12x 3 - 9x 2 + 12x - 41 
(Bat f(x) = 2x 3 - 9x 2 +12x - 4) 

Ta co y = |2x 3 -9x 2 + 12x-41 = |f(x)| 
Do do do thi ham so: 


y = 12x 3 - 9x 2 + 12x - 41 gom: 

+) Ph&n tir true hoanh tro len cua d6 thi ham s6 y = f(x). 

+) D6i xung phdn d6 thi phia duoi true hoanh cua do thi ham so y = f(x) 
qua true hoanh 

b)y = 21x| 3 -9x 2 + 121x| -4 


(Dat f(x) = 2x 3 - 9x 2 + 12x - 4) 

Ta co: y = 21 x | 3 -9x 2 + 121 x | -4 


u jf(x) khi x>0. 

‘ f( W ) - m x<a. 

Va y = f( |x|) la ham so chan nen do thi 

co true doi xung la Oy. 

Do do do thi ham so: 

y = f( |x|) = 21 x | 3 - 9x 2 + 121 x | -4g6m: 

+) Phdn ben phai Oy cua do thi ham so y = f(x). 
+) D6i xung phan do thi tren qua Oy 


Vf du 2 . Cho ham so y = - 


x + 1 
-x + 1 


co do thi (C) 



% 


1 . Khao sat su bi§n thien va ve do till (C) cua ham so. 
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HAM SO 


i 9 Riati liici'n tliPfl yvj cA ncrViiprn nhiT/^nrr trinl-i 

r +1 


j X.. JJit.ll mall llltu Ifl &u ligniCiil tua piiuvjilg LI 11 u i 

i • — m. 

N+i 



* Tapxac dink. D=R\{1} 

* Su bien thien: 


y'= 


2 


> 0, Vx € (-oo;l)u(l;+oo) 


=> Ham so dong bien tren cac khoang (- 00 ; l) va (l;+oo). 

Cue tri : Ham so khong co cue trj. 

Gi&i han, tiem can: 


x +1 x +1 

lim y = lim- = +oo; lim j; = lim- = -oo 

x-4i- *->r -x +1 *-»i + *->i + -x +1 

Do do duong thang x = 1 la tiem can dung, 
lim y = lim —— = -1; lim y = lim . . X + 1 = -1 

x->-oo x-y~x:> —x +1 £—>+oo x —>+oo —% _|_ ] 

Do do duong thang y = -1 la tiem can ngang. 

Bang bien thien: 



*£>d thi: 

D6 thi cat true Oy tai diem (0; 1) va cit true hoanh tai di£m (-1; 0). 
Do thi co tarn d6i xirng la giao di&m 1(1; -1) cua hai tiem can. 
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NguySn The Anh (Great Teacher) - Nguyen The Lire (Casio Expert) 



lap luan de suy tir do thi (C) sang do thi 



(C). 



S6 nghiem cua pt (1) b&ng s6 giao diem cua dthi y = 


Mil 

--|x| +1 


va dg thang y = m. 


Suy ra dap s6: m < -\;m > 1: phuang trinh co 2 nghiem phan biet. 
777 = 1: phuang trinh co 1 nghiem. 

-1 < 777 < 1: phuang trinh vo nghiem. 


2.5 BAI TOAN MAX,MIN 
(GIA TRI LON NHAT, GIA TRI NHO NHAT 
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Nguy&n The Anil (Great Teacher} - NguySn The Lu c (Casio Expert) 


HAM SO 


Bai toan nay xu&t hien trong de thi Toan THPT quoc gia 2015. Nhin chung la mot cau de dang xu* 
ly chi can cac em biet tinh dao ham la xong. 

Bai 1: Tim gia tri Ion nhat va nho nli4t cua ham s 6 : 

x +2 I 

y = f(x) = . .. tren doan [- 1 ; 2 ]. 

V* 2 + 2 

Ham so xac djnh va lien tuc tren doan [- 1 ; 2] 

2 2 

y'= rr—i ;f(x) = oox = i €[-i;2] 

(V?+2) 3 


Ta co f(-l) = ; f(l) = ^3 ; f(2) = ^ 


Vay Maxf(x) = yl 3 ; Minf(x) = ~- 


Bai 2: Tim cue tri cua ham so : y = x- sin 2x+ 2. 
Tap xac dinh D = M 
/'(x) = l--2cos2x, /"(x) = 4sin2x 


1 71 

/'(x) = 0<=> l-2cos2x=0<=>cos2x = — Ox = ±— + A:te e ^ 

2 6 


/'" ^ + ^7i J = 4 sin | - - J = -2>/3 < 0 => ham s 6 dat cue dai tai x t = - ~ + kn 


Vofi yo,=/| -^+kTi\ = ~+~-+2+k% ,ke'i 


/ ff ^ + A:7ij = 4sin^-jj = 2>/3 > 0 =>ham so dat cue tieu tai x i =^ + kn 


Vdi v CT =/| - 7 +fat |.| 4 +2+fa 


Bai 3: Tim gia tri Ion nhat, gia tri nho nMt cua ham s 6 y = x 3 +3x 2 -9x + l tren doan [- 2; 2] 
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H AM SO 


Nguyen The Anh (Great Teacher) - Nguyln The Lire (Casio Expert) 


Xet tren doan [-2; 2] ta co: f (x) = 3x 2 + 6x -9 


f (x) = 0 <=> 


x = -3 (/) 
x = l 


Ta co: f(-2) = 23, f(l) = - 4, f(2) = 3 

Vay: max f(x) = /(-2) = 23 , mint(x) = /(l) = -4 
[- 2 : 2 ] 1 - 2 : 2 ] 

Bai 4: Tim gia trj Ion nhat va gia tri nho nhat cua ham so y = /(x) = x 2 — ln(l-2x) tren doan [—1;0], 
Taco f'(x) = 2x+-^-;f'(x) = 0o 



Tinh /(-l) = l-ln3;/( -Tj=T-ln2;/(0) = 0 


v ?y pgj/(*)-~ln2;^/(*)= 0 


Bai 5: Tim gia tri Ion nh4t, gia tri nho nhat cua ham so /(x) = x 2 -41nx tren dom [\;e ]. 


Taco f(x) xac dinh va lien tuc tren doan [l;e]; /’(x) = 2x-—. 

Vai jc€[l;e], f'(x) = 0<=>x = %j2. 

Taco / (l) = l,/(V2j = 2-21n2,/ (e) = e 2 -A. 

Vay min/( jc) = 2-21n2ox = >/2;max f{x)-e 2 -~4<=>: 


>x~e 


Bai 6: Tim gia tri Ion nhat va gia tri nho nhat cua ham so f(x) = -——tren doan [2;4]. 


Taco f(x) lien tuc tren dopi [2; 4], f’(x) = 
Vai xe[2;4], f'(x) = 0<=>x = 3 
Taco: f(2) = 4,f(3) = 3,f(4) = — 


x 2 -2x~3 
(x-1) 2 
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HAM SO 


Nguy&n The Anh (Great Teacher) - Nguy&i The Lire (Casio Expert) 


Vay Minf(x) - 3 tai x = 3; Maxf(x) = 4 tai x = 2 

Bai 7: Tim gia trj Ion nhat va gia trj nho nhit cua ham s 6 y = ——— tren doan |"2; 4 

2x — 1 L ' . 

Ham so lien tuc tren doan |j2;4j 

Taco y' =--—~ > 0,Va; e ["2; 4 ] 

(2a;-l) 

3 1 

Vay maxy=- khi x = 4 va mini/=- khi x = 2 
M 7 M 3 

Bai 8: Tim gia trj Ion nhat va gia trj nho nhat cua ham s6: y= x + -Ja-x 1 ■ 

*) TXD: D = [-2; 2], 


*)Taco: y’ = l— _f— , y' = 0<=>x/4-x 2 = x<=>* * = x/2 
V4-x 2 

y(- 2)=-2 

Ham s6 lien tuc tren D va co: y( 2) = 2 

y(-j2) = 2-Jl 


Vay maxy = 2-J2 tai x = -Jl , miny = -2, tai x = -2. 
[- 2 ; 2 ] [- 2 ; 2 ] 


Bai 9: Tim gia trj 1cm nhit va nho nhit cua ham s6 y = 2x 3 + 3x 2 - 12x +1 tren [-1; 5], 


y' — 6x~ + 6x— 12 


y' = 0o 


x = 1 (€[- 1 ;5]) 
x = -2(«[-l;5]) 


Ta co: y(-l) = 14, y(l) = -6, y(5) = 266 

Vay maxy = 266 khi x = 5, miny = -6 khi x = 1 
H;J] [-w] * 


id 
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HAM SO 


Nguyen The Anh (Great Teacher) - NguySn The Lire (Casio Expert) 


Bai 10: Tim gia tri. Ion nhdt va gia tri nho nh&t cua ham s6 /(x) = | 

(»-V2) 2 i 

^x+^j tren doan 

[-H 


Ta co / (x) = x 4 - 4x 2 + 4; / (x) xac dinh va lien tuc tren dom 
f (jc) == 4jc 3 -8x 


'i : ° 


Vai xe 


1 

2 

n „ i 


/ (x) = 0<=>x = 0;x = yf2 


Ta co /I ~) = 3^,/(0) = 4,/(V2) = 0,/(2) = 4. 


Gia tri Ion nhat va gia tri nho nhat cua ham so / (x) tren doan 
4 vaO. 


ML* 


;0 

2 


lan luort la 


Bai 11: Tim gia tri Ion nhat va nho nhat cua ham so / (x) = x - 3 + —tren doan [2; 5]. 


- Ta co /(x) lien tuc va xac dinh tren doan [2;5]; /’(x) = 1- 
- Vai xg[ 2;5] thi 

/'(*) = 0ox = 3-Taco: /(2) = 3,/(3) = 2,/(5) = 3 


■Dodo: Maxf(x) = 3ox = 2vx = 5, mmf (x) = 2 o x = 3 

[ 2 : 5 ] [ 2 ; 5 ] 


( jc -!) 2 


Bai 12: Tim gia tri Ion nMt va nho nhdt cua ham so : y = x 4 - 2x 2 + 3 tren doan [0;4]. 


y’=4x 3 -4x =4 x(x 2 -1) 
y’= 0 <=> x=0, x=l e [0;4] x= -1 loai 
Taco: f(0)=3 , f(l)=2 , f(4)=227 
Vay GTLN y = 227 , tren [0;4] khi x=4 
GTNN y= 2 tren hen [0;4] khi x=l 
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Nguyln The Anh (Great Teacher} - Nguyln The Lire (Casio Expert} 



Bai 13: Tim gia tri Ion nliat va gia tri nho nhat cua ham s6 / (x) = x + V4 - x 2 . tren doan 

[- 4 ] 



+ Taco f'(x) = l- 


^4-j 


+ f'(x) = 0ox = ^g[-2;^] 

+ C6 f(-2) = -2;f(-l) = ~~~ 
maxf(x) = ^p4 minf(x)=-2 

[ + “ 1-4 


Bai 14: Tim GTLN-GTNN cua ham so sau : y = —x 4 +2x 2 +1 tren doan 


-4 


' = -4x 3 + 4x 


Tren 


-4 


coy' — 0 o 


x = 0 
x = —1 


y(-2) = -7,.y(-l) = 2, y(0) = l ,j[£| = g 


Ket luan max 


ril y = y(~ l )= 2vk w/=>+ 2 )=-7 

W M 


Bai 15: Tim GTLN, GTNN cua ham so /(x) = -2x 4 + 4x 2 + 10 tren doan [0; 2] 


Taco: f\x) = ~8x 3 +8x 

Voi xe[0;2]thi: /’(x) = 0<=> * 

Ta co: f(0) = 10; f(l) = 12; f(2) = -6 

Vay: Mk x/(x) = /(1) = 12; min f(x) = /( 2) = -6 



Ta co ham so f(x) xac dinh va lien tuc tren doan [0;2]; 
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HAM SO 


/ (x) = -3x 2 -6x4-9 


Vai xe[0;2],/ (x) = 0ox = l 
Ta co f(0)=-3, f(l)~2, f(2)=-5 

Gia tri Ion nhit, gia tri nho nhdt cua ham s 6 f(x) tren doan [0;2] lan luort la 2 va -5. 



Taco y* =--—- > 0,Vo; e [2;4J 

( 2x - 1 ) 


C6y(2) = i;j/(4) = | 


3 1 

Vay maxy=- khi x = 4 va miny=-khi^ = 2 
M 7 M 3 


Bai 18: Tim gia tri lan nhat, gia tri nho nhdt cua ham so /(x) = x 2 -4b x tren doan [\;e] 


Ta co / (x) xac dinh va lien tuc tren doan [l; e ];/’(*)= 2 *--. 
Vai jce[l;e], f'(x) = 0d> x=-j2. 

Taco f(l) = lj(-j2) = 2-2]n2,f(e) = e--4. 

Vay imn/(x) = 2-21n2<=>x = V2;max/(x) = e 2 -4c>x = e 


Bai 19: Tim gia tri lan nhat, gia tri nho nhat cua ham so y = 


x 1 -2x + S 
x-l 


tren doan [2;5] 


Ham so lien tuc va co dao ham tren [2;5]. 


y'= 1 - 7 —y=oo 

(x-l) 


x = 3e[2;5] 
_x = -U[2;5] 


42)= 5; y(3)= 4; 45)= 5 



hltikti'f'Ci 
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HAM SO NguySn The Anil (Great Teacher) - Nguy&n The Lire (Casio Expert) 


max y = 5 khi x = 2vx = 5; miny = 4 khix = 3 

[2;5] M ^ 


[2;5] • 


Bai 20: Tim gia tri nho nhat, gia trj 1cm nhk cua ham s6 / x = x* -3x +1 tren doan [0; 2l. 


Ham s6 / (x) xac dinh va lien tuc tren [0;2l 5 /’ x = 3x 2 — 3 


/'W = 0o 


c = 1 (») 

[, = -!(/) 


/ (0) = l>/(2) = 3,/(l) = -1 

Gia trj Ion nhat cua / (x) bang 3 khi x = 2 

Gia tri be nMt cua / (x) bang -1 khi x = 1 

PHAN 3: BE THICAC NAM TRlTCfC 
Cau 1 (fil THPT 2016): Khao sat sir bien thien va ve d<5 thi cua ham s6 y = -x 4 + 2x 2 
Cau 2 (Be THPT 2016): Tim m de ham so /(x) = x 3 -3x 2 + mx-l co hai diem circ trj. Goi x 15 x 2 la hai 


diem circ tri do, tim m d£ x, 2 +x 2 2 = 3 


f)/s: m=- 
2 


Cau 3 (De THPT 2015): Khao sat su bi4n thien va ve d6 thi cua ham s6 y = x 3 -3x 

Cau 4 (Be THPT 2015): Tim gia tri Ion nhk va gia tri nho nh&t cua ham s6 f(x) = x tren [1 ;3] 


jD/s: Vay : min/(x) = 4tai x=2; max f(x) = 5 tai x=l! 


Cau 5 (A-2014)Cho ham s6 y = £±1 M 

x -1 ' ' 


a) Khao sat sir bien thien va ve do thi (C) ham so (1). 

b) Tim toa do diem M thuoc (C) sao cho khoang each tir diem M den diromg thang y = -x bing \f2 . 


Cau 6(B,B~2014) Cho ham so y = x 3 - 3x - 2 (1) 
a) Khao sat su bien thien va ve do thi (C) cua ham s6. 


b) Tim toa do diem M thuoc (C) sao cho tiep tuyen cua (C) tai M co he s6 goc blng 9. 
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HAM SO 


Nguy&n The Anh (Great Teacher} - Nguy6n The Lire (Casio Expert) 


D/s: M(-2; -4) M(2; 0) | 

Cau 7 (A-2013) Cho ham s6 y = -x 3 + 3x 2 + 3mx -1 (1) , vdi m la tham s6 thuc 

a) Khao sat su bien thien va ve do thi ham so (1) khi m = 0 

b) Tim m de ham so (1) nghich bien tren khoang (0; +oo) 

| d / s : m< - 1 ! 


Cau 8 (B-2013) Cho ham s6 y = 2x 3 -3(w + l)x 2 + 6mx (1), voi m la tham s6 thuc. 

a) Khao sat sir bien thien va ve do thi cua ham so (1) khi m = -1. 

b) Tim m d& d<5 thi ham s6 (1) co hai dilm cue tri A va B sao cho duong thSng AB vuong goc voi duong 
thang y = x + 2. 

D/s: m = 0 hay m = 2. 

Cau 9 (A-2012) Cho ham s6 y = x 4 -2(m + l)x 2 + ?n 2 (i) ,vdi m la tham s6 thirc. 

a) Khao sat su bien thien va ve do thi ham so (1) klii m = 0. 

b) Tim m d4 d6 thi ham s6 (1) co ba di&n cue tri tao thanh ba dinh cua mot tarn giac vuong 

! D/s: m=0 

Cau 10 (B-2012) Cho ham so y = X s -3mx 2 + 3w 3 (1), m la tham so thirc. 

a) Khao sat sir bien thien va ve do thi cua ham so (1) klii m = 1. 

b) Tim m d£ d6 thi ham so (1) co hai diem cue tri A va B sao cho tarn giac OAB c o dien tich bang 48. _ 

I D/s: m = ±2 | 


Cau 11 (D-2012) Cho ham s6 y = 


— x 3 - rnx 2 - 2(3m 2 - 
3 


l)x + - (1), m la tham so thirc. 


a) Kliao sat sir bikn thien va ve d6 thi cua ham s6 (1) klii m = 1. 

b) Tim m d4 ham s6 (1) co hai diem cue tri x\ va x 2 sao cho xj.x 2 + 2(xj + x 2 ) = 1 

-- 

I D/s: m = - 
! 3 


Cau 12 (A-2011) Cho ham so y = 


-x+1 

2*-f 


a) Khao sat sir bien thien va ve do thi (C) cua ham so da cho. 
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RAM SO 


Nguyen The Anh (Great Teacher) - Nguyen The Lire (Casio Expert) 


b) Chung minh ring voi moi m duong thing y = x + m luon cit d 6 thi (C ) tai 2 dilm phan biet A va B . 
Goi kj va ki lan luot la he so goc cua cac tiep tuyen voi (C) tai A va B . Tim m d£ t 6 ng k] + ki dat gia tri 

l6n nh ^* iVs:m£ni 

Cau 13 (B-2011) Cho ham so y = x 4 -2(m+l)x 2 + m (1), m la tliam s 6 . 

a) Khao sat su bien thien va ve do thi ham s 6 (1) klii m = 1. 

b) Tim m de do thi. ham s 6 (1) co ba diim cue tri A, B, C sao cho OA = BC, O la g 6 c toa do, A la cure tri 
thuoc true tung, B va C la hai diem cue tri con lai. 

jD/s: m = 2+2yl2 \ 


, 2, Y 4 - 1 

Cau 14 (D- 2011 ) Cho ham soy = 

JC + 1 

a) Khao sat su bien thien va ve do thi (C) cua ham s 6 da cho 

b) Tim k de duong thang y = kx + 2k +1 cat do thi (C) tai hai diem phan biet A, B sao cho khoang each tu 
A va B den true hoanh bing nhau. 

[ D/s:k^™F. 

Cau 15 (A-2010) Cho ham so y = x 3 - 2x 2 + (1 - m)x + m (1), m la sd thurc 

a) Khao sat su bien thien va ve do thi cua ham so khi m = 1. 

b) Tim m de do thi cua ham so (1) cat true hoanh tai 3 diem phan biet co hoanh do Xj, X 2 , X 3 thoa man 
dieukien: xf+X 2 + x^<4 


Cau 16 (B-2010) Cho ham s 6 y = ^±1 

x + 1 


D/s: 

1 , 

1 — <m<l 

1 4 

1 

[m *0 


a) Khao sat su bien thien va ve do thi (C) cua ham s 6 da cho. 

b) Tim m dl duong thing y = -2x + m cit d 6 thi (C) tai hai dilm phan biet A, B sao cho AOAB co dien 
tich bang yfi , 0 la goc toa do. 


D/s: m = 2 V m = -2 


Cau 17 (D-2010) Cho ham so y = -x 4 -~x 2 +6 

a) Khao sat su bien thien va ve do thi (C) cua ham s 6 da cho. 


% 


b)Viet phuong trinh tiep tuyen cua do thi (C), biet tiep tuyen vuong goc voi duong thing y = -x-l 

^6 
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Nguyen The Anh (Great Teacher) - NguySn The Lu c (Casio Expert) 


D/s:y = -6x + 10 


Cau 18 (B-2009) Clio ham so y = x 4 - (3m + 2)x 2 + 3m c6 do thi la (C m )> ni la tham so. 

a) Khao sat sir bi<§n thien va ve do thi cua ham so da cho khi m = 0. 

b) Tim m d£ dirong thdng y = -1 ck d<5 thi (C m ) tai 4 diem phan biet deu co hoanh do nho han 2. 


D/s:- 

1 , 
— < m < 1 

3 


m*0 


Cau 19 (B-2009) Cho ham s6 y =2x 4 -4x 2 (1) 

a) Khao sat va ve do thi ham so (1) 

b) Voi gia tri nao cua m, phuong trinh x 2 .|x 2 -2|=m co 6 nghiem thuc phan biet 


D/s: 0<m<l 


Cau 20 (A-2009) Cho ham so y = 


x + 2 
2jc + 3 


( 1 ) 


a) Khao sat va ve do thi ham so (1) 

b) Vik phuong trinh ti4p tuySn cua d6 thi ham s6 (1), bi$t tiSp tuySn cit true hoanh, true tung lan luqrt tai 
2 di£m phan biet A, B va tam giac OAB can tai goc toa do O. 


D/s: y=-x-2 j 


Cau 1 (Be THPT 2016): Khao sat su bi$n thien va ve do thi cua ham so y = -x: 4 + lx 1 

Cau 2 (B6 THPT 2016): Tim m d£ ham s6 /(x) = jc 3 -3a: 2 + wa'-l co hai diSm cue tri. Goi x i9 x 2 lahai 


diem cue tri do, tim m de x { 2 + x 2 2 = 3 


D/s: m= 


Cau 3 (B£ THPT 2015): Khao sat sir biSn thien va ve do thi cua ham so y = x 3 -3x 

4 

Cau 4 (Be THPT 2015): Tim gia tri Ion nhat va gia tri nlio nhat cua ham so f(x) = x+— tren [1;3] 


D/s: Vay : min f{x) = 4 tai x=2; max f(x) = 5 tai x=l 


Cau 5 (A-2014)Cho ham so 


x + 2 




a) Khao sat sir bien thien va ve do thi (C) ham so (1). 
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HAM $0 


Nguy&n The Anh (Great Teacher} - Nguyen The Lire (Casio Expert} 


b) Tim toa do diem M thuoc (C) sao cho khoang each tir diem M den duong thing y = -x bing ^2 . 


pD/s: M (Q;-2) M(-2;Q)1 


Cau 6(B,D-2014) Cho ham s6 y = x 3 - 3x - 2 (1) 

a) Khao sat sir bien thien va ve do thi (C) cua ham s6. 

b) Tim toa do diem M thuoc (C) sao cho tiep tuyin cua (C) tai M co he s6 goc bang 9. 

! B^M(-2; -4) M(2; 0) ] 


Cau 7 (A-2013) Cho ham so y = -x 3 + 3x 2 + 3mx -1 (1), voi m la tham s6 thuc 

a) Khao sat sir bien thien va ve do thi ham s6 (1) khi m = 0 

b) Tim m de ham so (1) nghich bien tren khoang (0; +oo) 


P/s: m<-l\ 

Cau 8 (B-2013) Cho ham so y = 2x 3 -3(/w+l)x 2 + 6mx (1), vai m la tham so thuc. 

a) Khao sat sir bi6n thien va ve d6 thi cua ham s6 (1) khi m = -1. 

b) Tim m de do thi ham so (1) co hai diem cue tri A va B sao cho duong thang AB vuong goc vdi duong 
thang y = x + 2. 


I B/s: m = 0 hay m = 2. 

Cau 9 (A-2012) Cho ham so y = x 4 -2(m+\)x 2 + m 1 (\) ,voi m la tham so thuc. 

a) Khao sat su biln thien va ve db thi ham s6 (1) khi m = 0. 

b) Tim m de do thi ham s6 (1) co ba diem cue tri tao thanh ba dinli cua mot tarn giac vuong 

B/s: m=0 

Cau 10 (B-2012) Cho ham so y = x 3 - 3mx 2 + 3w? 3 (1), m la tliam so thuc. 

c) Khao sat sir bien thien va ve do thi cua ham s6 (1) klii m = 1. 

d) Tim m de do thi ham s6 (1) co hai diem cue tri A va B sao cho tarn giac OAB co dien tich b^ng 48. 

! B/s: m = ±2 

Cau 11 (D-2012) Cho ham so y = x 3 - mx 2 - 2(3m 2 - l)x + j (1), 

a) Khao sat sir bien thien va ve do thi cua ham s6 (1) khi m = 1. 

b) Tim m de ham so (1) co hai diem cue tri x { va X 2 sao cho X 1 .X 2 + 2(xj 
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D/s: m = ■ 


Cau 12(A-2011)Chohamso y = -. 

2x-l 

c) Khao sat sir bien thien va ve do thi (C) cua ham so da cho. 

d) Chung minh rang voi moi m dudng thang y = x + m luon cat do thi (C) tai 2 diem phan biet A va B . 

Goi k] va kj l4n luort la he s6 goc cua cac ti4p tuy&n voi (C ) tai A va B . 

Tim m d£ tong ki + ki dat gia tri Ion nMt. 
p)/s: m= -l| 

Cau 13 (B-2011) Cho ham so y = x 4 -2(m+l)x 2 + m (1), m latham so. 

a) Khao sat sir bien thien va ve do thi ham so (1) klii m = 1. 

b) Tim m d§ d6 thj ham s6 (1) co ba diem cue tri A, B, C sao cho OA = BC, 0 la goc toa do, A la cue tri 

thuoc true tung, B va C la hai diem cue trj con lai. 

b/s: m = 2 + 2'j2\ 


, 2 "V 4-1 

Cau 14 (D- 2011) Cho ham so y =- 

x + 1 


a) Khao sat sir bien thien va ve do thi (C) cua ham so da cho 

b) Tim k de duong thang y = kx + 2k +1 cat do thi (C) tai hai diem phan biet A, B sao cho khoang each tu 
A va B den true hoanh bang nhau. 

D/s:k = --3 

Cau 15 (A-2010) Cho ham s 6 y = x 3 - 2x 2 + (1 - m)x + m (1), m la s 6 thuc 

a) Khao sat sir bi£n thien va ve do thj cua ham so khi m = 1. 

b) Tim m d£ d 6 thi cua ham s 6 (1) c4t true hoanh tai 3 diem phan biet co hoanh do X|, X 2 , X 3 thoa man 
dieukien: x^ + x^ + X 2<4 


1 

r 1 

D/s: \ 

1 4< m< 

\ 1 
; 

[m^O 


Cau 16 (B-2010) Cho ham so y = 


2x + l 
x + 1 


a) Khao sat su bien thien va ve do thi (C) cua ham so da cho. 


% 


b) Tim m d! duong thSng y = -2x + m ck d 6 thi (C) tai hai diem phan biet A, B sao cho AOAB co dien 
tich bang V3 , O la goc toa do. _ 
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D/s: m = 2Vm = -2 


Cau 17 (D-2010) Cho ham so y = ~x A -x 2 +6 

a) Khao sat su bien thien va ve d6 thi (C) cua ham s6 da cho. 


b)Viet phuang trinh tiep tuyen cua do thi (C), biet tiep tuyen vuong goc vod dirong thang y = — x-l 

6 


D/s: y = -6x+ 10 


Cau 18 (D-2009) Cho ham so y = x 4 ~ (3m + 2)x 2 + 3m co do thi la (Cm), m la tham s6. 

a) Khao sat sir bien thien va ve do thi cua ham so da cho khi m = 0. 

b) Tim m de duoaig thang y = -1 cat do thi (C m ) tai 4 diem phan biet deu co hoanh do nho hom 2. 


D/s:< 

1 

— <m<l 

3 


m^O 


Cau 19 (B-2009) Cho ham so y =2x 4 -4x 2 (1) 

a) Khao sat va ve do thi ham s6 (1) 

b) Voi gia tii nao cua m, phuang trinh x 2 .|x 2 -2|=m co 6 nghiem thuc phan biet 


D/s: 0<m<l 


Cau 20 (A-2009) Cho ham so y = 


x + 2 
2x+3 


( 1 ) 


a) Khao sat va ve do thi ham s6 (1) 


b) Vi4t phuang trinh ti4p tuyln cua d6 thi ham sd (1), bi k ti4p tuyln cit true hoanh, true tung \ki luot tai 
2 diem phan biet A, B va tarn giac OAB can tai gdc toa do 0. 


D/s: y=-x-2 j 


The Lux -fbxom/AA theluc 
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Cac ein da luyen tap v£ tu luan va hieu ban ch£t cac dang toan ve ham so bay gid’ la hie ren luyen 
TIT DUY TRAC NGHIEM. V6 ban chat thi du thi bang hinh thuc gi cung khong the bo diroc tu* 
duy Toan hoc tu* luan nhung vi Trac nghiem cho san dap an nen ta co the du*a vao dap an va mot so 
Skill Casio de giai quyet. 

Mot vai Skill CASIO de giai ham so 

Bien luan s6 nghiem, Tim dieu kien de co mot so nghiem 

Vi du 1: Phuang trinh x 3 + x = m 2 + m co 3 nghiem phan biet khi: 

A. m<\ B. -\<m<2 C. -2<m<\ D. /w>-21 


De xua nlianh dang nay cac em vao luon tinh nang giai phuang trinh bac 3 cua may tinh roi lai “chon 
bira” m nhu vi du truac: 


MODS 5 4 


0 Math 

b C 


Ta se lay m = -100 xem A co dung khong? 

m (D ta m b m (D b id cd b cb cs mm m m s m ej dd cd mmm 


0 Math 

b C 


Xi= 


0 MathV 


X2= 


0 MathTA 


□ -3 

i 21.51886327 <63+18.555217791 

Do ta thay loai A luon vi co nghiem phuc 

Ti£p tuc vai m = -\0 xem D dung khong, neu khong dung thi lai thur gia tri B co C khong co 

® ® ® B CD IS E) ED OD ID El El HI El ED GD ED HI (U 

0 Math 0 MathVA 

I b d c -a JsF] ^2= 


Tiep tuc thu vdi m = 1,5 


- 90 <69+3.687594015i 
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0 Math 

b D C -3 


Xs= 


0 Math A 


-3.75 4 196-0.737464541 

Do do Loai B vi no chua gia tri tren, va duy nhdt C dung AA cac em khong tin thi thu ma xem 


Bai toan Circ tri 


Cac bai toan ham so chu yeu la hoi ve cue tri do do chung ta se su dung tinh nang dao ham: 


shift) [p imi m (i?i (ft m [=i 


d 




Vi du 1: Ham so y = jt 3 -5x 2 +3x + l datcuc tri khi: 


A. 


x = -3 
l B. 
X 3 


x = 0 

= J 0 c. 

3 


x = 0 
10 D. 


x = - 


x = 3 
1 

x = — 
3 


Cac em se nhap nhu sau: 



S Math A 0 Math A 

£(X 3 -5X 2 +3X+i:i; <-5X 2 +3X+l)|. e= _3 

60 


Do do loai A vi dao ham cua y khong bdng 0 tai x = -3 nen no ko th£ la cue ti i dugc 
Tuong tu cac em thur vai x = 0 


® ID ID QD El 


0 Math A 


0 Math A 


«'5X 2 +3X+l)| :t=0 |jCX 3 -5X 2 +3X+i:> 

3 

Vay loat not B,C Do do ta se chon D. 
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H AM SO 


Vi du 2: Ham s6 y = x 3 - 6x 2 + wx +1 ddng bi$n tren mi$n (0, +oo) khi gia tri m la: 

A. m>0 B. w>12 C. m <0 D. m<\2 

Nhung bai nhu th£ nay tot nhit la cac em dao ham tay cho de xet, ta dao ham luon tren may va thay tham 
s6 m bang tham s6 Y tren may 


m«moaRmm«mm[wiisi>8 


3X 2 -12X+Y1 


0 Math A 


Tim Y d£ bi£u thuc tren > 0 veti moi x tliuoc (0,+oo) thi khi do ham se dong bien tlioi AA 

Cac em chon bua x=l r6i chon Y theo huong loai ddn dap an, truac hk chon Y=15 xem A3 dung 
khong? Hay la C,D dung 


icalci m f=i m rsi f=i 


0 Math A 


3X 2 -12X+Y 


Do do A3 se dung, gia A voi B no khac nhau gia tri 0-M2 ta chon bua x=l 


SiEi 


0 Math A 


3XM2X+Y 


-3 


Vay loai A do Ion hon 0 van chua duoc, chac phai lbn hon 12 AA do do chi con chon B 
Vi du 3: Tim m d$ ham s6 y = x 3 -2x 2 + mx + m dat cue tilu tai diem co hoanh do bang 1 
Don gian la cac em giai phuong trinh 3.1 2 - 4.1 + m = 0 thoi AA 
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HAM SO Nguy&n The Anh (Great Teacher) - Nguy&n The Lire (Casio Expert) 


TRAC NGHIEM HAM SO 


Cau 1: Cho ham so y=x 3 ~3mx 2 +9x-l co do thi (C m ). Tim m de (C m ) cat true Ox tai 3 diem phan biet 
co hoanh do lap thanh cap so cong. 


A. m- 


-1-V15 

1 


B.m = l 



D. m- 


1 + ^5 
0 


Cau 2: Cho ham so y = x 4 + (3m + l)x 2 - 3 (vai m la tham so). Tim tat ca cac gia tri cua m de do thj 
ham so co ba diem cue tri 

r . . 

A. m = — B. m = — C. m — — D. m = — 

3 3 2 2 

Cau 3: Cho ham so y = x 4 ~Invc 2 —3m+1 (1), m la tham so. Tim m de ham so (1) dong bien tren 
khoang (1; 2) 

A. 0 < w < 2 B. 0 <tm<1 C. m<\ D. 0 < < 3 

Cau 4: Viet phirong trinh ti&p tuyen cua do thi ham s6 y = x 3 - 3x tai dilm co tung do bang -2. 

A. y= -2; y=9x+14 B. y= -2; y=9x+16 C. y= -2; y=9x-16 D. y= -2; y=9x-H 8 

Cau 5: Cho ham so y = f(x) = x 4 -~(m+l}x 2 +m 2 +1 . Xac dinh gia tri cua m de ham so dat cue dai tai 
diem co hoanh do x = 0. 

A. m >“1 B. m>-2 C. m >-3 D.m>-4 


Cau 6: Tim GTLN cua ham s6 y = /(*) = 
A.4-21n2 B.l 


x 2 -Ibnx trendoan 

C.3 


2 

D.5 


,2 


Cau 7: Viet phuemg trinh tiep tuyen cua do thi ham so y = -x 3 + Ax biet tiep tuyen song song duong 
thang y=x+2. 


A.y = x + 2 B.y = x-2 C.y = 2x-2 D.y = x~3 


Cau 8: Xac dinh gia tri cua m de duong thang y = x+m cat do thi y = ~—- tai hai diem phan biet co 
hoanh do x l ,x 1 thoa man x 2 +x^ + 3x } x 2 - 3 . 

A.m=-2 B.m=3 C. kliong co m thoa man D. Vosom 


41 


Cau 9: Tim tham so m de do thi ham so y = x 4 -2(l-m 2 ')x 2 + m + l co ba diem cue tri tao thanh mot tarn 
giac co dien tich ldn nhat ? 
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A.m= 0 


B.m=l 


C. m=2 


D. m=3 


Cau 10: Tim mde d:2x-y + m = 0 cat do thi ham soy 


2x-3 


tai 2 dilm phan biet co tung do diiong. 


A. m>4->/40 B. + ^ C. m>4 D. m>yj io 

Cau 1 l.Tim tat ca cac gia tri cua m de ham so y = mx 3 — 3(m — l)x 2 + 9(/w — 2)x + 2 co 2 diem cue 
tri x l9 x 2 thoaman x ] +2x 2 =1. 


A. m = 2, m- - 


B. m = — 
3’ 


Jt + 1 


C. m = 2 


D. m = 3 


Cau 12:. Cho ham s6 v =- (C)va duong thing d : = -2x + w -1 (m la tham s6 thirc). 

x+ 2 

dirong thing d luon cit (C) tai 2 diim phan biet A, B. Goi k t , k 2 lin lucrt la he s6 goc tigp tuyin tai A 
va B cua (C). Xacdinh m de {2>k } +l) + (3£ 2 +l) =98. 

B. m - 2. C. m — —2. D. m - 3. 

x + 3 


Cau 13: Cho ham so y = 


-x + 2 


co do thi (Q, duong thang (d) co phuefng trinh y = x - m - 1. Tim m 


d£ (d) cit (C) tai hai di$m phan biet A, B sao cho tarn giac OAB vuong tai O , (O la goc toa do). 
A. m - 3 B. m - -3 C. m --2 D.m = 2 

-2x + l , 


Cau 14: Cho do thi (C): y = 


x — 1 


va duong thang d: y = x + m (m la tham so). Tim m de dudng 


thang d cat do thi (C) tai hai diem phan biet 

A. m<-5 hoacm>-1 B. m <-5 C. m >- 1 D. m>-2 

Cau 15: Tim gia tri nho nliat cua ham so f(x) = X-2+—^ tren doan [2;4] 

A.3 B. 4 C. -3 D.-4 

Cau 16: Tim GTLN cua ham so y = ^4-x 2 + x . 

A. 2^2 B. - 2 V 2 C. D. -V2 

Cau 17: Cho ham s6: y = x 4 - 2(m 2 + l)x 2 +1 (1) Tim cac gia tri cua tham s6 m d$ ham s6 (1) co 

3 di§m cue tri thoa man gia tri cue tieu dat gia tri Ion nhat. 

A. m=0 B. m=-l C. m=-2 D.m=-3 

Si*k*/* 
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1 9 

Cau 18: Tim cac gia tri thirc cua tham so m de phuong trinh - x 3 -3x 2 +-x-m~0 c6 mot nghiem duy 
nhat 


A. 


m <0 
m > 2 


B.m< \ C. 


m< 1 
m > 2 


D. w > 2 


Cau 19: Tim m de do thi cua ham so y = -x 3 +3inx+\co 2 diem cue tri A,B sao cho tarn giac OAB 
vuong tai 0 (vdi O la goc toa do) 

A 1 D -1 0 1 ^ -1 

A. m = — B. m = — C.m = - D. m~ — 

2 2 3 2 

Cau 20: Khi m = 2, viSt phuomg trinli ti£p tuy$n cua (G) tai giao di£m cua do thi ham s6 
y = 2x 3 + (m + l)x 2 + (m 2 - 4)x - m +1 vdi true tung. 


A. y = — 4 B. y = — 2 C. y = — 3 D. y — — 1 


Cau 21: ViSt phuong trinh ti£p tuyln cua dd thi ham sd y = jc 3 + 3jt +1 bidt ti4p didm 
A. y = 1 B. y = -2 C. y = -3 D. y = -1 


co tung do = 1. 


Cau 22: Viet PT tiep tuyen cua do thi ham sd y = ——- tai M co hoanh do x 0 = 1 

jc-2 ' 

A.y = -x + 3 B.y = -^ + 1 C.y = -j + 2 D.jy = -x + 4 


Cau 23: Vidt phuong trinh ti4p tuydn vdi dd thi ham sd y = x 4 - 2x 2 tai didm M co hoanh do x Q = V2. 
A. y = A-Jlx-4. B. y = 4jlx-&. C. y = 4-Jlx + Z. D. y = 4-Jlx -6. 

Cau 24: Tim m de phuong trinh x(x - 3) 2 = in co 3 nghiem phan biet 
A. 0 < m < 5 B. 0 < m < 3 C. 0 < m < 4 D. 1 < m < 4 


Cau 25: Tim tham s6 m dS d6 thj ham s6 y=mx 2 -3 cat d6 thj ham s6 y=x 4 -2x 2 -3 tai 3 dilm phan biet va 


tao thanh hinh phang co dien tich bang 


128 

15 


A. m = 1 


B. m = 2 C. m = 3 D. m = 4 


Cau 26: Tim tren do thi ham so y = -cac diem M co hoanh do am sao cho M cung vdi hai didm 

x-l 


.4(l;0),i?(3;l) tao thanh mot tarn giac co dien tich bang - 
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Cau 27: Lap phuorng trinh duong thang di qua diem cue dai cua do thi ham so y = -x 3 -2x 2 +3x va 
vuong goc voi tiep tuyen cua do thi (C) tai g6c toa do. 

A.y= l/3x+5/3 B.y= -l/3x-5/3 C. y= -l/3x+5/3 D. y= -l/3x+4/3 

Cau 28: Tim tren true hoanh nhung di4m ma tu do ke duoc cac ti4p tuySn voi do thi cua ham s6 
y - - x 3 - 6x 2 - 9x , sao cho trong do co hai tiep tuyen vuong goc nhau . 


A.M 


82 4 
’27’ 


83 


27 


;0 B.M ;0 C.M-;0 D.M 


85 


27 


2 

Cau 29: Tim m d£ ham s6 y = —x 3 +(m + \)x 2 +(m 2 +4w + 3)x + lco hai cue trj tai hai diem x,,x 2 
.Khi do, tim gia tri Ion nhdt cua bieu thuc A = |x,x 2 - 2(Xj + x 2 )|. 

A.m = - 2 B. m = - 1 C. m = - 3 D. m = - 4 

2x + l 


86 

'll 


;0 


Cau 30: Cho ham so y = 


x +1 


Viet phuong trinh tiep tuyen biet tiep tuyen each deu 2 diem 


42,4), B(- 4,-2). 

A. y = x -1 B. y = x +1 C. j; = x + 3 D. y = x + 5 


1.A 

2.A 

3.B 

4.B 

5.A 

6A 

7B 

8C 

9A 

10B 

11.A 

12.C 

13B 

14.A 

15. A 

16. A 

17. A 

18. A 

19. A 

20D 

21A 

22C 

23B 

24C 

25B 

26A 

nc 

28A 

29D 

30B 
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Chuyen de Mu - Logarit 


A. Kien thuc can nho*: 

I. Cac phep toan ve Suy thira: 


a° = 1 


(a.bf = a" .b m 

f.f 

= 4ab 

a 1 -a 



f 

J 

£ 



UJ b m 

4b 

i 

b 

a-=L 

m 


(a m J =a m " 

f 

- = 

m 

a n 

a m .a n =a" n " 


a"' = a” <=> m = n 

ml h 

V va = 

-~ m f 



a m =b'"<x>a = b 




a" 






II. Cac phep 

toan ve logarit: 




log a l = 0 

V 

= a l°g 0 b 

log a (bc) 

= log a b+ 

log a a = l 


1 


V 

\ 

log J 

= -\og a b 

log 0 


= log b — 


a 

a 



1 

a H ° b =b 

lo V 

b“ = log, b 

log 0 

b = 

log o c <=> . 

log> = 

lo g* 

a 

=> log o b logj a 

=1 




log, b. logj c = log o 1 = 0 o log 4 c = 


log J 


a lo u c =c l0 &b a 


Phtrorig trinh mu 

Phuong trinh mu co* ban: 

Dang 1. a x = b (0<a *1) 

+ Neu b < 0 thi phirang trinh vo nghiem. 

+ Neu b > 0 thi phuang trinh co nghiem duy nhat x = log a b 
Dang 2. a m = a 8ix) (0 < a ± 1) o /(a) = g(x) 

X 

Vi du 1. Nghiem cua phirang trinh : 8* +2 = 4.3 4 " x la ? 

A. 

Loi giai: 
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x = 4 

B. 

A' = 4 


a= i r 

_jc = -log 3 2-2 


c. 

Dll 


A = 1 

A = -log 3 2 
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Tu* Luan: 

Cach 1: 


8” 2 = 4.3 4-1 o 2 r+2 " 2 = 3 4 '* <=> = (4-x)log 2 3 o 


Cach 2: 


8 X ' +2 = 43 4 ~ x <=> 2 X+2 = 3 4 " x * <=> (2 x+2 .3r 4 = 1 o 


x = 4 

x = -2- log 3 2 



o 

II 

1 

H 

1 

II 

4^ 

lo 

l o 

1,1 1 o 


_2* +2 .3 = 1 

-= log 2 - =- 

_x+2 2 3 log 3 2 L 


Tnic nghiem: 

Cach giai nhanh sir dung may tfnh 

Cach 1: Dua vao dap an: CALC 

Buac 1: Nhap phuong trinh vao may tinh 

d) ® (S S CD ® H D3 00 DD <S> <B 0 (D ® ID © 0 0 H CD 


X 


x = 4 

x = -log 3 2-2 


8 k+2 -4 x3 4-?1 


Buac 2: Tinh gia tri bieu thuc tai X = 4 (Xet dap an A) 


M 

X? 


Math A M 


X 


E Math A 


gX+2 _4x3 4 "^ 

4 0 

Vay X=4 la mot nghiem cua phuong trinh, tuong tu cac em CALC voi x = -log 3 2-2 

m a §s m <& tu ® s tu m @ m ® m 

M B Mith A 

X 

8 X+2 -4x3 4_x 

0 


Vay chiing ta chon dap an A 

Cach 2: Do nghiem cua phuong trinh bang SOLVE 

Buac 1: nhu trudc 

Buac 2: 
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@@(=1 

M E 


Solve for X 


Math A 


-2.630929754 


M ., _ E . . Math A 

8 X+2 -4x3 4_x 

X= -2.630929754 
L-R= 0 


M B Math A 


-log 3 C2)-2-X 


0 

Be tim tiep nghiem kliac, cac em lira nghiem le vao A 

©E) CD®! (D(B 

M E Math A 

Ans*A 

-2.630929754 


©(A)® 

M 13 MrtkTA 

X 

8* +2 -4x3 4 ~* 



M E Math A 


44-3 4_i \ 


(X-A)l 


@@(=)(I] 

^ „ Math A 

l8* +£ -4x3 4 -*J-l> 


X= 

L-R= 


4 

0 


Vay chung ta c6 the de dang chon A! 


Vi du 2. Phuong trinh: 


2^" 2x .3 x = — 
2 


co may nghiem ? 


A. Vo nghiem B. 1 


C. 2 D. 3 


Loi giai: 
*Tu Luan: 
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Trac nghiem: 

M 13 Math A 

M 

[3 Math A 

M 

[3 Math A 

2* 2 - 2X x3*-1.9 

2^-2X x3 X_ 1>5 

l2 Xi ‘ 

" 2K x3*-1.5> 

X= 

1 

X= 

-0.5849625 

Vay chon C 

L-R= 

0 

L-R= 

0 


Vi du 3. Cho phuang trinh: x 3 .3 x + 27 x = x3 x+1 + 9x 3 tim tong cac nghiem cua phuang trinh 


A. 1 
Loi giai: 
Tu* luan 


B. 2 C.3 


D.4 


x 3 .3* + 21 x = x3 x+l + 9x 3 «•(3 X -9)(x 3 -3*) = 0 o 


3*-9 = 0 
x 3 -3x = 0 


<=> 


x-2 
x = 0 
x = ±^3 


MU* 


Trac nghiem : 


Math A M 


Math A M 


E Math A 


X 3 x3*+27X-(Xx3^ <x 3 x+1 +9X 3 )) (X 3 x3 K +27X-(X<t> 

0 X= -1.732050808 

0 L-R= 0 


X= 
L-R= 


[3 Math A M 


13 Math A M 


13 Math A 


Math A M 


Ans+A 

-1.732050808 

M 13 

Ans+B 

1.732050808 

Vay cac em chon B nhe. 


<+9X 3 hX(X-A) (X 3 x3*+27X-(X>0 

X= 1.732050808 
0 


L-R= 

Math A M 


[3 Math A 


4) -X ( X-A ) (X-B ) (X 3 x3* +27X-C X< > 

X= 2 


L-R= 


0 


Vi du 4. Trung binh cong cua nghiem phuang trinh: 16*~ 10 = 0,125.8 X ~ 15 la: 


£+10 
x-10 , 


x+5 

2X-15 


A.O B.20 C.10 D.15 
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x+5 . x+10 -t . x+5 

- 4 -—- 1 


4x+40 3x+15 


16*~ 10 = 0,125.8*~ 13 o 2 x -'° = —-r.2 '*- 13 o 2 x ~ i0 = 2*- 13 

2 3 

4x + 40 3x 4* 15 

<=>-=-3 o (4 j + 40)(Y -15) = 60(x -10)ox = 0vx = 20=>C 

x-10 x-15 

Tr5c nghiem: Solve chju! Do thuat toan cua no 
Day la 570VN Plus 


E Math A 


- - .d B Math A 

16*- lo -0.125x8^ #±|-1 

X= 0 4].125=8 ! '- 15 -t 

L-R= 0 


E Math A 


ll6*- 10 -(U25xii> 
>1 X= lxiiso 

L-R= 0 


Day la vinacal 


® Math 1 Math 

lgj4-i°_ 0 . 125 x 8 ^ Continue: [=] 

X=„ Q X= 10.64726565 

L-R= 0 L-R=2. 

Luu y quan trong: Solve chi manh trong giai phuang trinh vo ti chu doi vai mu va logarit no to ra 
yeu duoi han 

Meo: Ta thay cac dap an deu nguyen nen rat co the nghiem cung se nguyen do do cac em se dung 
Table de kiem tra nghiem tir 0 tori 29 

Luu y la a bai nay phai su* sung tori TABLE md rong gia tri len tori 40 gia tri thay vi mac dinh la 20 
bang each sau xet G(Y) co Y=X+20 

jc+IQ x+5 (x+20)+IQ (a-4-20)+5 

F(x) = 16^ -0,125.8^;G(x) = 16 (j+ 20H °-0,125.8 (jr+2 ° H5 


41G814xid 37 


Cac em vao Mode 7 


M B Math 

X+5 


fGOM25*8 


X-15 


M 0 Mlth 

X+3Q 

g(XH16 x+lo -0. > 


Start? 


Ta dugc ket qua 


Math M 

End? 

0 


Math M 


Step? 


19 
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M 

„ 

E 

Math 

QCKJ 

1 

iMyMi 

□ 

D 

2 

1 

-D.on 

IMSDp1 

3 

E 

-Do DE5 

1245 

0 


Vay la co nghiem x=0, x=20 

Bai tap ren luyen 

Luu y: Cac em nen giai tay truoc khi su’ dung may tinh de giup hieu bai toan moi su* dung toi 
cong cu giai nhanh 

Bai 1. Nghiem cua phuang trinh: 2 X ~ x+8 = 4 1_3x la: 

A. x = — 2;x = 3 B.x- —2\x — —3 C.x = 2;x = —3 D. x = 2;x = 3 

Loi giai: 

n x — —2 

2 r_x+8 = 4 1_3x o 2 x "~ x+s = 2 2<i_3x| o x 2 - jc + 8 = 2(1 - 3x) o 


Vay chon B. 

x 2_ 6x _5 

Bai 2. T6ng cac nghiem cua phuang trinh: 2 2 = 16^2 la: 

A.3 B.4 C.5 D.6 

Loi giai: 

x = —1 


l'*'* 2 = \6-Jl <=>2* 2 =2\2 2 oa- 2 -6x-- = 4 + -c> 

2 2 


jc = 7 


> D 


Bai3.Phuongtrinh 2 X + 2 X ~' +2 X ~ 2 = 3 X -3 X1 +3 X ~ 2 corMynghiem? 
A.l B.2 C.3 D.4 


Loi giai: 

2 X + 2 X_1 + 2 X ~ 2 = 3 X - 3 xM + 3 X “ 2 o 2 X “ 2 (2 2 + 2+1) = 3 X ~ 2 (3 2 - 3 +1) 
o7.2 X - 2 = 7.3 X - 2 O(|r 1 =1 oi-2 = 0oi=2^A 

Bai 4. Phuang trinh. 2 X .3 X_, .5 X " 2 =12 co nghiem la: 

A.l B.2 C.3 D.4 

Loi giai: 

2 X .3 X " 1 .5 X " 2 = 12o 2 X .3 X-I .5 X ' 2 = 2 2 .3 o 2 X ~ 2 .3 I_2 .5 X ~ 2 = 1 o (2.3.5) x ’ 2 =loi-2=0or=2^B 
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Bai 5. Tim x thoa man: (%/x-x 2 ) x 2 = 1 
A.l B.2 

Loi giai: 

Bieu kien : 0 < x < 1 


C. 3 


D. kliong co gia tri nao 


(> Jx-x 2 ) x 2 = 1 <=> 


\fx~x 1 


-1 


x-x 2 =l(JW) 
x = 2(1 oai) 


->Z) 


x - 2 - 0 

Vay phurang trinh da cho vo nghiem. 

Bai 6. Tim x thoa man: (x+l)^" 2 = 1 

A.l B.2 C.3 D.4 

Loi giai: 

Dieukien: x>3=>x + l>4. Do do: 

(x+1)^ = 1 o yjx-3 =0ox = 3 (thoa man dieu kien) =>C 

Bai 7. So nghiem cua phuang trinh: (x 2 -2x+2)^ ? = 1 la: 

A.l B.2 C.3 

Loi giai: 

Dieu kien : | x |< 2 
Phuang trinh tuang duang: 


x = 2 

x = 1 (tm) => C 
x = -2 


Bai 8. Nghiem cua phuang trinh: 9 3a 1 -3 8a 2 (i) la: 


x 2 -2x + 2 = l 

x = 1 

x = 1 

fx 2 “2x + 2^1<=> 

[ x*l o 

jx*lo 

{ >/4-x 2 =0 

o 

II 

c* 

H 

1 

_i 

[x±2 


A.O 

Loi giai: 
Dieukien x> 


B.- 


C.- 


D.4 


D.- 
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(l)o 3 2|3H = 3 8 *~ 2 o |3r-1| = Ax -1 o 


x = 0 
7x-2 = 0 


<=> 


x = 0 (loai) 
2 


x = - 


Vay phixang trinh co 1 nghiem la x = — -» B 


Bai 9*: Nghiem cua phuang trinh: 15 2x+3 =5 .2 la: 


A.l B.log 9 10 C. l-log 9 10 D.logJ^M 


25,6 ^ 


Loi giai: 

Phiromg trinli tuang ducmg: 


^2x+3 ^2x+3 _ ^3x-l jx+l 

«3 w =5 M f7 

-ire- 


3 


(x + 7) + (x ■“ 4) log 3 — — 0 
3 


3 5 


4 log 3 


o x = - 


2 5 . (25,6) _ 

1 —— = log 9 1 —’-\->D 


1 + log 3 


A 3375, 


45 


Bai 10*. Tim nghiem cua phuang trinh sau: 2 + 2 = 


A.- 


B. 1 


Loi giai: 

Ta co: 

log 3 (4x 2 -4x+4) = log 3 [(2x-l) 2 +3] > 1 
=>KP< 8 

Mat khac, theo bit dang thuc Co-si ta co: 


VT = 2 2r+1 + 2 3 ' 2 * > 2V2 2l+1 .2 3_2r = 8 


cA 

2 


log 3 (4x 2 ~4x + 4) 


D.2 


Ta co VT>VP nen phuang trinh co nghiem khi 


. f 2 jc — 1 = 0 1 

i J 


<=> x = —> A 


< W A — — 

[2x+l = 3-2x 2 
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Mu - Logarlt 


Bai 11*. Tmh tong nghiem ciia phuomg trinh sau: 2T + 2 = 3’v/3 x+1 -2 (1) 

A.O B.l C.3 D.4 

Loi giai: 


Bat: 3 X = / > 0 

Ta c6: Bam may duoc t = 1 do do ghep can vai s6 1 

/ 3 +2 = 3^3/-2 

<=> / 3 -1 = 3(^/3/-2-l) 


<=>(/-l)(/ 2 +/+i)=3. 
o(/-l) 


3/ — 2—1 


+^ 3^2 + 1 
(/ 2 + 1+ 1) ^(3/ - 2f + fit - 2 + 1) - 9 j = 0 


/-l = 0o/ = l 


(r+/ + l)^(3/-2) : +^3/-2 + lj-9 = 0(*) 


Giai (*) : De thay VT dong bien do t 2 +t + 1, -y/(3/ — 2) 2 + -\/3/-2 + l dong bien nen neu (*) co 
nghiem thi do la nghiem duy nliat, dl thay t=l la nghiem =r> x = 0 
Vay phuomg trinh co nghiem duy nhat x=0 -+ A 
Bai 12. Tong cac nghiem cua phuomg trinh: 12+6 X = 4.3* + 3.2 X la: 


A.l B.2 C.3 D.4 


Loi giai: 

Phuomg trinh tuong duomg: 

12-4.3 X = 3.2 X -6 X 
<=> 4(3-3*) = 2 X (3-3 X ) 
o (4-2 x )(3-3 x ) = 0 



o 

II 

CN 

1 

| 

2 X =4 

o 

O 

<=> 


o 

II 

CO 

1 

CO ^ 

_3 X =3 


Vay phuomg trinh co 2 nghiem x=l va x=2 -> C 


Bai 13. Phuomg trinh: e 5 + e 4x = e 3x+2 + e x+3 co nghiem la : 
A.x = -l,x = 2 B. a' = 1,jc = ~2 C. x = 

Loi giai: 


“1 5 jc = -2 



D. x = \,x = 2 


pH 


% 
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Phircmg trinh tuang dirang: 

e Ax -e x *=f** % -e s 
o e x (e 3 x -e 3 ) = e 2 ( e 3x - e 3 ) 
o(e x -e 2 )(e 3x -e 3 ) = 0 
x = 2 
x -1 

Vay phuang trinh c6 2 nghiem x=l va x=2 -> D 

Bai 14. Nghiem cua phuang trinh: 3.8 X + 6.12* -18 x -2.27 x = 0 \& : 

A. lo g 4 3 B. lo g 3 3 C. lo g 3 3 D. lo g 9 3 



Loi giai: 


3.8 X + 6.12 x -18 x -2.27 x = 0 o 3.4 X (2 X + 2.3 X )-9 X (2 X +2.3 X ) = 0 

~2 X + 2.3 X = 0 (VN) _ (9 
3.4 X -9 X = 0 


o (2 X + 2.3 X )(3.4 X -9 X ) = 0o 


<=>!”[ = 3e>x = log 9 3-»D 


Bai 15. Tich cac nghiem phuang trinh: -.6 X ^ + 1 = 2 X ^ + 3 X ^“ 1 

3 la: 


A. 1 


B.2 


C.4 


D.O 


Loi giai: 

Bieu kien : x > 0 


-.e Tx +1 = 2^ + 3 x ^' o -.6 xTx -l x ' Fx +1 - yt-' =0o 2 x ' Jx (T J x - ] -1)- (3 x - Jx ~' -1) = 0 
3 3 


V^- 1 - 1=0 

XyfjC -1 = 0 

i- 

to 

K 

1 

1! 

o 

( 

I — 

xvx = 0 


o(3 , ' f - | -l)(2 I ' f -l)=0o 

2 IV 

Bai 16. So nghiem phuang trinh: x 3 .3 x + 21 x = x.3 x+1 +9x 3 


x = 1 
x = 0 


-> D 


A. 1 B.2 C.4 D.3 
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x 3 .3 x + 21 x = x.3 x+1 +9x 3 <=>3 x (x 3 -3x) + 9(3x- x 3 ) = 0o(3‘-9)(x 3 -3jc) = 0 
>-9 = 0 


x-3x = 0 


<=> 


x = 2 

x = 0 -=> C 


:±V3 


Bai 17. Phuomgtrinh: 8T -3 (x+l)2 + 3 2x+3 = 3 3xJ+2 c6 m £y ng hiem? 

A.l B.2 C.3 D.4 

Loi giai: 

81 iJ -3 (x+l)2 +3 2x+3 =3 3lJ+2 o(3 4lJ -3 3 x ' + 2 )-(3 (x+I)2 -3 m ) = 0 o 2 ^ ( 3 ^ -3 2 )-3 2x+, (3 x2 -3 2 ) = 0 


<=> (3 X_ -3 )(3 - 3 ) = 0 O 


3 X ’ -3 =0 

< 

3 3x " -3 2x+i =0 


x 2 =2 
3x 2 = 2x+l 


<=> 


x = ±j2 
x = l => D 

X ~ 3 


Bai 18. Nhiem cua phuang trinh: 8 - x2 x + 2 3 “ x - x = 0 \^ : 

A. 1 B.2 C.3 D.4 

Loi giai: 

8 - x.2 x + 2 3 ' x - x = 0 o (2 3 + 2 3 - x ) - (x.2 x +x) = 0o - -ilffl - X (T +1) = 0 


o (2 X +l)(2 3 - x -x) = 0 o 2 3 ‘ x -x = 0 o x.2 x =8 o x = 2. 


(do ham y = x;y = 2 X dong bien tren R nen phuomg trinh x.2 x = 8 co nghiem duy nh&t la 2) 
Bai 19. Tich cac nghiem cua phuang trinh: 5 2x+1 + 7 X+1 -175 x -35 = 0 

A. 0.5 B. 1 C. 1.5 D. 2 

Loi giai: 


5 2x+ i + 7 X+1 -175 x - 35 = 0 o (5 2x+1 
7 X =5 


(5-7 x )(5 2x -7) = 0<^ 


5 = 7 


<=> 


Bai 20. Phuang trinh: 4 X ’ +X + 2 1 x ' 2 
A.O B.l 

Loi giai: 


-175 x ) + (7 X+I - 35) = 0 o 5 2x (5 - 7 X ) + 7(7 X - 5) = 0 
x = log 7 5 
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-3x+2 _^_^x 2 +6x+5 _ 

^2x 2 +3x+7 ^ ^x 2 -3x+2 _ 2 |2x 2 +3x+7 

4 x j -3«2 ( i _ 4 ^ ) + 4 ^5 _ j = 0 0 ( 4 *W5 _ 



~ x — —1 

4X 2 +6x+5 _ | 

x 2 +6x+5 = 0 

1 

II 

H 

O 

o 

=> A 

4 x 2 -3x+ 2 _ j 

x 2 -3x + 2 = 0 

x -1 



x = 2 


4™ + 2 i-r = 2 <*+» J +1 0 2 2r!+2r - 2 (i+1)! + 2 '~ z * -1 = 0 o 2 2 * 1 * 2 * (1 - 2'^) + 2’~* ! -1 = 0 

2^=1 fl _ v 2 = 0 [~a; = +1 

«(2'" r ”l)(l“2 2r+2l ) = 0o <=> <=> ->Z) 

2 2 ^ +2i = 1 |_ 2x + 2 * = 0 L x = 0 

Bai 21. Tim t6ng cac nghiem ciia phuong trinh: 4 1 ' 3l+2 + 4 1 +fe+5 = 4 21 +3l+7 +1 
A. -3 B. -2 C. -1 D. 0 

Loi giai: 

Rit nhi§u em se bdm may thieu nghiem dan tori tinh sai a cau hoi nay! 

+4* 2+6x+ M = 0 

1\/1 ax 2 -3x+2\ __ n 


O 


Phiro-ng trinh Logarrit 

Vidu 1. Nghiem ciia phuong trinh log 2 x+(x - 4) log 2 x - x+3 = 0 la: 
A.l B. 2 C.3 D.4 

Loi giai: 

*Tir luan : 

log 2 x+(jc--4)log 2 jc-x + 3 = 0o(log 2 x-l)(log 2 x + x-3) = 0o 

Cac em co the dung Solve hay Calc 
*SOLVE 

Buoc 1: Nhap phuong trinh : 

M 0 Math 


log 2 x+x-3 = 0 


<-4)log £ (X)-X+3i 


Sau do khoi dong chuong trinh Solve : [si 
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M E3 Math A 

Solve for X 


Ket qua 

M S Math 

log 2 CX) i +CX-4)H> 

X= 2 

L-R= 0 

*CALC 


X? 


X? 


a Math A M 


a Math A 


log 2 (X) 2 +(X-4:>lt> 
1 2 


Math A M 


a Math A 


log 2 G0 2 +(X-4)ll> 

2 0 

Vi du 2. Tich cac nghiem cua phurong trinh 2(log 9 x) 2 = log 3 xlog 3 (>/2x+l-1) la: 
A.l B.2 C.4 D.8 


Loi giai: 

Tu luan: DK: x > 0. 


2(log 9 xf = log 3 xlog 3 (^2x+l -l)o log 3 x (log 3 x- 2 log 3 ( 72 x 77 -1)) = 0 



log 3 x = 0 

"x = 1 

o 

- - o 

log 3 x - 2 log 3 (v 2x+1 -1) = 0 

x = ( 72 x + l-l) 2 


Trac nghiem: 


Math A 


21og 9 CX) i -log 3 0 


X= 

L-R= 


4 

0 


Math A 


[21og 9 (X) i -log 3 t> 


X= 1 

L-R= 0 


Vay chon C 

Vi du 3. Phiromg trinh log 2 x+log 3 x+log 5 x = log 2 xlog 3 xlog 5 x co may nghiem? 

A.O B.l C.2 D.3 
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Loi giai: 

Tuluan: BK:x>0. 

log 2 X + log 3 x + log 5 X = log 2 x. log 3 x . log 5 X 

<=> log 2 5.1og 5 x+log 3 5.1og 5 x+log 5 X = log 2 3.1og 3 x.log 3 x.log 5 x 

X = 1 

+ llog2 5 +l °g3 S+1 

x = 3 V 108:3 

=>D 


o logj x(log 2 3(log 3 xf - log 2 5 - log 3 5 -1) = 0 o 


log 5 x = 0 


Trac nghiem 

M 0 Math A 

log 2 (X)+log 3 (X)i> 
X= 1 


M 0 Math A 

(log 2 (X)+log 3 (X> 
X= 0.148191874 
L-R= 0 


0 Math A 

(log 2 (X)+log 3 (X> 
X= 6.748008328 
L-R= 0 


Cach bam tat ca cac nghiem cua phuang trinh nhu sau: 

B& tim nghiem thu nh&t cac em giai Phuang Trinh : /(x) = 0 


Tim nghiem thu 2 thi giai phuang trinh : /(x): (x- a) = 0 


Nghiem thu 3 cac em giai: /(x): (x-a)(x-b) = 0 

Ben khi nao may bao can’t solve la phuang trinh het nghiem. 


Buac 1: Nhap phuang trinh vao: 


E MathTA 

(log 2 CX)+log 3 (X> 

0 


Buac 2: Goi lenh Solve : Shift Solve va an = 


E Math A 0 Math A 

Solve for X (log 2 (X)+log 3 (Xi> 

X= 0.148191874 
0 L-R= 0 


Dirge nghiem xiu thi liru ngay vao bi4n A nhung truac khi luu thi day sangtraiva 4n = &h luu 
phuang trinh, sau do mai an RCL X Shift Sto A de luu nghiem le sang A , roi day len de tim lai 
phuang trinh va diy sang trai di sua lai thanh (PT): (X-A), sua xong lai quay lai goi lenh Solve 
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B Math A 


B Math A 


B Math A 


(log 2 00+log 3 CXi> Ans+A ^log 5 (X))+(X-A)l 

0 CL 148191874 


3 

Vi du 4. Tinh tong cac nghiem cua phuang trinh: log 3 x + log 3x - = 1 (*) 


A. 4 


B. 


10 


C. 


28 


D. 


37 


Loi giai: 


Tu loan: Bieu kien: « 


x> 0 
1 

x±- 


3 

logj * + log 3l — = 1 <=> log 3 x + log 3j . 3 - log 3l . x = 10 logj x+ 

x log 3 3* log x 3x 

1 0 1 1 , t o 1 

<=> \og-X + — ; -; — r = lo log; JC + 


1 1 


= 1 


1 + log 3 x log x 3 + l 


, 1 -/ 


1 "h log 3 X 1 +1 

log 3 X 


= 1 


t=\ 

/ = -2=> 
/ = 0 


X ~ 9 

x = l -> D 
x = 3 


Math A M 


0 Math A 


Bat / = log 3 Jt =>(*): r+ = 1<=> 

/ + 1 

Trac nghiem 

M B Math A M 

log 3 cx) t +iog 3X (i> (log 3 CX) i +iog 3 ^ (iog 3 cx^+iog 3 x> 

X= 0.1111111111 X= 1 X= 3 

L-R= 0 L-R= 0 L-R= 0 

Bai tap ren luyen 

Bai 1. Nghiem cua phuang trinh log 3 log 4 jc = log 5 x la : 


A.l B.2 

Ldi giai: 

BK: x > 0 


C.3 
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log 3 x+log 4 x = log 5 x 
<=> log 3 x+log 4 3. log 3 x = log 5 3 log 3 x 
o log 3 x(l + log 4 3 - log 5 3) = 0 
<=> log 3 x = 0ox = l. 

Bai 2. Tinh trung binh cong nghiem cua phuang trinh: log 5 x.log 3 x = log 5 x+log 3 x 
A. 2 B.4 C.6 D.8 

Loi giai: 


Dieu kien: x>0 

PT o log 5 x. log 3 x - log 5 x ■ 


log 5 * 
logs 3 


= 0 


o log 5 X 


logjX-l- 


log 3 5; 

<=> log 5 x (log 3 x - log 3 15) = 0 


= 0 


log 5 x = 0 
log 3 x-log 3 15 = 0 


X = 1 

x = 15 


(tm) -> D 


u a3 ^ iug 3 J 

Bai3.Tinh log 2 x 0 biSt x 0 la nghiem cua phuang trinh: log,(25 I+3 -1) = 2 + log,(5 x+3 +1) la: 
A. -1 B. -2 C. 0 D. Kliong ton teu 

Loi giai: 


Dieu kien: 


25 1+3 -l>0 


5 x+3 +1 >0 

-*+3 


ox+3>0ox>-3 


PT «log,(25 x+3 -1) = log 2 4 + log 2 (5 r+3 +1) 

«log 2 (25 x+3 -1) = log, [4.(5 X+3 +1)] o 25" 3 -1 = 4.5 I+3 + 4 

5 x+3 =-1 


<=> (5 X+3 ) 2 - 4.5 X+3 - 5 = 0 <=> 

Vay chon D nhe cac em vi x o > 0 


5 X+3 = 5 


1 


Ox+3 = !Ox = -2 (tm) 


Bai 4. Nghiem cua phuang trinli: -log 2 (x-l) 2 +logj (x+4) = log 2 (3-x) 

2 o 


A.x = -l + ^/I4;x = ^/iT B.x = -VTT;x = l + Vi4 
x = -1 + >/l4; x = -JH 
Loi giai: 


C.x = -l + >/i4;x = ±>/rr 


D. 


Dieu kien: 


x-l*0 
x+4 >0 o 
3-x>0 


' x*l 
x> -4o 
x<3 


-4 < x < 3 
x±\ 


Phuang trinh tuang duang: 
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log 2 \x-l\- log 2 (x + 4) = log 2 (3-x) o log 2 |x-1| = log 2 [(3 - x)(x + 4)] 
o | jc —1| = (3—x)(jc -h 4) <=> |x-l|--x 2 -x + 12 



-x 2 -x+12> 0 

-4<a<3 

o « 

x-l = -x 2 — x+12<=>* 

x = -l±>/l4o 


x-1 = x 2 +x-12 

H 

+1 

II 

H 

_i 


; = -! +Vl4 


Bai 5. Nghiem cua phuang trinli: 3 + 


log 32 x 


:1 °g* 


A.- 


8 


B. 


x=-Jn 

89x 25 
2 2x 
3 




C. 


8 


Loi giai: 


D.- 

3 


0<X*1 

DiSu kien: ■! 89x 25 <=> 

- >0 

2 2x 

Phuang trinh tuang duang: 

89x' - 25 


0 <x± 1 


2x 


3 + log I 32 = log t - 


2x 


Olog x x 3 +log 1 32 = log ji . 


89x -25 
2x 


o 32x 3 = ——— <=> 64 a- 4 - 89a 2 + 25 = 0 


2x 


<=> 


x 2 = l 
<2 __25<=> 
X ~64 


x = ±l 

5 , 

c —s x = —^ ^4 

x = ±— 8 


3 x 3 1 /- 

Bai 6. Nghiem cua phuang trinh : log 3 -. log 2 x - log 3 —= = - + log 2 yjx 

X "y 3 2 


A.l;2 

Loi giai: 

Bieu kien : x > 0 
Phuang trinh tuang duang: 


B. 1 


Ti 


J2.yj± 

‘ 8 ’ 8 


(log 3 3 - log 3 a). log 2 x - (log 3 * 3 -log 3 ^) = i+hog 2 x 
<=> (1 - logs A), log, A - ^3 logs A - i j = + hog 2 A 

<=> log 2 A - log 2 A. logj A - 3 logj X + JC = 0 


D.l; 


V3 • 
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O - log 2 x - log 2 x. log 3 x - 3 log 3 x = 0 
o log 2 x- 2 log 2 x log 3 x—6 log 3 x = 0 


o log 2 x - 2 log 2 x. log 3 x ■ 


6 log 2 x 
log 2 3 


= 0 


<=> log, x[ 1 - 21og 3 x - 6 log 3 2] = 0 
log, x = 0 

1 S « 

log 3 JC = --31og 3 2 = log 3 — 


X = 1 

_ (fm) -> D 

X ~T 


Bai 7*. S6 nghiem cua phuangtrinh: log 3x+7 (4x 2 + 12x +9) + log, x+3 (6x 2 + 23x + 21) = 4 
A. 0 B.l C.2 D.4 

Goiy: 

3x+7 > 0 
Bieukien : - 3x+7*l 

6x 2 + 23x+21 = 0 

PT o log 3x+7 (2x+3) 2 + log 2l+3 (2 x+3)(3x + 7) = 4 
<=> 2 log 3x+7 (2x+3)+log 2x+3 (3x + 7) = 3 
o 2/ ! -3/+1 = 0 (log 3:c+7 (2x+3) = />0) 

t — l => 3x+7 = 2x+3 —> x = —4 

/ = i => 3jc + 7 = >/2x + 3(loai) 

2 

Bai 8*. S6 nghiem cua phirang trinh : log 4 ^x-ylx 2 -1 j . log 5 ^x + Vx 2 -1 j = log 20 |x - Vx 2 -1 j 


A.O 

Loi giai: 


B.l 


C.2 


D.3 


Bieu kien: 


x-y/x 2 -1 >0 

x + \jx 2 -1 > Oo x>l 
x 2 -1 > 0 


Phuang trinh tuang duang: 

log 4 20. log 20 |x - >/x 2 -l J . log 5 (x+>/x 2 + l j - log 20 |x - Vx 2 -1 j = ( 


olog^x-^M) log 4 20. log 5 (x+ylx 2 -1 j -1 


= 0 
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l°g 2 o(-^) = 0 

log 4 20. log 5 |x + \/x 2 -lj-1 = 0 

yJx 2 - \ —X — \ 
x+Vx 2 -1 = 5 ,og2 ° 4 


X-ylx 2 -1 -1 
log 5 |x + \[x 2 -l) = log 20 4 


x-1 > 0 
x 2 — 1 = x 2 -2x + l 

*s/x 2 -1 = 5 l08: ° 4 -x 


o 


x> 1 
x = 1 

x > 5 log2 ° 4 = / 
x 2 +l = / 2 -2/x+x 2 




x = 1 


X = 1 

2/x = a 2 -1 

x = 1 




Bai 9*. Nghiem cua phiromg trinh log 3 -%/x 2 -l jlog 5 |x+-*/x 2 + lj = log, 5 |x- >/jc 2 — 1) la: 
A. x = l;jc = i(5 l0g53 +5" 108153 ) B. x = l;x = i(5 l08l53 +5- l0g53 ) 

C. x = l;x = i(5 logl53 + 5 loSls3 ) D. x = l;x = i(5 log,53 + 5 _1 ° 8 ' 53 ) 


Bk: 


Loi giai: 

x 2 -1 > 0 

x - ^/x 2 -T > 0 o x > 1. 


x + \lx 2 + 1 >0 

Nhan thay |x-Vx 2 -1 j|x + ^x 2 -l j = i nen ta co: 

P7"<=>log 3 |x + >/x 2 -lJ log 5 |x + V* 2 -1 j = log 15 |x+Vx 2 -1 j 

<=> log 3 |x + \lx 2 -l jlog 5 |x + y/x 2 ~l j = log 15 {x + ylx 2 -1 J 
Sir dung phep doi bien ca s6 ta co: 

log 3 |x + %/x 2 -lj = log 3 15. log 15 |x + %/x 2 -lj 

log 3 |x + >/x 2 — 1 j = log 3 15. log 15 |x + Vx 2 -lj 
Khi do phuong trinh dirge viet duoi dang: 
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log 3 15.1og ls (x+Vjc 2 —l).log 5 15.1og ls |x+Vx 2 -lj = log ,5 |x + Vx 2 -lj 
log 15 (x+V* 2 -l) = 0 (1) 

log 3 15.1og 5 15.1og l5 (jc +Vjc 2 — l) = 1 (2) 

Giai (1): 

(l) <=> x+V* 2 ~ 1 = 1 o \jx 2 -l = 1 - x o x = 1 

Giai (2): 

(2)<=>log 3 15.1og 5 (jc + %/x 2 — 1) = 1 
<=> log 5 ( x +V x2 -l) = l°gis 3 
01+^1=5 log|i3 

Ta co: 

f* + = 5 '° 8,i3 o a = i(5 ,08 ' s3 + 5 -, ° Sls3 ) 

[ j -^= 5- 108 " 3 2 7 

Vay phuang trinh co nghiem la x = l;x = ^|5 lo8l53 +5 _log|53 j->D . 


3 

Bai 10*. Nghiem cua phuang trinh: - log 1/4 (x + 2) 2 - 3 = log ]/4 (4 - x) 3 + iog i/4 (x + 6) 3 

A. x = 2;x = l + ^ B. x = 2;x = 2->/33 C. x = 3;x = l->/33 D. x = 2;x = l->/33 
Loi giai: 


Dk : -6< x<4;x^-2 . 

Phuang trinh da cho tuang duang vai 
3 

-log 1/4 (x + 2f -3 = log 1/4 (4- x) 3 + log l/4 (x + 6) 3 
<=> -| log, |x + 2| - 3 = -1 log, (4 - x) -| log, (x + 6) 

<=> 2 log2 l X + 2 I + l0g2 ( 4 ~ x ) + lo S2 ( x + 6 )) = 3 

<=> log 2 |x + 2| - log 2 (4 - x) - log 2 (x + 6) = -2 
N&u -6 < x < -2 phuang trinh (*) tuang duang vai: 



















Mu»togarit 


Nguyen The Anh (Great Teacher) - Nguyen The Luc {Casio Expert) 


log 2 (-X - 2) - log 2 (4 - x) - log 2 (x + 6) = -2 
-x-2 


<=>log 2 


o - 


(4-x)(x + 6) 
-x -2 1 


= -2 


(4-x)(x + 6) 4 

o -4x - 8 = (-x 2 - 2x + 24) 

<=> x 2 - 2x - 32 = 0 
x = 1 + V33 ( loai ) 

_x = l-^33 

Neu -2 < x < 6 khi do phirong trinh (*) tirong dirang vdi 

<=> log 2 (x + 2) — log 2 (4 - x) - log 2 (x + 6) = -2 
x + 2 


<=>log 2 


(4-x)(x + 6) 
x + 2 1 


= -2 


<=> 


(4-x)(x + 6) 4 
<=>4(x + 2) = (4-x)(x + 6) 
ox 2 + 6x-16 = 0 

x = 2 

x = -8 (loai) 

Vay phirong trinh co nghiem la x = 2; x = 1 - >/33 -» D 

Bai 11. Tong cac nghiem cua phirong trinh: x 1089 * -2 = 3 3 ( ,og9 *~ 1 ) 
A. 15 B.452 C.732 

Loi giai: 

^log„x--2 _ y(log 9 x-l) 

: fx>2 


<=> 


(log, x- 2 ) log, x = ^[3 (log, x -1)] 
x > 2 

2 log 2 g x -1 log 9 x+3 = 0 



x >2 

x>2 


] 



log,x = -o- 

x = 3 <=> 


_log (J x = 3 

_l 

II 

H 


x = 3 
x = 9 3 


->C 


Bai 12. Ti'ch cac nghiem phuong trinh: (x-2) l0S24(x " 2) =4(x-2) 3 
A.3 B. 9 C. 12 


D.3 


% 


D. 15 
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Loi giai: 
TXD: x > 2. 


(x-2) ,og24(x 2) = 4(x-2 ) 3 <o>log 2 (x-2) l0824( * 2) = log 2 4(x-2 ) 3 o log 2 4(x-2).log 2 (x-2) = 2+31og 2 (x~2) 
<=> (2 ■+ log 2 (x - 2 )). log 2 (x - 2 ) = 2 + 3 log 2 (x - 2 ) 


t = log 2 (x-2) =>(2+I)I = 2+3 /o/ 2 -/-2 = 0o 



„ 1 

■/=- 1 

x -2 = - 

=0 

20 

J = 2 

1 

w 

I 

to 

II 

4^ 1 

1- 


5 

2 ->Z) 

6 


Bai 13. Tinh log 5 a voi a la nghiem phuang trinh: 5 3 ,0Ss * = 25x 

A.0,5 B.l C.1,5 D.2 

Loi giai: 

TXD: x > 0. 

5 3 "' 085 x = 25x o log 5 5 3 ~ log5 x = log 5 25x <=> 3 - log 5 x = 2+log 5 x <=> log 5 x = -ox = >/5->X 

Bai 14. S6 nghiem cua phuang trinh: x~ 6 .3~ logx3 = 3 ~ 5 

A.0 B.l C.2 D.3 

Loi giai: 

TXD: x > 0, x khac 1. 

^-6 3 -iog , 3 _ 3-5 ^ i 0 g 3 (x~*.3" logi3 ) = log 3 3 " 5 <=>-61og 3 x-log x 3 = -5 <o>-61og 3 x-—-— = -5 


<=> 6 (log 3 x ) 2 - 5 log 3 x+l = 0o 


*<>83 * = ^ 

Z <=> 

log 3 x = - 



Bai 15. Nghiem cua phuang trinh 3 log2X +x ,og23 = 6 (*) 
A.0 B.l C.2 


D.3 


Loi giai: 

TXD x > 0. 

t = log 2 x => x = 2' => (*): 3' + (2 , ) 1 ° 823 =6o3'+ (2 log23 )' =60 



2.3' = 6 <=>/ = l=>x = 2-»C 
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Bai 16. Tmh log 4 a biet a la nghiem cua phuomg trinh x+x ]og23 = x ]og2S (*) 

A.0,5 B.l C.2 D.3 

Loi giai: 

TXD x > 0, dat / = log 2 jc => jt = 2' 


=>(*): 2' + (2 ') lofa3 = ( 2') lofc5 «2'+3'=5'o(|)' +(|)' =l»/ = l^x = 2-^A 


2 3 

( 5 y+( 5 y 

Bai 17. Nghiem cua phuang trinh log 3 (3 A —1) log 3 (3 X+1 -3) = 6 


r. 28 

log 3 — 

3 27 

B. 

r. 28 

Wg!- 

3 27 

C. 

r. 28 

° Sl 27 

D. 

Jogjll 


. log 3 9 


log 3 10 



log. 


27 

28 


log 3 10 

Loi giai: 

log 3 (3* -1) log 3 (3 1+l -3) = 60 log 3 (3 I -l)[l + log 3 ( 3 i -1)] = 6 

28 

/ = log 3 (3 x -1)=>/(/+1) = 6 o/,=“3;/ 2 =2=>x 1 = log 3 —; x 2 = log 3 10 -»C 

Bai 18. So nghiem cua phuang trinh: log x jr-141og I6x x 3 + 401og 4x . yfx =0. 

2 

B.l C.2 


D.3 


A.O 

Loi giai: 


© BiSukien: x>0;x*2;x*-:x±—. 

4 16 


De thay x = 1 la mot nghiem cua phuang trinh da cho 

© Vai x & 1. Bat t = log x 2 va bien doi phuang trinh ve dang 

2 42 20 A 1 „ 1 

- --—r+-—- = 0o/ = -;/=-2=>JC = 4;jf = - 7 =->C 

1 -t 4/ + 1 2/ + 1 2 

Bai 19. Tong cac nghiem cua phuang trinh log 5 5 + log 5 25jc = 3 (*) 

X 

A. 6 B.16 C.26 D.36 

Loi giai; 
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fx > 0 l/ \ / = 0 

Bieukien: \ Bat: / = log 5 x =>(*):-+(/ + 2) = 3o : 

x 5 I -- / t — 2 


Bai 20. Nghiem cua phuang trinh : log x 2 + 2 log 2x 4 = log^ 8 
A.O B.l C.2 

Loi giai: 

x> 0 


x = l 
x = 25 


->C 


D.3 


Bieu kien: 






log,2 + 21og 2x 4 = log^8< 


1 4 

-+- 


log 2 x l + log 2 x l + log 2 x 


(*) 


14 6 

Dat: 1 = log 0 x :=>(*):- H-=-o2/ = / + l<=>/ = l=>x = 2—»C 

52 / t+ 1 /+i 

Bat phirong trinh Logarit: 

Vi du I: Tim nghiem cua bat phuang trinh : log, (4 X + 4) > log, (2 2l+l -3.2 1 ) 


A. x > 2 


Loi giai: 


B.x<2 


C. 


x>2 

x<-l 


D. -l<x<2 


Tu Luan 

Bit phuang trinh tuang duang vai 
2 2x+1 -3.2* > 0 
4 x +4<2 2x+l -3.2 

o 4 X -3.2 X -4 = 0 
2 X <-1 (loai) 


o0<4 x +4<2.4 x -3.2 x 


2 X >4 


ox>2 


Trie nghiem cac em lam nhir sau: Cac em se thu’ dap an 

Bau tien ta thu vai x > 2 thi chon x = 100 

Buac 1: Nhap bieu thuc: log j (4 X + 4) - log, (2 2x+1 - 3.2 X ) 

2 2 

M 0 Math A M E Math A M 

* s (2 2X+1 -3x 2 x ) X? log, 


100 


Vay A hoac C dung thu tiep vai x = -100 
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M 0 Math AM 0 Math 

Solve for X Math error 

Hrin EACD sCancel 
-100 [ 4 1E i-1 : Goto 


Vay loai C nen chon A. 

Vi du 2:Nghiem cua bat phuang trinli: log^ 


lo g 2 {x + yj2x 2 -x j 


<0 la: 


A.—4 < a: < 1 

Loi giai: 


B. 


x <-3 

x<-4 

C. 

D. 

_ X>1 

x>2 


x<-4 

x>l 


Tu luan 

Bat phuang trinh tuong duang vdi: 

[ x + \llx 2 -x >0 fx + >/2x 2 -x > 0 I —-- 

\ _ _ o<! _ ox+V2jr-x 

[log 2 (x +v2x 2 -x) > 1 (x+v2x 2 -x >2 

<^4lx 2 -x>2-x 


>2 


2-x<0 


x>2 


x< 2 


2-x> 0 

[2x 2 -x>0 |2 x 2 -x>x 2 -4x + 4 ]x<0vx>2 V ]*<“4vx> 1 

Trac nghiem : Vi du nay cac em cung lam turong tu 
Xet dap an co pham vi rong truac: B,C,D => Loai A 

M 0 Math A M 0 

x? lwjUo^ix+to* 

100 4 -8.563113181 

M 0 Math A M 0 Math A 

X? log 2L [log 2 lX+fcf> 

-100 4 -6.969293235 

Roi tdi dap an pham vi hep de loai d§n 

M 0 Math AM 0 Math A 

X? log 2t Uog 2 LX+J2>si> 

4 -2.178205674 


x < —4 
x > 1 


Math A 


1.5 


Do do loai C 

M 

X? 

Loai tiep B.Vay chon D 


Math A M 


0 Math A 


-3.5 


log 2E [log 2 LX+f2)!> 
4 0.7160047623 


Vi du 3. Tim nghiem cua bat phuang trinli: log 0 7 


log, 


■) \ 
x" +x 

x + 4 


<0 


Web: Alika.vn The Lire - fb>mm/AdXh€hic The Anh - fkcam/nguyentheaahteacher 























Mu-Logartt 


Nguyen The Anh (Great Teacher) - Nguyen The Lire (Casio Expert) 


-4 < x < -3 

-4 < x < -3 

-5 < x < -3 

B. 

C. 

D. 

x>9 

x>8 

x>8 


A. 

Loi giai: 

Bat phuang trinh tuang duang vai: 


-5 < x < -3 
x>0 


x" + x 
x+4 


>0 


, x 2 +x , x + 4 

log,-7>1 

x+4 


* 2+ * >6 0 (x+3)(:*:-8) 


x+4 


_4 < % < _3 

x>8 


Vi du 4 .Tim nghiem cua bat phuong trinh : log, 


x 2 ~3x + 2 


>0 


A. 

Loi giai: 


2-^2 <x<2 
2<X<2 + yf2 


B. 


2 —s/2 < jc < 1 
-2<x<2+-j2 


C. 


2-j2<x<l 
2<x<2 + \f2. 


D. 


' 2--j2<x<l 
-2<x<2 —J2 


Bat phixang trinh tuang duang vai: 
x 2 - 3x + 2 


->0 


x" -3x + 2 


<1 


0<x<lvx>2 
x 2 -4x + 2 


0 < x < 1 

x>2 2-'Ji<x<\ 

<=> 

*<0 [2<x<2+>j2 

2--j2<x<2+-j2 
Bai tap tu* luyen 
Bai 1: Tim nghiem cua bat phuang trinh : {l x + 5.2“*) 

x>3 


21og 2 x-log 2 (x+6) 


A. x > 3 

Loi giai: 


B.x<3 


C. 


x<-l 


>m 

D. x>3 


' fx > 0 

Dieukien: < Ox>0 

x + 6 > 0 


Do 2 i +5.2“ x >2^52 7 r r >1 

=>(*)<=> 2 log 2 x - log 2 (x+6) > log (2 , +52 _ x) 1 = 0 

olog 2 x 2 > log 2 (x+6)<=>x 2 >x+6ox 2 -x-6>0ox<-2ux>3 
Ket hop dieu kien: x > 3 

Bai 2: Tim nghiem cua bat phuang trinh : log 3 logj (x 2 -3) < 3 (*) 
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A. 


5 V 2 


<x<2 


-2<x< 


5 J 2 


B. 


5V2 


0<x< 


<x<2 

5-Jl 


C. 


5-Jl 


<x<2 


-2<x<- 


5 -Ji 


D. 


572 


<x<2 


-2 < x < - 


5 V 2 


Loi giai: 


log 3 log, (x 2 -3) < 1 <=> 0 < log, (x 1 -3) < 3 0 - < X 2 -3 < 1 
1 08 


25 2 , 5 V 2 1 1 . 

o — < x 1 < 4 o - <b<2o 

8 4 11 


5-J2 


<x<2 


-2 < x < - 


5 J 2 


Bai 3: Tim nghiem cua bat phuong trinh : log 


4x + 6 


>0 


A. -2 < x <— 
2 

Loi giai: 


B.-2<x< : 


C. -2<x<-l 


D. -2<x<0 


log 


4x + 6 


> 0 <=> 0 < 


4x+6 


<lo 


x>0 

3 3 

x < — <=> -2 < x < — 
2 2 

-1 <x < 0 


Bai 4: Tim nghiem cua bat phuong trinh : (log 


21 2 x 


4-x 


-4<-j5 


r 8 _ _ 16 

8 16 

r 8 i6 

— <x< — 

3 5 

-<x< — 

3 5 

— <x< — 

3 5 


C. 

D. 

4 4 

4 4 

4 4 

-<x<- 

— <x<- 

— <x<- 

17 9 

L17 9 

L 17 9 L 


A. 


Loi giai: 

Bat phuomg trinh tuong duong voi: 


-<x<- 
3 5 

4 4 

-<x< — 

17 9 


log, 2 —4 > 0 

2 4-X 

log, 2 -3i-<9 
2 4-x 


-3<log, /f-<-2 
2 4-X 

2<lo gl —<3 
t 4-x 


Bai 5: Tim nghiem cua bat phuong trinh : log^ ,(3-x) > 1 
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~3—v/5 , 

- < X < 1 


" 3 -V 5 . 

-< x < 1 


2 

3 + ^5 

x>- 

2 

B. 

2 

3-%/5 , 

-< x < 3 

. 2 

c. 


3 S 


2 

3+-v/5 
2 

Loi giai: 


Dieu kien: 


<x< 2 

<x<l 


3->/5 

2 

3 + -J5 


<X<1 

<x<3 


3-x>0 


x(3-x)>0 ? x(3-x)^l [x ~3x + 1^0 


0 <x <3 


Bit phirang trinh tuang dirang vai: 

l-log 1( 3-x)(3-^)<0 

<=>log I( 3 -r) X (3 -x)~ log r(3 _ r) (3~x)<0 

< ^ I °gx(3-r) X<0 

<=> [x(3-x)-l](x-l) <0 

O (X 2 -3x + l)(x-l) > 0 Klt h ?P v6i aihu ki * n du ?' c : 

"3-V5 


D. 


-<x<l 


3 -^ 

2 

3 + ^/5 


<x< 1 

<x<3 


x>- 


3 +V 5 


Bai 6: Tim nghiem cua bat phirang trinh : log ( ^2 < log^ 2 


A -3-2>/3 -3 + 2>/3 

A.-<x<- 


-3-2>/3 


<x<2 


-3-2n/3 

3 

-3 + 2>/3 
3 


<X<1 

<x<3 


3-2-J3 ^ _ 3 + 2>/3 

-<x<- 

3 3 


D. 


- 3 + 2 V 3 

3 


<x<l 


Loi giai: 
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Bieu kien: 


x+2>0 
x> 0 
x + 1 >0 


x>0 

in 




yjx + l — yfx > 0,9* 1 
V* + l > 0,9* 1 

Bat phirang trinh tuang duang vai: 

_I_<_^_. 

log 2 ^>/x + 2 - Vxj log 2 >/x+l 

o log 2 (^jx+2 -‘Jx^> log 2 \/x +1 <=> log 2 (y/x+2-\fx j - log 2 -Jx+l > 0 

, ^2~^ , i —~ r l —7 

<=>log 2 -==- >0a-==- >\<=>'Jx + 2-sJx-'sjx + \>0 

1 yfx +1 I vX +1 


Ox+2>x + x+l+ 2yjx(x + 1 ) <=> 1 - x > 2<Jx(x+l) 


l-x>0 
(l-x) 2 >4x(x + l) 


<=> 


x<l 

3x 2 +6x-l < 0 


x<l 


-3-2^3 <x< z$±bH ' 


3—2-s/3 -3 + 2-73 


<x< 


Bai 7. Tim nghiem cua bat phuang trinh : log, (4* + 4)> log, (2 2x+1 -3.2 X ) 


A.x>2 

Loi giai: 


B.x<2 


2 

c. 


x>2 

x<-l 


D. x > 2 


Bat phiromg trinh tuang duang vai: 

o 0 < 4 X + 4 < 2.4* - 3.2* 


2 2i+l -3.2 1 > 0 


4* +4 <2 -3.2 1 


o4 I -3.2'-4 = 0 
><-l (loai) 


2 X >4 


<=> x > 2 


Bai 8. Tim nghiem cua bat phuang trinh : log^ 

4 

x<-4 


A.-l<x<4 B, 

Loi giai: 

Bat phuang trinh tuang duang vai: 


x>l 


log 2 |x + ^2x 2 -xj 
C. l<x<4 


<0 



% 
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f x + ^2x 2 -x >0 Ix + \l2x 2 -x >0 /—; „ 

- - OX+V 2x 2 -x>2 

[log 2 (x + V2x 2 -x)>l |x + v2x 2 -x >2 

On/2x 2 -x >2-x 

f 2-x<0 f 2~x>0 f x>2 f x<2 

^ Vi o Vi o 

[2x 2 -x>0 {2x 2 -x>x 2 -4x+4 |x < 0 v x > 2 |x<--4vx>l 


Bai 9 .Tim nghiem cua bit phixong trinh : log 0 . 


' x 2 +x^ 

lo g 6 -T 

^ X + 4 


<0 


A.-4<x<3 

Loi giai: 


B. 


-4 < x < 3 
x > 8 


C. -4 < x < 8 


D. 


x<-4 
x> 1 


-4 < x < -3 
x>8 


Bit phuang trinh tuang duang vai: 
x 2 +x 


x + 4 


->0 


x 2 +x 

o- 

t x 2 +x , x+4 

l°g 6 -7>1 

x + 4 


. x (x+3)(x-8) 

> o <=>-O 

x + 4 


-4 < x < -3 
x>8 


Bai 10 .Tim nghiem cua bdt phuomg trinh : logj -— — > 0 


A.2-n/2<x<1 B. 


Loi giai: 


2-\[2<x <1 
2<X<2 + y/2 


C. 2—j2<x<2+yfl D. 


2-y/2<X<l 
-2<x<2 + yf2 


Bat phuang trinh tuang duang vai: 
x 2 - 3x + 2 


->0 


x 2 -3x + 2 


<=>i 


<1 


0<x<lvx>2 
x 2 -4x+2 


-<0 


<=> 


0 < x < 1 
x > 2 
x < 0 

2—j2<x<2 + j2 


2 — yf2<X<l 
2<x<2 + -j2 


Bai 11: Tim nghiem cua bat phuang trinh : 1 + log A (x +l) 2 > 2 log 2 -Jx +3 + log 8 (3 - xf 


A.-3<x<l + 2-Ji B. 


Loi giai: 


-3<X<\-2yj3 
-I + 2 V 2 <x<3 


C.-3<x<\-2-fi D. 


-3<X<\-2y/3 

— 14* 2^/2 ^ X < 
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Bieu kien: 


(x +l) 2 > 0 

jc -h3 > 0 o-3<x<-lu-l<x<3 

3-x>0 


Bat phuang trinli o log, 2|x+1| > log 2 (9 - x 2 ) o 21 x +11> 9 - x 2 
+ Vai -3<x<-l, ta co : 2(-x-l)> 9-x 2 Ox 2 -2x-11>0ox<1-27? ux> 1+27? 
Ket hap dieu kien : -3 < x < 1-273 
+ Vai -l<x<3,/aco2(x+l)>9-x 2 
ox 2 +2x-7>0ox<-l-2T?ux>-l+2T? 

Ket hop vai -l<x<3 taduac -1 + 27? <x <3 
-3 < x < 1 - 27? 

-l+27?<*<3 

Giai cac bat phiroug trinh mu $au: 

Vi du 1. Tim nghiem cua bat phuong trinh : 3 2 ~ x + 6.3 1_x > I - 


Bap so : 


x < -2 
x> 2 


A.-2<x<3 B. 

Loi giai: 

Dieu kien: x 2 +x-2>0ox<-2ux>l 
Bdt phuang trinh o 3.3 1_x + 6.3 1_x > 3 3 "^' 2+ ' r " 2 

<w > 9 3 1 " 3C > ^-'Jx' l "+x-2 


C. -2 < x < 2 


D. 


x < -2 
x>3 


o3 3 ~ x > 3 3 ^ 2+i " 2 o3-x>3-7a' 2 + x-2 


o7?+Jf-2>x 
+ Vai x < -2 thi bat phuang trinh luon vo nghiem 
+ Vai x> 1, binh phuang 2 ve ta co: x 2 +x-2 >x 2 
ox-2>0ox>2 
"x<-2 
x>2 


Bap so: 


Trac nghiem: Cac em van dung chuc nang CALC de tinh gia tri bieu thuc xet am duang vai cac 
gia tri khac nhau a 4 dap an. 

Vi du 2. Tim nghiem cua bat phuang trinh : 2^“ x ~ 6 < 13.2 X " 3 -3.2 X+1 


A. 3<x<7 B. 
Loi giai: 


x<3 

x>7 


C. -3 < x < 7 
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Dieukien: i 2 -x-6>0c>i<-2ux>3 


Bat phuang trinh <=> 2^ r 6 < ~~~ ~ 6.2 X 

<2 * 0 1 + > /* 2 -x-6<x 
o s[x*-x-6 <x-\ 

+ Vai a < -2 thi bat phuang trinh vo nghiem 
+ Vai a >3, binh phuang 2 v£ ta co: a 2 -a-6< a 2 -2a+1o a<7 
Ket hop voi x > 3, ta co: 3 < x < 1 

l ogo /2x-3'| 

Vi du 3. Tim nghiem cua bat phuang trinh ( a 2 - 2a+ 3) X+1 ' > 1 


A. 3<a<7 B. 

Loi giai: 

[ 2 x -3 


x <3 

x >7 


C. -3<x<l 


D. 


x<-3 

x>7 


Bieu kien: 


->0 


X+l <=> X < “1UX > — 
. 2 
x ^-1 


Taco caso: a 2 -2x + 3 = (x+1) 2 + 2>1 

(2x-3 n 

Do do bat phuang trinli o log 0 5 -- | > 0 


X + l 


2x-3 2x-3 

■<!<=>-1 < 0 


A + l 

a-4 

A + l 


A + l 

<0o-l<x<4 


Ket hap dieu kien : - < a < 4 


Vi du 4. Tim nghiem cua bat phuang trinh : (0, 25y 2x > (0,125)3 


A. a<0 

Loi giai: 


B. a = 2 


(2|x-I|-x) 

C. a<2ua = 0 


D. x<2 


Dieukien: a 2 -2x>0ox<0ux>2 


Bat phuang trinh . o 


2(2|x-l|-x) 


J2) u, 

<=> 2 \ lx 2 - 2 x < 2(21 a -11 -a) 

+ Vai x>2,ta co 2yjx 2 - 2x < 2(2(a - 1) - a) 


o 2 * Jx 2 - 2a < 2(a - 2) 
o a 2 -2a< a 2 -4a + 4 
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o2x<4c>x<2,kethap vai x > 2 => x = 2 la nghiem 
+ Vai x<0, ta co : 2 *Jx 2 -2x < 2(2(1-x)-x) 

< 2 - 3x o x 2 - 2x < 4 - 12x+ 9x 2 
<=> 8x 2 -1 Ox+4 > 0 (luon thoa man) 

Dap so: x<0ux=2 

Bai tap ren luyen 

, ' y - 4 x i 

Bai l.Tap nghiem cua bat phuang trinh ——< - 


A. -1 <x<l 
Loi giai: 


B. 


x < “1 
x>l 


C. 0<x<l 


D. x>l 


3 I+ i*4 1+ 'o - ^lo^+UOox^-l 


7 3 1 _7 4 1 ' 4 3 x -3 4 X 

Bat phuang trinh o —— r < 1 o —— : ——- < 0 


3.3 -4.4* 
<=>(4.3 i -3.4 x )(3.3 x -4.4 x )<0 


3.3*-4.4 x 


<0 


3 i 

f 3 l 

r 4 i 

f 3^1 

<=>-< 




4 1 

UJ 

1 3 1 

UJ 


<=>-l<x<l 


* 3 

Bai 2. Tap nghiem cua bat phuang trinh ^5 + 2>/6 j x+2 > ^5 - 2^6 j 

x < -2 


A. —<x<2 
4 


Loi giai: 

Bieukien : x =£ -2 


B. 


5 

x> — 
4 


C. -<x<2 
4 


X-l 

Bat phuang trinh o ^5 + 2Vb j x+2 > ^5 + 2^ j 


“3 X-l 

x + 2 


>-3 


x-l A 4x + 5 _ 

•+3>0o->0o 


x + 2 


x +2 


x <-2 


x>- 


D. 


x < -2 
5 

x>- 

4 


Bai 3. Tim nghiem cua bat phuang trinh : 4 X > 2 X+2 +32 


Web:Alika.vn The Lire -flhwm/Adthelue The Anh - fh.com/nguyeniheankteacher 

























Mu-Logarit 


Nguyen The Anh (Great Teacher) - Nguyen The Luc (Casio Expert) 


x>3 

x<-\ 


A. x >3 B.*<3 C. 

Loi giai: 

Bat phuang trinh <=> 4 X - 42 x -32 > 0 

Bat 2 X == / > 0. Khi do bit phuang trinh tra thanh t 2 4t + 32 > 0 <=> 

Voi 1 > 8, ta co : 2 X > 8 = 2 3 o x > 3 
Bap so : x > 3 

Bai 4. Tim nghiem cua bat phuang trinh : 16 x - 20.4 X + 64 > 0 


B. x > 3 


t < -4(loai) 
/ >8 


JC<1 
*>2 

Loi giai: 


BA<x<2 


C. 


JC<1 

x > 2 


Bat 4 X = t > 0 thi bit phuang trinh tra thanh : t 2 - 20/ + 64 > 0 o 

[0<t<4 fo<4 X <4 [x<\ 

Kethorp dieukien t>0 => o „ O 

_/>16 [ 4 X >16 = 4 2 \_ x >2 

8 3 X 3 X + 2 X 

Bai 5. Tap nghiem cua bit phuang trinh ——-- < 


B. 1< jc<2 


t< 4 
/ > 16 


A. 


x > log 2 3 
x<0 


9.(3 x -2*) 3* 

*>log 3 3 


B. 0 < x < log 2 3 


C. 


B. 0<^<log 3 3 


x<0 


Loi giai: 

Bi&ukien: 3 X -2 X 


8.4 


Bat phuang trinh o * 


?i + i 


li-i 


Bat: 


= /, 0 < t * 1. Kill do bat phuang trinh tra thanh ——— < 

9(/-l) / 


t + l 8 t * t 2 -9 .. 

o->0o->0<=> 

t 9(/-l) /(/-1) 





- >3 r 

t> 3 

\2 

o 

v ' <=> 

0 < / < 1 

(3\ x 


[»<(-)<, L 


Bai 6. Tim nghiem cua bit phuang trinh : (4 $-1 j + (^/5 +lj -2 2 < 0 
-______- ■ - - - 
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A. 


2 

x<\og^(^j2-l) 

2 

>1 °8^ i i(^ +1 ) 

2 

< lo g^ il (^- 1 ) 


B - 10 §^, (V2-l)<x<log^(>/2+1) 


D - lo 8^+i (V2 -1 j < Jf < log^, (>/2+1) 


Loi giai: 


Bat phuang trinh <=> 


^-iy r^ + i 


2 ) 


f rz , V 


2 , 


-2-j2<0 


Bat 


V5+1 

2 y 


= /, t > 0 khi do 


.(V 5-1 


Bit phuang trinh tra thanh /+-- 2-Jl <(Je>( ! - 2-Jlt +1 < 0 

«V2-l</<V2+lo-v/2-l<f^tl] <V2 + 1 


0 (V 2 -l)<x<log^ (V 2 +l) 

2 2 

Bai 7. Tim nghiem cua bat phuang trinh : 4 X -3.2 
7 


A. 


jc>- 7 

2 B. 3<jc<- C. 

^ 2 

xt<3 


,x+>Jx 2 -2x-3 _ ^]+\jx 2 -2x-3 ^ q 

7 


jt> 

2 

x<3 


D. 3<jc<- 


Loi giai: 

Bieukien: x 2 -2i-3>0<=>x<-1ux>3 
Bat phuang trinh o 4 X -3.2 x+ ^“ 2x “ 3 -4.4^“ 2x " 3 


>0 


<=> _3 2^-2rf. 


-4>0 


Dat <=> 2 i “^’“ 2i “ 3 = / 

Klii do ta co bat phuang trinh t 2 - 3/ - 4 > 0 <=> 
Vai t > 4 ta co 2 x ~^" 2x " 3 > 4 = 2 2 


/c-l(loai) 

/>4 
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o x ->/x^-2jc- 3 > 2o <x-2 

(x>2 


x-2>0 
o ^ <=> 

[x 2 -2x-3 <(x-2) 2 


x<- 


Ket hap dieu kien 3 < x < - 


Bai 8. Tim nghiem cua bat phirang trinh : 5 1 " 


>24 


A. x<-lux>l 


B. x<-lux>l 


C. x<-l 


B. x>l 


Loi giai: Bat phuang trinh <=> 5.5 X > 24 


Bat 5 x =t. Khi do ta co bat phuang trinh 5 1 2 - 24/ - 5 > 0 


.<-1 


(loai) 


/ai t > 5, ta co : 5 X > 5 <=> x~ > 1 <=> x < -1 ux > 1 


t> 5 

Bap s6: x<--lux>l 

Bai 9. Tim nghiem cua bit phuang trinh : 5.3 2x-1 - 7.3 X ~ 5 + |3 X+1 -1| < 0 


A. 


i 

O'! 

x>log 3 


x<log 3 

y 


B - log 3 1 - P*<log 3 


C. 


x > log 3 


JC < log 3 


'2 

Loi giai: 


logs! - |- x - l°g3 


D. 


3 2x 3* | | 

Bat phuang trinh O 5.— -7.— + |3.3 X -l| < 0 

Bat 3 X = /, / > 0 thay vao bit phuang trinh ta co : 5/ 2 - It + 313/ -11< 0 

+ Vai 0 < / < - till ta co : 

3 

5/ 2 - It + 3(—3/+1) < 0 c> 5/ 2 -16/ + 3 < 0 

<=>-</<3 
5 

K6thopvai 0</<-^=>“</<^ (1) 

+ Vai / > - thi ta co : 

3 
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5r -7/+3(3/ -1) < 0 <=> 5r + 2/ -3 < 0 

o -1 < / < - (2) 

5 

1 3 

Hop nghiem (1) voi (2) ta co : - < t < - 


1 ox. 3 


<=> - < 3 X < - <=> log 3 1 - |<x< log. 


x+3 9x-7 

Bai 10. Tim nghiem cuabat phiromgtrinh: 3 5x '“ 2 -4>5 5x ~ 2 


A. 


X*1 

9 

xzl 

5 


2 7 

B. -<x<- 
5 9 


C. 


x>- 

9 


x<- 


Loi giai: Bieu kien x * - 


n 2 7 

D. - < x < - 

5 9 


Bat phuong trinh <=> 3 5x ~ 2 - 4 > 5.3 5x “ 2 

x+3 

Bat 3 5x " 2 = t . Bat phiromg trinh tro thanh t 2 - At - 45 > 0 => / > 9 (do t > 0) 


x + 3 


x+3 


<=> 3 5x ~ 2 > 9 o-> 2 <=> - 

5x-2 5x-2 

7~9x 2 7 

<=>->0o-<jc<- 

5x-2 5 9 


2 > 0 


Bai 11. Tim nghiem cua bit phuong trinh : ^2 X+3 -2+ -^=}- < \Ia x + 9.2 x+1 -3 

V2 


A. x > log 2 (-9 + ^4 j B. 
Loi giai: 


> log 2 9 + >/84j 
^log 2 ^7 + V44) 


C. x>log 2 (-7+^/84j B. x > 1 


Bieu kien 


2 - 2>0 


x+3> 1 


fx>-2 


[4 r +9.2 I+1 -3>0 (4 1 +18.2* -3 > 0 <=> 2* >-9 + -Ju |x> log, (-9 + ^84) 

x - l°g2 ( — 9+-v/84) 

u = V2 i+3 - 2 > 0 => w 2 = 8.2* - 2 


Bat« 


v = ^->Q=>v 2 =^(4 x +2.2 X + \) 

Khi do bat phuong trinh tro thanh u + v< \j2u 2 + 2v 2 


, 1, 
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o w 2 + 2uv +v 2 <2u 2 + 2v 2 

<ou 2 -2m+v 2 >0<=>(w-v) 2 >0o u*v 

o m 2 * v 2 o 8.2* - 2 * I (4 X + 2.2* +1) 


o 4*-14.2*+5*0 
o2**7±^ox*log 2 (7±^) 


Dap so: 


x>log 2 ^-9+^4) 
x^log 2 ^7 + >/44j 


Bai 12. Tim nghiem cuabat phuongtrinh : ^31 + 8%/l5^ + 2^4->/lT} <3 

A. x<-lux = 0 B. x<-lux>0 C. x = 0 

Loi giai: 


D. x>0 


Bat phucrng trinh 0^4 + *J\5 j + 2^4- yfl5 ^ < 3 
Bat (4 + >/TJ) 1 =/=>(4->/i5) 1 = j, / > 0 


2 

Khi do taco bat phuongtrinh / 2 +-~-3<0o/ 3 


■3/ + 2< 0 


o(/-1) 2 (/ + 2)<0o(/-1) 2 <0o/ = 1o^ = 0 

Bai 13. Tim nghiem cua bk phuong trinh : log j (x 2 -2x) > -1 

—1 < x < 1 
2<x<4 

Loi giai: 


A. 


-l<x<0 
2 <x <3 


B. -1 <x<4 


D. 2<x<4 


Dieu kien: x 2 -2x>0<=>x<0ux>2 
Bat phucrng trinh <=>x 2 -2x<f-M =3 


<=> x 2 -2x-3 < 0 <=> “1 < x < 3 


Ket hop dieu kien => dap so : 


-l<x<0 
2 <x <3 


Bai 14. Tim nghiem cua bat phuong trinh : log 1 (x+2)<-l 

3 

A. x<-lux = 0 B. x<~lux>l 

Loi giai: 

Dieu kien : x > -2 


C. x > 1 


D. x>l 



Web: Alika Am 


The Lire -fh.com/Acltheluc The Anh- fh.com/nguyentheanlh teacher 








Mu'.- Logarft 


Nguyin The Anh (Great Teacher) - Nguyen The Lire (Casio Expert) 


Batphuangtrinh ox+2> 


= 3 o x> 1 


2x-l 


Bai 15. Tim nghiem cua bat phuang trinh : log j-< 0 


x+1 


A. x<-lux>2 

Loi giai: 


B. x<lux>2 


C. x<0ux>l 


D. x>2 


Bieu kien: 


2x-l 


>0 


x+1 ox<-lux>- 
x ^-1 


Bat phuang trinh <=> ——- > 1 <=>——--1 > 0 <=> ——- > 0 
x + 1 x+1 x+1 

ox<-lux>2 

Bai 16. Tim nghiem cua bdt phuang trinh : log 2 (2 X -l).log 4 (l x+l -2) < 3 


A. 


x > log 2 5 
9 


x < log 2 


B. log 2 - < x < log 2 5 


C. 


8 


x>log 2 5 

, 9 

x<log 2 - 


D. log 2 - < x < log 2 5 


Loi giai: 


Bieu kien : 2 X > 1 <=> x > 0 

Bit phuang trinh o -^log 2 (2 x -i).log 2 [2(2* -1)] < 3 

<=> log 2 (2 1 - l).[l + log. (2 X -1)] < 6 
Bat log 2 (2*-l) = / 

Khi do taco bat phuang trinh / 2 +/-6<0o-3</<2 

O -3 < log 2 (2 X - 1) < 2 o - < 2 X -1 < 4 
8 

9 9 

o - < 2 X < 5 <=> log 2 - < x < log 2 5 
8 "8 

Bai 17. Tim nghiem cua bit phuang trinh : log x _ 5 (x 3 - 3x+2) + log x+2 (x 2 + x - 2) > 5 

A. x<-2ux = 0 B. x<-2ux>2 C. x>2 B. x>2 

Loi giai: 

Bit phuong trinh o Iog x _, [(a -l) 2 (x + 2)] + log v+ , [(a- +2)(x -1)] > 5 
Bieu kien: l<r#2oU<2ux>2 
=> log,-! (x + 2) + log x+2 (a— 1) - 2 > 0 


Bat t = log x _j (x+2) } thay vao bat phuang trinh ta co : /+- - 2 > 0 
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t 2 -2t + \ , \t*\ JO </<1 

t > 0 [t > 1 

0<log I _,(x+2)<l 
° Jogj-i (*+2) > 1 

l<x+2<x-l (1) 
x+2>x-T (2) 

(1) vo nghiem ; (2) luon thoa man. 

["a-1<a+2<1 (3) 

+ Voi 1 < a < 2 thi ta co : 


+ Voi x>2 thi taco : 


(vo nghiem) 


_x+2<x-l (4) 

Dap so: x>2 

Bai 18. Tim nghiem cua bat phirong trinh : log] log 5 |x/a 2 +1 + aJ > log 3 log] ^Jx 2 + 1 -a| 


A. 


a>0 


12 


12 B. 0<a< 
x <— 5 

5 


C. 


3 

a>0 

12 
x < — 


D. 0<a< 


12 


Loi giai: 

Dieukien a>0 

Bit phuong trinh <=>log 3 logj (^jx 2 +1 - x j+log 3 log 5 ^ jx 2 +1 + x j < 0 


<=>log 3 

olog 3 


logj (\lx 2 +1 — A j.logj l^lx 2 +1 + a| 


<0 


logj [4x 2 + 1 + x j J < 0 
<=> logj (ylx 2 + 1 + A j < 1 
-1 < logj ^yjx 2 +1 + A j < 1 

logj(x/x 2 +l+x)>-l [ > /7+T 

io g j(V7+I+x)<i [^/7 +T+x<5 

fs%/jc 2 +1 >1-5 a 12 

o _ <=> 0 < a < -— 

[47+1 < 5-x 5 

Bai 19. Tim nghiem cua bit phuorng trinh : 


1 

+ x > — 
5 


log,(x+l) 2 -log 4 (s+l) 3 


jc 2 - 5 a +6 


>0 


A. 


a>0 


x < 6 

Loi giai: 


B. 0 < X < 6 


C. 


A > 0 

x <6 


D. 0<a<6 
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Dieu kien 


(x + l) 2 >0 
(x+l) 3 >0 o 
x 2 -5x-6 ^ 0 


x ^-1 

x >—l <=>-l<x^6 
x^-l;6 


Bit phuangtrinh o ^g^' + ^-log^.k^ + l) >Q 

x“-5x“6 


(2-3log 4 3).log 3 (x+1) log 3 (jc+1) 


x -5x-6 
x<-l,x>6 


■<0 


x 2 -5x“6 

!x 2 -5x- 6>0 
|log 3 (x+l) < 0 

fx 2 -5x-6<0 
[log 3 (x+l)>0 

Dap so : 0 < x < 6 

Bai 20. Tim nghiem cua bdt phuang trinh : (4* — 12.2 X + 32).log 2 (2x-l) < 0 


x<0 

-1 <x<6 
x>0 


<=>x<-l (load) 


«0<x<6 


"1 

-<x<l 

2 

B. 

- < x < 1 

2 

c. 

1 

-<X<1 

2 

D. 

_2 < x <3 


_2 < x < 3 


2 < x < 3 



A. 


Loi giai: 


Dieu kien : x > 


1 

-<x<l 

2 

2 <x<3 


1 


Bat phuang trinh O 


Dap so: 


<x<l 


2 

2 < x < 3 


4 X -12.2* +32<0 
log 2 (2x-l)>0 

4 X -12.2 X + 32>0 
log 2 (2x-l)<0 


4 < 2 X < 8 
2x-l >1 

2 X <4u2 x >8 


o 2 <x<3 
1 


o - < X < 1 

0<2x-l<l 2 
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CHUYEN BE SO PHUt 

Chuyen de So phirc cung cap cho cac em kien thuc co* ban va cac dang bai toan quen thuoc. 
B6ng thoi cung c&p cho cac em Skill dung may tinh CASIO bo tro’ giup giai trite nghiem 
nhanh hon. May tinh chi la “cay kiem site” giup cac em giai nhanh khi cac em hieu ban chat 
cua van de© 

1.1 SO PHtfC CO BAN 

A. Kien thuc co* ban: 

1. Khai niem chung: 

© Tap hop C la tap hap cac so phuc. 

© So i la nghiem cua phuang trinh x 2 +1 = 0 hay i 2 = -1. 

• M6i bilu thuc dang a + bi, vai a, be M, i 2 = -1 dugc goi la mot so phuc. 

Vidu: 2+3/; -yjl + 4/; l + (-3)/ (convietla 1-3/); 1 + 72/(con viet la 1 + /72) 

© Vai so phuc z = a+ bi (a, be M): 

a la phan thuc 
b la phan ao 
i la do*n vi ao. 

• M6i s6 thuc a dugc coi la mot so phuc vai phan ao bang 0: a = a + 0/. 

M6i so thuc cung la mot so phuc. Ta co R c <C. 

© S6 phuc 0 + bi dugc goi la so thuan ao va viet dan gian la bi: bi = 0 + bi. 

• Dac biet: i = 0 + 1 i 

0 = 0 + 0 /. 

2. Hai so phuc b5ng nhau: 

Hai s6 phuc la Mng nhau nlu phdn thuc va phan ao cua chung tuong ung bang nhau. 

Cho hai so phuc: r = a + bi;z’ = a’ + b’i (a, b, a\b' 6 1) 

z = z’ <=> a = a’ va b = b’ 

3. Bieu diln hinh hoc so phuc: 

Bilm M (a ; b) trong mot he toa do vuong goc cua mat phang dugc goi la diem bieu dien so 
phuc z = a + bi. 

- Mat phing toa do bilu dien s6 phuc nhu vay goi la mat phang phuc. 

- Goc toa do O bieu dien so 0. 

- Cac dilm tren true hoanh Ox bilu diln cac s6 thuc, nen true Ox con goi la true thuc. 
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- Cac diem tren true tung 0 y bieu dien cac so ao, nen true 0 y con goi la true ao. 
* Vi du: 

■ Diem A bieu dien so phuc 2 + 3 i. 

■ Diem B bieu diin s6 phuc 1 - 3 i. 

■ Diem C bieu dien so phuc -2 - 1 L 
* Diem D bieu dien so phuc 2 i. 

4. Modun cua so phuc: 


Modun cua so phuc z = a + bi (a, b £ 
duoc ki hieu la \z\. 

\z\ = |a +bi\ = Va 2 4- b 2 



5. So phuc lien hop: 

Cho so phuc s = a + bi. Ta goi a - bi la so phuc lien hop cua 
Ki hieu: z = a- bi. 


Tren mat phang toa do, cac diem bieu dien z va z doi xung vori nhau qua true Ox 
- Taco: z = z; |z| = |r|. 

B. Bai tap vi du: 

Dang 1: Cac bai loan tim so phtre, Tim phan thuc, phan ao cua so phuc ,tinh modun, tim so 
phuc lien hop va cac dai luong khac: 

Vi du 1: Xac dinh phan thuc va phan ao cua cac so phuc sau: 
a) z = l+5/ ' b) z = 2 

c) z = 3i d) i = 0 


Blnh Juan: Day la phan di, tuy nhien khong duoc chu quan, hoc sinh khi di thi thuong coi thuong 
phan nay ma khong chiu de y ki. 

® L6i sai ca ban hoc sinh thuong mic 16i do la tra loi “Phin ao la 5 F\ Vdi s6 phuc z = q+ bi thi 
phan ao la b chu khong phai la bi. 

• Lai giai: 
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a) z = 1 + 5 i eo phan thuc la 1, phan ao la 5. 

b) z = 2 co phan thuc la 2, ph§n ao la 0 (day la mot s6 thuc). 

c) i = 3/ co phan thuc la 0, phan ao la 3 (day la mot so ao). 

d) z = 0 co ph£n thuc la 0, ph£n ao la 0 (vua la so thuc vua la so ao). 

Vf du 2: Cho sd phuc: z = (2x + 4) + (3 - y)i (vai x, Tim x, y de: 

a) 2 la so thuc. 

b) ilasoao. 

® Lai giai: 

a) 5 la so thuc <=> 3-y = 0 <=> y = 3. 

b) z la so ao <=> 2x + 4 = 0 o x = -2. 


MU* 


Vi du 3: Tim modun cua cac so phuc sau: 

a) 57 = 3 + 4/; b)5 2 =12-5/. 

® Lai giai: 

a) M = |3 + 4/| = V3 2 +4 2 = V25 = 5. 

b) \s 2 \ = |12 - 5/| = V 12 2 + (—5) 2 = Vl69 = 13. 

Vi du 4: Tim s6 phuc lien hop cua cac so phuc sau: 


a) i] — 2 + 2/; 
c) ?* = -3; 

• Lai giai: 
a) z[=2-2 /; 


b) 52=1-/; 
d) 5, = /. 

b) ^ = 1 + /; 


c) z 3 =- 3; 


d) z 4 =-/. 


Vi du 5: Tim x, y (x, y G E) thoa man: 


a) 2x-y + (5x + 4)/ = 3 + (3y + 11)/ (1) 

b) 2x + 3y-2/ =x + (x +y)i (2) 


® Io7 giai: 


N /1N ( 2x - y = 3 ( 2x - y = 3 (x = 2 

a) (1) ^{5x + 4= 3y + ll~ i5*-3y = 7~iy = r 

, (2x + 3y = x (x + 3y = 0 (x = —3 

b) (2)<=> {_ 2 = x + y *=* h + y = _2 <= ^|y = i • 





Web: AUka.vn 


The Luc - •fb.com/Ad.thektc The Anh - fb,cam/nguyentheanluteacher 






SO PH O'C 


Nguyen The Anh (Great Teacher) - Nguyen The Luc (Casio Expert) 


*■ 

'y 

. *A 

X 

4 i i Jj 

i 111* 

B *.*• 


•3- 

• c 

4- 



Dang 2: Bieu dien hinh hoc so phuc: 

Vi du 1: Cho cac so phuc zj = 1 + 2 i; z 2 = -2 - lz; zj = -3 i. 

Bieu diln cac so phuc tren trong mat piling toa do. 

Blnh luan: Day la dang de kilm dilm, dl lam. 

Loi giai: 

Diem A(1 ; 2) bieu dien s6 phuc zj = 1 + 2z. 

- Diem B(-2 ; -1) bieu diln so phuc r 2 = -2 - lz. 

- Diem C(0 ; -3) bieu diln s6 phuc z$ = -3z. 

Vi du 2: Tren mat phang toa do, tim tap hop diem bieu dien cac so phuc z thoa man dieu kien: 

a)Phan thuc cua z bang 1. b)Phln ao cua z bing -2. 

Gia s uz = x+yi (x , y E M), khi do tren mat phang toa do Oxp, diem M(x ; y) bieu dien so phuc z. 

a) Phan thuc cua z bang 1. 

* Lai giai: Phan thuc cua z bing 1, tuc la x ~ 1, y E R. 

Vay tap hap cac dilrn bilu diln s6 phuc z la duang thing x = 1 tren mat 
phang toa do 0 xy (hinh a). 

b) Phan ao cua z bang -2. 

* Lai giai: Phin ao cua z bing -2, tuc la;; = -2, xER. 


Vay tap hap cac diem bieu diln s6 phuc z la duang thing ;; = -2 tren mat phing 
toa do 0 xy (hinh b). 

Utah < 

c) Phan thuc cua z thuoc klioang (-1 ; 2). 

* Lai giai: Tuc la x E (-1 ; 2 \y E R. 

Vay tap hap cac diem bieu dien so phuc z la cac diem nam giua hai 
duang thang x = -1 va x = 2 (phan gach cheo) tren mat phang toa do O xy 

Mhihil 

(hinh c). 

d) Phan thuc va phin ao cua z diu thuoc doan [-1; 1 ]. 

* Lai giai: Tuc lax E E [-!;!]. 


Hinh b 


'"3.1.1.o 


•3* 



Li 
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Vay tap hap cac di§m bi£u diin s6 phuc z la cac diem thuoc hinh vuong (ke ca canh) dugc ve tren 
hinli d mat phang toa do Oxy . 

Vi du 3: Tim tap hap diem bieu diin cac s6 phuc z thoa man dieu kien: 

Hinh a 

a)M = l- 


Ta co: \z\ = 1 <=> -yjx 2 + y 2 = 1 <=> x 2 + y 2 = 1. 
Vay tap hap diem bieu dien s6 phuc z la dudng 
tron tarn O, ban kinh bang 1 (hinh a). 

b) H<1. 


Ta co: \z\ < 1 <=> -sjx 2 + y 2 < 1 <=> x 2 + y 2 < 1. 
Vay tap hop diem bieu dien so phuc s la hinh tron 
tarn 0, ban kinh bang 1 (ke ca cac diem tren 

duong tron) (hinh b). 
c)l<H<2. 

Ta co: 1 < |r| < 2 <=> 1 < x 2 + y 2 < 4. 

Vay tap hop diem bieu dien so phuc z la phan nam 




v//M 




Hinh c 


W4 


\m//A 

M, 

wM 










,,, 


giua dudng tron tarn O, ban kinh bang 1 (khong ke dilm tren duong tron nay) va dudng tron tarn 
0, ban kinh bang 2 (kl ca cac diem tren dudng tron nay), 
d) |r| =1 va phln ao cua z bang 1. 

Phan ao bang 1 tuc lay = 1 
|z| = 1 <=> x 2 + y 2 = 1 x = 0. 

Vay tap hop cac diem can tim la A (0;1) (hinh d). 
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1.2 Cong, trir, nhan va chia so phuc 

A. Kien thuc co* ban: 

1. Phep cong va phep trir: 


(a + bi) + (c + di) = (a + c) + (b + d)i ; 

( a + bi) - (c + di) = (a + c) - (b + </)/ * 

II. Phep nhan: 

1. Cac gia tri luy thira cua i: cac em nho* cho thay: / 2 = -1 

Ta co: i 3 = i 2 .i = —i; 

i 4 = (j2)2 = (—1)2 = i. 

Tong quat: i 4fc = 1 ; 

i 4ft+ l = i*; 

i 4 * +2 = ; 

i*k+ 3 = -/ # 

2. Phep nhan: 

Cach tinh: (a + 6/)(c + <iz) = ac + adi + bci + bdi 2 = ac + adi + bci — bd. 


(a + bi)(c + di) = (ac -bd) + (ad +bc)L 

- Chu y: Ta khong nen hoc thuoc cong thiic tong quat tren, se de dan d£n nho nhdm lan, 
khuyen dung nen trinh bay nhu each tinh, vua khong phai nho nhieu cong thuc d! gay l§n 
Ion, vua chfnh xac hon. 

- Phep cong va phep nhan cac so phuc co tat ca cac tinh chat cua phep cong va phep nhan 
cac so thuc. 

III. Phep chia: 

1. So phuc nghjch dao: 

Cho so phiic z- a + bi(a> b E R). 

So phiic jt ’ la so phuc nghich dao cua z: 

,_ 1 __ a-bi _ a-bi _ a-bi __ z 

z a + bi (a + bi)(a-bi ) a 2 -{bi) 2 a 2 +b 2 \z\ 2 ' 

2. Phep chia: 

Thuong ~ cua phep chia so phiic r’ cho so phiic z khac 0 la tich cua r’ voi s6 phiic nghich dao 
cua z. 
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c + di _ (c + di)(a—bi) _ ac + bd ad —be 
a 4* bi {a + bi){a — bi) a 2 -\-b 2 a 2 +b 2 


c+di 

® Chu y: Trong thirc hanh ? de tinh thuong , ta nhan ca tur va man vdi so phuc lien hap cua 
a + bi. 

Bai tap vi du: 

Dang 1; Phep cong, phep tru*: 

1. Vi du 1: Thirc hien cac phep cong so phuc sau: 

a) (2 + 4/) + (1 + 50 ; b) (3 - /) + (4 - 2/); 

c)(-i +0 + H-20; d)(5-0 + (-5 + i ). 

® Lai giai: 

a) (2 + 40 + (1 + 50 = (2 + 1) + (4 + 5)/ = 3 + 9/. 

b) (3 - i) + (4 - 2 i) = (3 + 4) + [(-1) + (-2)] / =7-3/. 


c) (-1+/) +(-1-2/) =-2-/. 


d) (5-/)+ (-5 +/) = 0. 

2. Vf du 2: Thuc hien cac phep trur s6 phuc sau: 

a) (12 + 40 - (6 + 20; b) (-3 - /) - (3 + 2/); 

c) (2 + 50 - (-2 - 80; d) (19 - 9/) - (19 - 9/) • 


® Lai giai: 

a) (12 + 40 - (6 + 20 = (12 - 6) + (4 - 2)/ = 6 + 2/. 

b) (-3 - 0 - (3 + 2 0 = (-3 - 3) + (-1 - 2)/ = -6 - 3/. 


c) (2+ 5/)-(-2-8/) = 4+ 13/. 


d) (19 -90 -(19-9/) = 0. 


Dang 2: Phep nhan: 

Vi du 1: Thuc hien cac phep nhan sau: 


a) (4 + 20(2 + 50 ; b) (3 - 0(2 - 3/); 

c) (-3 + 40(1 - 0 5 d) (3 + 2/)(l + /)(2 - 20. 

® Lai giai: 

a) (4 + 20(2 + 50 = 8 + 20/ + 4/ + 10i 2 = (8 - 10) + (20 + 4)/ = -2 + 24/. 
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b) (3 - /)(2 - 30 = 6 - 9/ ■- 2/ + 3i 2 = (6 - 3) - (9 + 2)i = 3 -11 /. 

c) (-3 + 40(1 - 0 = (-3) + 3/ + 4/ - 4i 2 = 1 + 7/. 

d) (3 + 20(1 + 0(2 - 20 = (3 + 3/ + 2 i + 2i 2 )(2 - 20 
= (1 + 50(2 - 20 = 2 - 2/ + 10/- 10i 2 = 12 + 8/. 

Vi du 2: Tinh gia tri cac bieu thuc sau: 

a ) (2 + 5i) 2 ; b) (3 - 4i) 2 ; 

c) (2 + i) 3 ; d) (1 - 3i) 3 . 

© Lai giai: 

a) (2 + 5i) 2 = 2 2 + 2.2.5/ + (5i) 2 = 4 + 20/ - 25 = -21 + 20/. 

b) (3 - 4i) 2 = -7 - 24/. 

c) (2 + if = 2 3 + 3.2 2 . / + 3.2. i 2 + i 3 


= 8 + 12/ — 6 — i = 2 + 11/. 


d) (1 - 3/) 3 = -26 + 18i. 


Dang 3: Phep chia: 

Vi du 1: Thuc hien phep chia so phuc sau: 


a) 


14+221 
l+4i ’ 


b) 


16+lli 
3—2i ' 


® Lai giai: 


a) 

b) 


14+22 i 

(14+22/)(l—4i) 

14-56/+22/-88/ 2 

102—34i 

l+4t 

(l+4/)(l-4i) 

l 2 —(4/) 2 

— 6 — 2 1, 
17 

16+lli 

(16+ll/)(3+2i) 

48+32/+33i+22i 2 _ 

26+65 i 

3—2i 

(3-2i)(3+2i) 

3 2 —(2/) 2 

13 =2 + 5L 


2. Vi du 2: Tim so phuc z thoa man: 


a) -(4 + 5/) =17 +11/; 
* Lai giai: 


b) 


5-3/ = 


43+15t 

z 


17+11/ _ (17+ll/)(4—5/) _ 123-41/ 
4+5/ _ (4+50(4—5/) 


= 3 — i. 


a) z.{4 + 50 = 17 + 11/ <=+ z '■ 

Vay z=3-i. 

b) Bieu kien: z + 0. 

. _. 43+15/ 43+15/ (43+15/)(5+3t) 170+204i 

5-3 1 = -«.- =-- --—-- --= 5 

_z_ 5-3/ (5-3/)(5+3Q 34 
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(thoa man dieu kien) 

Vay z = 5 + 6 i. 

1.3 Phuong trinh bac hai vol he so thuc 


A. Ki£n thirc co’ ban: 

1. Can bac hai cua so thuc am: 

TTr dSng thuc i 2 = -1, ta noi i la mot can bac hai cua -1; -i cling la can bac hai cua -1, vi 

(-0 2 = -i. 

Tong quat: Cac can bac hai cua so thuc a am la ±ij\a\. 

Vi du: Can bac hai cua -2 la ±h/2. 

Can bac hai cua -3 la ±iV3. 


Can bac hai cua -4 la ±2 i. 

2. Can bac hai cua so phuc: 

2 = x +yi (x, y E M) la can bac hai cua so phuc w - a + bi (a, b G E) khi va chi khi z 2 = w, tuc la 
(x + yi ) 2 = a + bi. 


Do (x + yi) 2 = x z - y 2 + 2xyi nen 


|x 


y 2 = 


a (l) 

2xy = b (2) 


Giai he phuong trlnh tren (thay phuong trlnh (2) vao phuong trlnh (1)), he phuang trlnh co hai 
b b 

nghiem (X 0 ; —); (~X Q ; - —). 

Vay s6 phuc w co dung hai can bac hai (hai so doi nhau). 

3. Phuong trinh bac hai voi he so thuc: 

Cho phuang trinh bac hai ax 2 + bx + c = 0, voi a, b, c G M, a * 0. 

Xet biet s6 A = b 2 - 4ac cua phuang trinh. Ta thay: 


® Khi A = 0, phuang trinh co mot nghiem thuc x - — —; 

® Khi A > 0, co hai can bac hai (thuc) cua A la ±VA va phuang trinh co hai nghiem thuc phan 
biet, dugc xac dinh bai cong thuc: 

-d±VA 

® Khi A < 0, phuang trinh khong co nghiem thuc vi khong t6n tai can bac hai thuc cua A. 


Tuy nhien, trong tmong hop A < 0, nkx xet trong tap hop sd phuc, ta vln co hai can bac hai 
thuan ao cua A la ±iy/ ]a|. Klii do, phuang trinh co hai nghiem phuc dugc xac dinh bai cong thuc: 


* 1,2 = 


-b±ij jA| 


2 a 


* Nang cao: Phuang trinh bac hai vai he so phuc: 
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- Neu A = 0, phuang trinh co nghiem kep: Z x = z 2 = — — . 

- Neu A =£ 0 thi phuang trinh co hai nghiem phan biet: 

-b+y -b-y 

z =-; z 2 = - L . 

1 2a 2 2 a 

Trong do y la mot can bac hai cua A. 

* Chu y: Tren tap hop so phuc, moi phuong trinh bac hai deu co hai nghiem (khong nhdt thi4t phan 
biet). 

Bai tap vi du: 

Dang 1: Tim can bac hai tren tap so phuc: 

Vi du 1: Tim can bac hai cua cac so thuc sau: -5; -6; -16; -20. 

® Lai giai: 


-5 

-6 

-16 

-20 

±n/5 

±iV6 

±4£ 

±2h/5 


So thuc 

Can bac hai cua 
so thuc 


Vi du 2: Tim can bac hai cua cac so phuc sau: 

a) w = 5 + 12i; b)w=15-8i. 

© Lai giai: 
a)w = 5 + 12i 

* Cach 1: Goi z - x + yi (x, y G E) la can bac hai cua so phuc w. 

Ta co z 2 = w <=> (x + yi) 2 = 5 + 12 i « x 2 - y 2 + 2 xyi = 5 + 12 i 


(x 2 -y 2 = 5 
** 1 2xy = 12 ^ 


Thay (2) vao (1), ta co: x 2 


x 2 - y 2 = 5 (l) 

y=^(2) 


5«=>* 2 —5 = 0 


« x 4 - 5x 2 - 36 = 0 


<=> x 2 = 9 <=> x = ±3 (thoa man). 


- Voi x = 3 =$y = 2 => z t = 3 + 2i. 

- Voi x = -3 =>y = —2 => z 2 = —3 — 2i. 

Vay w co hai can bac hai la 3 + 2£ va -3 - 2 i. 
' Cach 2: 


Meo: Ta 


thly j. 


5 = 9 


12 = 2 . 3.2 

-4 = 3 2 + (2i) 2 
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Bai lam: 


Ta co: w = 5 + 12i = 9 + 12i — 4 = 3 2 + 2.3.2i + (2i) 2 = (3 + 2i) 2 
Vay w co hai can bac hai la 3 + 2 i va -3 — 2 i. 

* Luu y: 

- Khuyen khich lam theo each 1, tuy dai hon each 2 nhirng se co dap an chinh xac. Chi ap dung 
each 2 khi da nhin ngay thdy meo, vi doi khi chua nhin ngay tMy meo ma phai thu cac trudmg hop 
thi thai gian de thu meo cua each 2 co the con dai hem lam each 1. 

- Nen thu lai bang may tinh bo tui (each dung may tinh bo tui tren tap so phuc se huong dan a cuoi 
chuyen de). 

Vi du: Sau khi lam xong vi du a, thu lai may tinh bang each tinh phep tinh (3 + 2 i) 2 va (-3 - 
2 i) 2 thiy hien k4t qua 5 + 12 i vay la dap an dung. 

b) w = 15 - Si co hai can bac hai la 4 - / va -4 + /. 

* Cach 1: Nhu vi du a. 

* Cach 2: w = 15 - Si = 16 - 8i - 1 = 4 2 - 2.4. i + i 2 = (4 - i) 2 - 
Dang 2: Giai phuong trinh bac hai voi he so thuc: 

Vi du: Giai phuong trinh sau tren tap so phuc: z 2 - 2z + 5 = 0 

• Lai giai: 

Ta co: A = (—2) 2 — 4.1.5 = —16 < 0 

A = -16 = (±4i) 2 A co hai can bac hai la M va —4i 

. . -b+iJ\A\ _2+4 i . i o * _ —b—i-J\A\ _2—4i 

Vay phuong trinh co hai nghiem Z 1 = ——-— = 1 + ll \ Z 2 -—- — = 

1 - 2i. 

© Limy: 

- Trong bai tap ve giai phuong trinh bac hai tren tap so thuc, ta co biet den biet thuc 
A' = b' 2 - ac voi b = 2 b r . Biet thuc nay cung dung voi phuong trinh bac hai tren tap so 
phuc. 

- Tuy nliien, trong SGK khong de cap den biet thuc A'. Theo y kien ca nhan ciia nguoi viet 
sach va kinh nghiem tir thay co giao da tham gia cham thi Dai hoc, chung ta nen tinh theo 
biet thuc A. Vi mot so thay co giao co the vln chap nhan biet (hire A', so khac co the tru 
diem bai lam chung ta. 

® Chuy: 

- Ta co th^ k\km tra lai dap so bang may tinh bo tui. 

- Cach giai phuong trinh bac hai bing may tinh bo tui de cap o cuoi chuyen de. 

Dang 3: Giai phuong trinh bac hai voi he so phuc: 

• Lim y: Dang toan nay la dang toan nang cao, khong de cap den trong SGK, va cung khong 
co kha nang xudt hien trong dh thi tuy£n sinh Dai hoc. Nhung chung ta vin nen biet each lam 
d£ phuc vu cho bai kikm tra o lop va phong trudmg hop xuit hien trong de thi Dai hoc. 
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Vi du 1: Giai phuang trinh sau tren tap s6 phuc: 

z 2 + (3 - 2 i)z + 5 - 5i = 0 


© Lai giai: 

- Buac 1: Xet A = (3 - 2 i) 2 - 4.1. (5 - 5z) = -15 + 8i. 

- Buac 2: Xac dinli can bac hai cua A: 

* Cach 1: Goi w = a + bi (a, b £ E) la can bac hai cua A. 


Ta co: | a 


2 — b 2 = —15 f fl2 ~b 2 = -15 (1) 


2ai = 8 


<=> 


^= 7 ( 2 ) 


Thay (2) vao (1) =» a 2 - (-) = -15 <=> a 4 4- 15a 2 -16 = 0 


<=> a 2 = 1 « a = ±1. 


=* b = ±4. 


=*> A co hai can bac hai la 1 + 4i va -1 - 4i. 

* Cach 2: A = -15 + 8i = 1 + 8i - 16 = l 2 + 2.1.4i 4- (4i) 2 = (1 + 4i) 2 . 
=» A co hai can bac hai la 1 + 4i va -1 - 4i. 

- Buac 3: Ket luan: 

Vay phuang trinh co hai nghiem: 


*1 


-b+y __ (-3+2i)+(l+4i) _ -2+6t 
2a 2 2 


= -1 + 3/; 


*2 = 


-b-y _ (-3+2Q-(l+4i) _ -4-2 i 
2a 2 2 


= —2 — i. 


SKILL BAC BIET 

CASIO SO PHLTC ( Phuc vu cho viec giai nhanh - diet Gon) 
Dang 1: Tim so phuc, so phuc lien hop, tinh argumen, tinh do dai 
Be tinli dugc so phuc cac em phai vao he CMPLX bdng each: 

CMPLX 3 Math 


mm 


Goi thanh phan ao bang each bSm: 

CMPLX 0 Math 
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Tim so phuc z? Ta lam thao tac sau: 

(g[DE)[Il(il(ll®lI)E)13il®BCDB[3)@SCIlE][I]Cl]E]SB[I][=l 

CMPLX 0 Math A 

_ 3 _ ii- 
' 10 , 10 1 

=> Ta dl dang tim ra s6 phuc z 

r.......*.............*.... . 

! VI du 2: Tfnh so phuc lien hap cua z=l+i 

. .*v.*.*.............. 

Tim so phuc lien hop ra sao? 

Be tim s6 phuc lien hap cua z ta dung ham Conjg 


irrl [H [j] BD EE (HI HITI [=] 


CMPLX 0 Math A 

ConjgCl+i) 


1-i 

«•.*........ 

j VI du 2: Tfnh argument cua so phuc z=l+i 

Tuong tu tinh Argument (goc) cua z 



CMPLX 0 Math A 

argQ+i) 



45 


; VI du 2: Tfnh module cua so phuc z=l+i 
Tinh do dai ta dung Abs: 

[siiiFfl FT1 [+1 [sitiFfl (eng) f=l 


l+i 


CMPLX 


J2 

Vf du db m&u 2016: Tim module cua z = (2 + /)(1 - z)+1 -f 3/ cac em co the tfnh z bang may roi 
dung Abs hoac Abs ca bieu thuc do luon dugc: 

CMPLX * 0 Math A 

I(2+i)Cl-i)+l+3> 


2J5 


Dang 2: Tim tap hop so phiic z 


VI du 1: Tim tap hap z thoa man dang thuc \z + 2+/| = \z - 3/ 


A. y~x~~\ B. y = x + l C. y = -x+ 1 D. y = -x -1 

Thdy giai thfch 1 chut vf du z = a + bi thi y cua ho la moi quan he a,b la cai nao trong 
Thi a day minh se lan luot di tfnh 4 dap an 

Bap an A. y = x -1 tucla: b = a~ 1 => Chon b = \00,a = \0\ -»z = 101 + 10i 
Sau do nhap: 
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CMPLX 13 Math A CMPLX 0 Math A 


lX+2+il-lConjgO +IConjg(X)-3iI 


Sau do tinh bang each bam CALC 

CMPLX 0 Math A 


X? 


0 


Cac em nhap la 



Dirge ket qua: 

CMPLX 0 Math A 

lX+2+iHComgO 

0 

Dang 3: Tim can cua so phuc 
Vf du 1: Tim can cua so phuc 7-33 + 56/ 

A. 4+7/ B.-4-7/ C.-4 + 7/;-4-7/ D. 4+7/;-4-7/ 

Cach 1 : Cac em thu dap an : Tinh meo 

M CMPLX B Math A M * CMPLX B Math A 

(4+7i) 2 (-4-71 


-33+561 -33+561 

Cach 2: Tinh khong dua vao dap an 

Cac em ve COMP tinh toan thong thuong: 

Chung ta se chuyen tu dang dai so sang dang lirong giac de tiln hanh khai can 
q+p33q)56)= 

M B Math A 

Pol(-33,56) 
r=65?0=2.103300► 

Khi do cac gia tri goc va ban kinh nay dugc liru o X,Y 

M B Math A M B Math A 

X Y 


65 2.103300425 

Sau khi chuyen dugc sang lugng giac roi thi cac em nho tdi cong kliai can dang lugng giac la 

r = r (cos cp +isin (p) -> 71 = 7r (cos ^ + isin 

Do do minh lai chuyen tir lugng giac sang dai so bang each bam 
qpsQ)$q)QnP2)= 

M B Math A 

RecCJXA-2) 


X=4?Y=7 


Cach 3: Theo SGK : 
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z = 33-56/ = (a+bi) 2 -> 


a 2 -b 2 =33 2 

[lab = -56 



= 33 


M E Math A 

X 2 -(f) 2 -33 


M E Math A 

^) 2 -33)-(X-7) 




E Math A 

-yy 

7 

0 


[r-m 


x= 

L-R= 


E Math A 

-yyj-p 


-7 

0 


Vay dap an la D. 

Vfdu 2: Tim module cua z biet ~ + (l + i)Z = 5 + 2/ 

A. y[2 B. 2yf2 C.yfS D.M 

Huong dan: Cac em nhap vao may tinh nhu sau: 

WIT1ff|[T1fTimWi6irT1liiFl|Tl|T|M[T|[TlRrnf5imf2lM(El(TI 

M CMPLX E Math A M CMPLX E Math A 

X+(l+i)Conjg(X)> «njg(X)-(5+2i) 


Sau do cac em nhap X = 1000 + 100/ 

IcalcI rn fol fol f51 FR rn foTj fol fsHiFTl IenI [=1 

M CMPLX B Math A 

X+(l+i)Conjg(X)P 

2095+99Bi 

6 day cac em se co: 

[2095 = 2.1000 + 100-5 = 20+6-5 
{ 998 = 1000-2 = 0-2 

Mat khac ta dang muon phuong trinh no bang 0 thay vi ket qua vua roi do do 

f20+6-5 = O ffl = 2 | I /- . , , 

—» < o < -> \z = v5 khong tin cac em thu lai ma xem ! 

[ 0-2=0 \b =1 11 

© Luu y: cac em phai lay so dau gan nhat turc la: 2198 = 20+26-2; 2795 = 30-26-5 

BAI TAP TRAC NGHIEM TU* LUYEN 

CHUYEN DE 1: SO PHUt 
DE THI 

Cau 1 Nghiem cua phuong trinh sau tren tap so phuc la X 2 + X + 1 = 0 

a -1±V2 b -l±>/3i c ~l±J2 

2,2 2 

Cau 2 Cho s6 phuc z = 1 - 3i Tmh mo dun cua z 2 la 

A Tio B 10 C 20 

Cau 3 Cho Zj = 2 - 3i vs ^ = 2 + 3i *Mo dun cua i 


D -l±>fe 


D^/io 

) nao Ion nhat 



u, I 
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Az 1 + Z 2 


B z, 


7 7 

L r L 2 


D z, 


p >/n 

2 


D. ^ 25 


T\l + i) 


D. 2-i 


Cau 4 Cho phuong trinh sau tren tap so thuc X 2 + 3x + 5 = 0 cac nghiem cua phuomg trinh tren 
co phan thuc la 

A -1.5 B 1.5 C -Jil 

2 

Cau 5 Tinh (1 + i) 25 

A 2 12 (l + i) B-2 12 (l + i) C.-2 25 

Cau 6 Cho so phuc z=3+4i thi -Jz la so phuc nao 
A. l-2i B. l+2i C. 2 + i 

Cau 7 Chia so phuc 5 - J 21 cho so phurc 1 + y[2i ta dugc so phuc co modun la 
A1 B 2 C 4 D 3 

Cau 8 Cho so phuc z=l+i. Tinh z 3 

A. z 3 = 2 + 2i B. z 3 =2 + 2^i C. z 3 =2+2i D. z 3 = 1 — 2i 
Cau 9 Cho so phuc z thoa man (1 — i)z + (5 + 2 i)z = 3 + 5i ,tinh modun so phuc z 

A. V2 B. 1 C. 2 D. 3 

Cau 10 Tim phan thuc cua s 6 phuc z thoa man (2 + i)z + 2z = 4 
A. 4 B 3 C 2 D-4 

Cau 11 Tap hop cac diem bieu dien s 6 phuc z thoa man di£u kien | z — (3 — 4i)| = 2 

A Hinh tron B Hinh elip C Hinh vuong D Parabol 


Cau 12 So phuc z co modun nho nhat thoa man dieu kien 


A. 


z—1 = 
D. 


z-2-3i 


la 


3 6. B. 3 6. C. 4 6. J). 3 6 

z =- 1 z =- 1 z = — 1—1 z = —i 

5 5 t 5 5 5 5 

Cau 13 Cho s6 phuc z = a + bi(a,b G R)4e diem bieu diln cua Z trong mat phang toa do nam 

trong dudng tron tarn 0 ban kinh R =2 thi diSu kien cua a,b la 
A a 2 +b 2 =4 B a 2 +b 2 =2 Ca 2 +b 2 <4 Da 2 +b 2 >4 

Cau 14 Modun cua s6 phuc z = (l- - yfli) & 

A 5 V 2 B. 3 V2+V7 C. 5^7 ^ D. 4-s/v 

Cau 15 Goi z va z’ la 2 nghiem cua phuomg trinh x 2 +x+l=0, di£u nao dung 

A. z 2 +z’ 2 =l B. z 2 +Z ,2 =-l C. , . 7 D. 

Z~+Z = - 
2 

Cau 16 Cho P = (1 + i) 2010 (1 — i) 2008 ket qua nao sau day dung 

A. P = 2 im B. P = 2 2008 C. P = 2 2009 D. P = i.2 2009 

Cau 17 Nghiem cua phuomg trinh z 2= -9 la 

A. z=3i B. z=-3i C. z=3i va z=-3i D. z=l-H3i va z=l-3i 

Cau 18 cho M va M ? lan luort la cac diem bieu dien so phurc Z va Z ? ,menh de sai la 

A |Z'|-|Z| = MM' B |zj+|z| = MM' C |Z| = 0M D |Z'-Z| = MM' 

Cau 18 Tim binh phuomg modun ciia s6 phuc z = (2 + 4i)(3 - 5i) + 7(4 - 3i) 

A. 3277 B.277 C.77 D. 177 


Z +z = — 

2 


4 
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Cau 19 Cho z = a + bi biit 
A. 0 B.3 


.1 la so thuan ao. z+z =2,khi do a+b=? 


[(5 + 2i)z-3 + 7i] 

C.2 D.l 


Cau 20: Cho s6 phuc Z co phin ao am va thoa man z 2 -3z + 5 = 0 ,tim modun cua s6 phuc 
w = 2z-3+>/l4 

A Bjfc C14 D5 

Cau 21: Tap hop diem bieu diin so phuc z = (1 + i)z + 2 biit |j + j z | = Jz — 2i| ^ 

A. Diem B. Duong tron C. Elip D. Duong thang 

Cau 22: Tap hop cac diem bieu diin so phuc w ,biet w va z thoa man f w — z + 2 — i ^ b’on 


z-2-i=1 


co tarn: 

A (4,-2) B (3,-2) c (2,-2) D (5,-2) 


Cau 23: Cho s6 phuc z thoa man z 6 + 7/>modun cua z la 

1 + 3/ 5 

A 5 B7n Cji DVl3 

Cau 24: Cho s6 phuc z thoa man z - ,s6 phuc w+Z 2 - z co phdn thuc la 

- + z = 2 

1 - 2 / 

AO Bl C 2 _ D 3 

Cau 25: So phuc z thoa man | 2 +1 — 2/j = 5 V1 * ^.Z = 34 co phan ao la 

A. 5 B. 3 C. 4 D. 8 

Cau 26: So vua thuc vua ao? 

A. 0 B. 1 C.i D. 1-i 

Cau 27: Cho s6 phuc: r = (lx + 4) + (3 -y)i (voi x,y G E). Tim x,y de z la s6 thuc 

A. y=3 B. x=-2 C. x=y=3 D. x=y=-2 

Cau 28: Tinh tong \zj\+\i 2 \ biet zj = 3 + 4/ va zi = 12 - 5/. 

A. 17 B. 18 C. 19 D. 20 


Cau 29 Tim s6 phuc lien hop cua cac so phuc z 3 = -3 

A.-3 B.-3+i C. -3-i D. -3-i 

Cau 30: Tim jc, y (x, yGM) thoa man: 2 x-y + (5x + 4)/ = 3 + (3 y+ 11)/ 

A. x=-2;y=l B. x=2;y=l C. -x=2;y=-l D. x=-2;y=-l 

Cau 31: Timx, y(x, y G E) thoa man: 2x + 3y-2i =x + (x + y)i 


A. x=-3;y=T B. x=3;y=l C. x=3;y=-l D. x=-3;y=-l 

Cau 32: Tren mat pMng toa do, tim tap hop diim biiu diin cac si phuc z thoa man dieu kien: Phan 
thuc cua z bang 1 

A. La duong thang x=l 

C. la duong thang x+y=T 


B. La duong thang y=l 
D. la duong thang x-y=l 
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Cau 33: Tim tap hop diem bieu diln cac s6 phuc z thoa man diSu kien: |z| = 1. 

A. dirdng tron tarn O, ban kinh bang 1 

B. dirdng tron tarn O, ban kinh bdng 2 

C. dirdng thang x=l 

D. dudng thang y=l 
Cau 34: Tinh l 2017 

A.i B.-i C. 1 D.-l 

Cau 35: Tinh i 2018 

A.i B.-i C. 1 D.-l 

Cau 36: Tinh (3 + 2/)(l + /)(2 - 2/). 

A. 12 + 8/. B. 12 -81. C. 12 -6;. D. 12 +6i. 


Cau 37: Tinh (1 - 3 l) 3 . 

A. -26-18i. B.-26+181. C. 26+ 181. D. -26 + 8i.. 

Cau 38: Tim z bidt 5 - 31 = . 

Z 

A. 5 - 61 B. -5 + 61 C. 5 + 61 D. -5- 61 

Cau 39: Tim can bac hai cua -3 la 

A. ±iV3. B. —lV3. C. +lV3. D. ±21 a/3. 

Cau 40: Tim can bac hai cua cac so phuc sau: w = 15 — 8i. 

A. 3 + 2 i va —3 - 2 i. B.3 4- i va —3 — i 

C.343iva-3-3i D.3±i 

Cau 41: Tim z bietz 2 - 2z + 5 = 0 
A. 1 + i va 1 - i. B. 1 + 2/ va 1 - 2i, 

C. 3 4 2i va 3 - 2 L D. 2 + 2i va 2 - 2i 
Cau 42: Tim z bi4t z 2 4 (3 — 2i)z 4-5 — 5i = 0 
A. -1 + 3i va 1 — i. B. 1 4- 2i va 1 - 2 L 
C. 3 + 2i va -2 - i. D. -1 + 3 i va -2 - i 

Cau 43. Cho sd phuc z thoa man: (3+2i)z+ (2 - if =4+i. Hieu phin thuc va phdn ao cua sd phuc z 
la: 

A.I 


B.3 


C.4 


D.6 
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Cau 44.Cho z 1 , z 2 lan luot la nghiem cua phuang trinh z 2 + 3(1 + i)z+Si = 0 Tong phan thuc cua 2 


so z l , z 2 la? 
A. -2 


B.-3 


C.-4 


D.-5 


Cau 45: Cho so phuc z = 1 - 3i mo dun cua z la 


A -Jio 


B 10 


C 20 


Dy/20 


Cau 46: cho z 2 = 2 - 3i z, = 2 + 3i • Mo dun cua so nao Ion nhat 


A Z] +z 2 B z, -z 2 


C * l-*2 


D 


, - r+2z + 3 

Cau 47: Tim mo dun cua so phuc z, biet 2 


A. n/3 


B. 76 


, _ z 

Cau 48: Cho so phuc r thoa 1 + / z - 

l-i 


z+\ 

C. 2^3 D. 75 

5 + 7/ .Tim phan ao cua z 


A. 3 B. 4 C. -4 D. -3 

Cau 49: Cho so phuc z - 3 - 2/. Tim phan thuc cua so phuc w = iz - z 
A. 1 B. -1 C. -2 D. 2 

\z+z=l0. 

Cau 50: Tim phan thuc cua cac so phuc z, biet: -j 


4 = 13. 


A. 5 


B. -12 


C. 12 


D.-5 


l.B 

2.B 

3. C 

4.A 

5. A 

6.C 

7.D 

8.A 

9.A 

10.D 

1 l.A 

12.D 

13.A 

14. A 

15.B 

16. D 

17.C 

18.A 

19. A 

20.D 

21.D 

22.A 

23.C 

24. B 

25. A 

26 A 

27.A 

28.B 

29.A 

30.B 

3 l.A 

32.A 

33.A 

34.A 

35 .D 

36.A 

37.B 

38.C 

39.A 

40.A 

41.B 

42. D 

43 .c 

44.B 

45.B 

46.C 

47.A 

48.C 

49.B 

50.A 



j* 

A 
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CHUYEN DE : TICH PHAN 


1. Kien thuc co 1 ban 


1.1. Cong thuc nguyen ham co* ban 


Nguyen ham cua ham s6 ca ban 

Nguyen ham md rong 

jdx = x + C 

ja.dx = ax + C, aeM 

r x a+l 

\x a dx = - +C, a^-1 

J a + l 

f/ >->« .i. 1 (ax+bf* 1 

\{ax + b)dx = — - - —+C 

J a a+l 

f— = ln|x| + C, x^O 

J X 

=—An\ax + b\ + C 
} ax+b a 1 1 

je x dx = e x + C 

[e ax+b dx = -.e ax+i +C 

J a 

f a x dx =—+C 

J In a 

/» 1 n ax+ P 

\a ax ^dx= +C 

J a In a 

Jcosxdt = sinx + C 

jcos(ax: + b) dx = —. sin(ox: + b) + C 

JsinxA = -cosx+C 

Jsin(ax + b)dx - ——. cos(ax: + b)+C 

f— l_ c j x = tanx+C 

f —- dx =—tan(ax + b)+C 

J cos"X 

J cos (ax + b ) a 

f—-r— dx = -cotx + C 

f 1 1 

— - fa -— cot(ax + b) + C 

J sin~x 

J sin (ax + b) a 


1.2. Cong thuc tich phan 

F(x) la mot nguyen ham cua ham s6 f(x) tren doan [a;b] thi 

b 

[f(x)dx = F(x)\ h a =F(b)-F(a) 

a 

1.3. Phu’ong phap doi bien so 

b 

1.3.1. Dang 1 : Until = J/[<p(x)]<p \x)dx 


+ Bat t = cp(x) = (p(x).dx 


+ Doi can : 

X 

a 

b 

<p(h) 

j" f(t)-dt = F(t) 

<p{a) 

m 1 

(p(a) 

Via) 

m 


u 

1.3.2. Dang 2: Tinh I- J/ (x)dx bang each datx = <p( o 


Dangchica \la" —x 2 : Datx = asint, te 


n _n 
" 2’2 


(a>0) 
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1.4. Phiromg phap tich phan tirng phan 


u u u 

* Cong thirc tinh : J/(x)A = ^udv = uvf a - jvdu 


+ Dat 


du = ...dx (lay dao ham) 

dv~... [v =... (lay nguyen ham) 

Ta thuom sap hai loai tich phan nhu sau: 

* Loai 1: 

b 

Jp(x). sin/(x). A 

a 

b 

Jp(x). cos /(x).A => u = P(x) , trong do P(x) la da thuc bac n. 

a 

b 

Jp(x).e /(X) .dx 

a 

b 

*Loai 2 : Jp(x). In /(x).A => u = In f(x) 

a 

1.5. Tinh chat tich phan 

b b 

Tinh chk J: ^kf(x)dx = k J/(x) dx , k: hang so 

a a 

b b b 

Tinh duit 2: j[/(x)±g(x)]A = j/(x)<ir± Jg(x)<& 

a a a 

b c b 

Tinh chat3; J/(x)A = J/(x)A + J/(x)A (a<c<b) 

a a c 

1.6. Dien tich hinh phang 

7.6.7. Dang 7: Cho ham s6 y = f(x) lien tuc tren [a; b], khi do dien tich hinh phang giai han bai d6 
thi ham s6 y = f(x) 5 true Ox va hai duong thang x = a va x = b la: 


Luu y: 


S=|/(x)|A (*) 

a 

S f(x) - 0 vo nghiem tren (a;b) thi 

S = |/(*)|<* = ]/(*)<& 

a a 

S f(x) = 0 co 1 nghiem c € (a\b) thi 

b c 

S = y\x)\dx= J/ (x)dx + \f(x)dx 
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1.6.2. Dang 2: Cho hai ham sd y = fj(x) va y = f2(x) lien tuc tren [a; b]. Khi do dien tich cua hinh 
phang giori han bai do thi hai ham so fi(x), fi(x) va hai duang thing x = a, x = b la: 


(**) 

a 

Lint v: Khu dau gia tri tuyet doi cua cong thuc (**) time him ticang tu doi vai cong thuc (*). 

1.7. The tich vat the tron xoay 

The tich cua klioi tron xoay khi cho hinh phang gioi han bai cac duang 
y = f(x). true Ox va hai duang thang x = a, x = b quay xung quanh true Ox la: 

b 

V = n\f\x)dx 

Lim v: Dien tich, the tich deu la nhung gia tri duang. 

2. Vi du minh hoa 

.................. 

j Vi du 1; Tinh cac tich phan sau 

1 1 7t 

1 ! A= J(2x+e*)dx 2/B= ^2 x (e x + l 2}dx 3/C = J(sinx+cos*) dx 


A f ,.2 


I 4/D- 


x* + 2*Jx + 3 


71 

dx 5/E = J(x-sin2x)A 


Lbi gidi 


1 11 ii 

IIA = ^(ix+e^ck = ^2xdx + ^e x dx = x 2 ^+e x ^ = l-0+e-l = e 


0 0 
1 


2/5= \l x (e x +i)dx= \(2e) x dx+5\l x dx 




ln2e 


+ 3- 


ln2 


f 2e_-}} 
ln2e j 


ln2 


3 IC= J(sinx + cosx)<& = Jsinx<&+Jcosxafr = -cosx|* +sinx|* = 2 

i 


■ in (1 1 -v/x 3 
4/2)= -+- 4 -+— 

J v 


lV X X X J 


dx= Jl —+x 1 +3x 3 


<2e = ln|x|| 4 --x 2 
1 1,1 3 


It ' 71 j 

1 xdx - |sin2 xdx ~ —x 1 

’ i . 
+—cos2x 

J J 2 

0 0 ^ 

o 2 


1 

* _2 
7t 


3 _ 2 |4 

•2 11 


Vi du 2. Tinli cac tich phan sau 


_____ 1 

1/1 = jxjx + 3dx 2 / J = J- 


2jc + 1 


1 + \j2x +1 


dx 


f 1 21nx + l N 

+ 


3/K= f -L + - lp . ? + \ dx 4/L- [f x + 
\4x x(lnx-f-l) J ]{ 


1 


\ 


2e x + l 


dx 


Ldi gidi 



% 


091 
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o 

1 11= JW* + 3 dx 


i 

® Dat^x-f 3 = t ta dugcx + 3 = t 2 =>dx = 2tdt 
© Doi can: x = l=>/ L = 2;x = 6=>/ = 3 


Khi 


<36/= J(2/ 4 -6/ 2 )^* = ( —/ 5 -2/ 


232 

5 


2/J=[ 


A 


2x + l 

q 14* V3x+T 

_ t 1 2 

® Datv3x4-1 =/ taduoc x =- ■=> dx = —tdt 

'3 3 

® Doi canx = 0 => / = 1; x = 1 => / = 2 

, 2 / 




® Khi do J = — f- 
Q J 

3//f=j 


2 2 f2/ 3 +/ 


9f 1+/ 9 

dx 


\ 


dt = - 2r -2t+3- 


t+1 


, 28 2, 3 

fift =-In- 

27 3 2 


1 21nx + l 
+ 


</it jc(Iiijc+I) 

f | 

® Tinh^ = ^—F=dx ta dugc ket qua K x = 2^\[e - 1 j 

i V* 

® Datlnx = t ta dugc dt~ — 

x 

© Doi canx = l=>/ = 0;x = e=M = 1 
• Khido/s: 2 = J— df=(2/-ln(/+l))[=2-In2 

A t 4" 1 


4/1= J 


Vay ta dugc K-K x +K 2 = 2~Je - In 2 

1 


x + - 


2<? X 4-1 

In 2 


A 


r ' I 2 

® Tinhl, = J xdx ta dugc ket qua I = — In 2 

o ^ 

In 2 j 

© Ti'nhjL = f - dx 

- o 2e* +1 

» Date 1 = t ta durgc e x dx - dt 
® B6ican x = 0=>t = l;x = ln2=>/ = 2 

. Khi doL = = (lnt-ln(2/ + l))| 2 =ln2-ln- = ln- 

2 //(2/ + 1) V V 3 5 

1 2 6 

® Vay ta dugc L = Zj + Z, 2 = —In 2 + ln — 
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Vi du 3. Tmh cac tich phan sau 

71 

* 4 i n 

1/1= J(l-sin 3 x)cos^:A: 2 / J = j—— 2 - —dx 3/K- |(siiix + jc)sinxife 

. sin X COS X 


Lei giai 


1/7= J^l-sin 3 x)cosx<7x: 
o 

© Datsinx = /=> dt = cosxdx 

71 

© Doi canx = 0=>/ = 0;x = —=>/ = l 

2 


© Khi do7 = J(l-/ 3 y/ 

71 

4 i 

•'em vr 


|=| '-C 


3 

4 


-dx 


fsin xcos x 


-1 


© Batcotx = t => dt -——dx 
sirTx 

• . _ 71 [T 71 

• Doi canx = — =>t = v3;x = — =>t = 1 
6 4 


if, if, if, 2 n 


( 2 

i 'j 

[ 1 +— Jl- |[l + —+ -7 

il 

/- 


rv r) 11 r t 4 J 


L t 

3?J 


4 


hH 1 

’ 27 + 3 


« 7T 77 

3/K = J(sinx + x)sinxA= Jsin 2 x£& + JxsinxA: 
o oo 

© Bat = Jsin 2 xdx = J-— C0S ^ X dx-~ 7 t 


n 

K 2 = jxsinxdc 


du = dx 


o 

U—X 

dv = $mxdx [v = -cosx 

n 

© Z 2 = --xcosx|* + jcosxak = ;r + sinx|* = # 
o 

* Chu y: Ta thirmg dat t la can , mau. 

- Neu ham co chua dau ngoac kern theo luy thira thi dat t la phdn ben trong ddu ngoac nao co 
luy thura cao nhat. 

- Neu ham chua mau so thi dat t la mau s6. 

- Neu ham so chua can thuc thi dat t = can thuc. 
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, dx 

- Neu tich phan chua — thi dat / = lnx. 

x 

- N6u tich phan chua e x thi dat t — e x . 

, dx j~ 

- Neu tich phan chua —j= thi dat t = y]x. 

yJX 

, dX 1 

-Neutich phan chua — thi dat / = —. 

X X 

- N6u tich phan chua cos xdx thi dat t = sin x. 

- Neu tich phan chua sinxxfo thi dat t = cosx. 
dx 


- Neu tich phan chua 


cos 2 x 

dx 


thi dat t = tan x. 


- Neu tich phan chua — 7 — thi dat t = cotx. 
sin x 



LM giai 


z 

a) /= Jxsinxafr 




u — x 

dv = sin xdx 


du = dx 
v = -cosx 


/ 


n 


n 

1 = ~XC0SX|2 


+ 


Jcosxafc 

0 


£ 

= 0-0 + sinx|| =1 


e 

b) J = Jxln xdx 

1 


fw = lnx 
[dv = xdx 
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\u-x 


[du-dx 


✓ j 

<iv = 

£ = xe*| - fe 
lo J 

0 

[v = e* 

= e~e x \ = 
lo 

=1 

Vi du 4. 

2 

i//=j 

1 

Tinh cac tich ] 
^ 2 l-X 2 ) 

V * + * J 

Mn sau 

hi 4 

dx 2/J= | 

h; 

JLdf gidi 

>»-) 

{ x+x , 

2 : 

dx = J; x 2 dx + 

l , 2 

f . 

'X + X 


W-1 


In xdx 


* ] 

Tinh /j = JxVx = -x 3 


h = [— —j dx = J~- dx = - ^- -dx- -In 

?x + x M . J 1 


1 *■' 

2 T5’ _1 2 /(t + x I (\ ^ 

—+ x 

U ; 


1 —f- X 

X 


1 —+ x 

X 


= ln- 


Vay / = /.+/, = - + ta 


In 4 / * \ in 4 In 4 , 

2 /J = f K+-r=- A = fe*A + f- 7 ==-A 

o l Ve*+ 2 j 0 0 4e +2 

ln4 

J, = j>A = 


0 

Ln4 


r| ta4 « 

2 e =3 

lo 


in + | ^ 

«/■> = f - 7 =—A; / = =>./ 2 = e* => 2/<# = e* A => dx =—dt 

0 ye* +2 t 

\ 2 * ^ 

=> J 2 = J———<# = In 


/(/ + 2 ) 


V? + 2 


= ln- 
2 


Vay J = J, + J 2 = 3 + ln- 
2 2 -1 

3 /K= f X - In xdx 

J v~ 


Bat 


w = tax 
x* — 1 

dv = ^Adx 


du- — dx 
x 

1 ' 

V = X H— 

X 


r 0 

tax 

* v I s ] 

*+- 

- |u+- 

V X) 


1 rv x) 
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K- 


( 0 


2 

f n 

X H— 

lnx 

— 


\ 


1 

l x) 


2 2 


VI du 5. Tinh dien tich hinh phang gidi han bdi cac dudng sau 

a) y - x 2 9 true hoanh va hai dudng thang x=0, x=2. 

b) y = x 2 , y ~ -2x + 3 va hai dudng th^ng x =0, x=2. 

c) y = x 2 , y = x + 2 

Lcn gidi 

a) y = x 2 , true hoanh va hai dudng thang x= 0, x=2. 

✓ Tren [0; 2] ta co x 2 = 0 <=> x = 0 € [0; 2] 

S Dien tich cua hinh phang da cho: 


S = j|x 2 |<& =-x 


b)Bat f l (x) = x 2 , f 2 (x) = - 2x + 3 

Ta co: f x (x) - f 2 (x) = 0 <=> x 2 ~ (-2x + 3) = 0<=>x 2 +2x-3 = 0<=> 

S Dien tich hinh phang da cho 

2 

S = |x 2 + 2x-3| ebe 


x = l€[0;2] 
x = -3^[0;2] 


1 2 

j(x 2 + 2x - 3 )dx + J(x 2 + 2x - 3 )cbc 
0 1 


0 

( Y 3 

— + x 2 -3x 
3 


V 

1-2 

3 


3 

—+ x 2 -3x 

V3 


/ 


Q 1 

- + 4--6-1 + 3 

3 3 


5 7 

:_+-=4 
3 3 


c) Ta co: x 2 - (x + 2) = 0 o x 2 - x - 2 = 0 <=> 
Dien tich hinh phang 


x = —1 
x = 2 


2 

/ 3 v 2 \ 

2 


f x 2 — x — 2 1 dx = 

5--—-2x 


= 

J ! 1 

-i 

3 2 J 

-1 



--2-4+-+—-2 

3 3 2 


9 

2 


VI du 6. Tinh the tich vat the tron xoay sinh ra khi quay hinh (D) quanh true Ox biet (D) gidi han 
bdi y = l-x 2 , y = 0 

Loi giai 

S Taco: 1-x 2 =0<=>x = ±l 




V;sf 

Ntikti'f'* 
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u 

S Ap dung cong thuc: V = 7t^f 2 ( x)dx 

a 

1 I 

S Taco: V -n ^(\-x~) 1 dx = n +x^dx-7i 


2x 3 

x -+ — 

3 5 


= 7t 


2 1 


1-1— ~ —1h- 

3 5 l 3 5 


2 1 


=, 12 - 1 + 11 = 15 *: 

3 5j 15 


CASIO XU* GON NGUYEN HAM - TICH PHAN 
Tinh nguyen ham - tich phan 

a. Tich phan xac d|nh: Dang nay kha don gian cac em chi can nhap true tiip tich phan 
can tinh va bam = de ra KQ 


Z ^ 

Vi du 1: Tinh tich phan sau: \e x —~dx 

J x 


Cac em nhap nhu sau: 

®g)@Qnj@CD®Qn30{iiQ]®H(I)li!)[I]®<g>® CD® CH E=) 

Va day la ket qua : 


I 


-i v 

i x 7 


0.1011388899 

De luu lai gia tri tich phan de tien cho viec so sanh cac em luu vao A bang each: 


AC \m SHIFT RCL (-) 


Trich de mau 2016: 
l.Tinh tich phan: I = J- 


Vi du ap dung 


5x+7 
x 2 +3x + 2 


-ebe 


A. 21n3 + 31n2 


B. 21n2+31n3 


j. 

2. Tich phan: 1 = Jx 2 lnxdx co gia tri bang : 


A 8, „ 7 

A. -In2 — 
3 3 


B. 8 In 2 - — 
3 


C. 21n2+ln3 


C. -In2- — 
3 9 


D. 21n3+ln4 


D. 241n2-7 


Vi du 2: Tinh dien tich hinh phang duoc giai han bai dd thi ham sd co phuerng trinh: 
y = -a ' 2 + 2x+l ,y=2x 2 - 4x+1 


Trade het ta tim hoanh do giao diem de biet can da: 

Giai: (2x 2 - 4x +1) - (-x 2 + 2x+l )=0 
(Cac loai khac khong phai bac 2 hay 3 thi cac em giai nhu phan a HD a phia 
BPT) 


ori tai lieu ve PT- 
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E Math 

-E C Q] ^ 1 = 


0 Math? 


X2= 


0 MathTA 


0 


Sau do chi viec ti'nh (Xem them ti'nh nang Abs a bai so phuc) 

® @ IS (S H Q] (3 El El ill CD ® ® (B ® [3 (=1 


0 Math A 


Jol3X 2 -6Xldx 


b. Nguyen ham : tfch phan khong co can, do do ta phai cho no gia trj cua can tuy y 


u x 

Vi du 1: Tim a>0 sao cho : 1 = ^xe^-dx = 4 r6i dien vao ch§ trong 


Math A 


Thong thuang ho se cho a nguyen vi la ho cham bang may nen de so dep thi may de cham han la 
so xau. 

Tathay lan luot a-1, a=2 .... Vao xem 

0 Math A 0 

J> 2 * j!x&x 

0.7025574586 J0 

Vay ta dugc a =2 

Be do phai edit nhieu lan thi cac em sura thanh: 

Bau tien gan 1 vao Y bang each: 


SHIFT RCL S*D 


Sau do sura tich phan thanh: 

0 MathVA 

(nXe^dK 

J0 0 

R6i bdm “=” xem KQ la bao nhieu, sau do cac em lai gan 2 roi 3 ... cho ddin khi dung k4t qua nhu 
yeu cau: 

[Tl (jn) IrclI Is*dI (£) (=1 

0 Math A 0 Math A 

fV I 
nXe 2 dx 

2 , , 4 

Nhu vay do phai day con tro nhieu lan de sua lai can cua tfch phan. 

Vi du 2: Tim nguyen ham cua ham so: y = xe 2x 


2+Y 



<1 
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A. l e 2x (x-^) + C B. 2e lx (x-2)+C C. 2 e 2x (x~)+C D. ^e lx (x-2)+C 

O day ta co 2 each tinh 1 la sir dung dao ham kit qua (dap an) r6i so sanh vai dl bai, each 2 la tinh 
xuoi 

Ro rang a day, each 1 la don gian nhat vi may tinh da co sin tinh nang tinh dao ham tai 1 diem xac 
dinh cho cac em. 


Cach 1: Cac em xet dao hkn tai x=l cua 4 dap an xem co bieu thuc nao bing: y( 1) = 1 .e 2 kliong? 

03(13111 CD® (D11I20QD0SCI] 

® CD® BIS BIZ] 11)0 

B Math A 0 . Math A 

^(|e 2f! (X-0.5)V <X-0.5))| l:=1 -e E 

0 ° 0 ’ 0 ” 

Thi thay dap an A dung 

b 


Cach 2 :Ta co: J/ (x)dx = F(x) 


= F(b) - F(a) 


Cac em xet tich phan tu — tori 2 de co 1 cai F(...) = 0 
Cac em xet dap an A truac nhe: 


B Math A 0 Math A 

Jo 5 Xe 2K dx-ie 4 > i 2 ^(\x-je 4 {2-h] 

0 

Vay cac em chon A nhe. 

Tong ket: Vay la cac em se bien yeu cau tong quat cua bai toan thanh 1 bai tinh thong thudng bang 
each tu thay so vao cho phu hop. 

Hay nhd mot bai toan co hai each lam: Cach lam kilu tu luan va each lam kilu trie nghiem du lam 
kieu nao thi cung phai dung each thuc Tu duy toan hoc. May tinh CASIO no chi la mot cong cu 
ho trq thoi. 

Skill CASIO giong nhu “con dao sac" ma thay giao cho cac em. Cac em dung no nhu thi nao la 
do cac em: Cac em co the dung no de got hoa qua hoac thai rau... dung dung no dl “gilt ngudi”. 
© 
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BE THI TRAC NGHIEM 

2 

Cau 1: Tim 1= Jx 2 \nxdx c6 gia tri bang: 

i 

A. 241n2 -7 B. -In2-- C. 81n2--D.-ln2-- 
3 9 3 3 3 

2 ^ ■ rj 

Cau 2: Tinh tich phan / = f— r—- dx 

0 V+3x + 2 

A.21n2+31n3 B.21n3+31n2 C.21n2+ln3 D.21n3 + ln4 


Cau 3: Tim a>0 sao cho I - 

A. 1 B.2 

1 


Cau 4: Tinh 
A.e 


A = \j^2x + e x }dx 


B. e 


= 4 
C.3 

C. e 3 


D.4 


D. e 


\l x (e x + 3)dx 
Cau 5: Tinh 0 

( 2e-l ) 3 ( 2e-\ 

i In 2e J In 2 


A. 


B. 


V ■ 


In 2 e J In 2 


C. 

/ it 

2 COt | X—7 

Cau 6: Tinh tich phan sau: / = J* 


3 ( 2e ) 3 ( 2e+l \ 3 

ln2e J ln2 ~ 1 ln2e J In2 


D. 


£|V3cosx + sin xj 


-dx 


A. —In6 B. -In3 

C. In 3 

4 4 

7T 


7 

p 

tan x 

Cau 7: Tinh tich phan 1 = 

dx 

J 

0 

3 + 2cosx 

A. -In- B. -In5 

C. -In 

3 5 3 

3 


Cau 8: Tinh tich phan 1= J^x + -Jlnxdfr 

- 2 3 




a 3 « 

A.- + — 
4 4 


B. 


C.- 


Cau 9: Tinh cac nguyen ham: J = Jsin2x.sin 3 x.dx 


A 2sin 3 x 
A.-+ C 


B. 


2 sin 5 x 


+ C C. 


2sin 2 x 


D. -in2 
4 


D. -In — 
3 5 


D.-— 
4 4 


+ C D. 


2sin 6 x 


+C 


Cau 10: Tim nguyen ham 1 = J(x + sin 2 2x)cos2x<&. 



J* 
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A. i x sin 2x + - cos 2x + - sin 3 2x + C 

2 4 6 

B. •ixsin2x--cos2x+-sin 3 2x+C 

2 4 6 

C. -xsin2x+-cos2x-isin 3 2x + C 

2 4 6 

D. 4xsin2x~—cos2x-—sin 3 2x + C 

2 4 6 

7x 3 + l)ln x + 2x 3 + i 

Cau 11: Tinh tich phan 1= |---- dx 

, 2+jclnjc 


A e -1 , e + 2 n e 3 - 

A.-In-B. — 

3 2 3 


1 . e + 2 e-1 e-2 e 3 + l . e-2 

- + ln-C.-+ ln-D.-+ ln- 

2 3 2 3 2 


Cau 12: Tinh tich phan: [///L 
i'Jx-l 

<;q 

A. — + 21n2 B. —-21n2 C. —-21n2 
3 4 3 

•2 


Cau 13: Tinh tich phan I = f —===== . 

* 1 

A 1, 3 + 2\/2 1, 3 + 2>/2„ 1, 3-2^2 

A. -In-B. -In-C. -In- 

3 3 3 2 3 2 


D.—+ 31n2 
3 


„ 1 , 3+372 

D. —In- 

4 2 


Cau 14: Tinh tich 


ich phan : I = f —^ 

•> X 2 — 


lnx-1 


x -In x 


dx 


A. -In 

e-1 

B.-ln 

e + l 

C.— In 

e-1 

D.-ln 

e-1 

3 

e + l 

2 

e-1 

2 

e + l 

2 

e-2 


x-3 


-dx 


Cau 15: Tinh tich phan I = J —==-* 

-13\/x + l + x + 3 

A. / = 61n3 + 8 B. I = 61n3-8 C. / = 61n3-6 


D . / = 6 In 3 - 5 


Ciu 16: Tinh tich phan VkCtol-hfrin+c*) 

J 1 4- Clfl 0 V 

. In2-1 


B. 


4 

ln2 + l 


1 + sin 2x 

ln3—1 


C. 


2 2 2 

Cau 17: Tinh tich phan: / = / (2x — l)sin xdx 

J o 

A.2tt + 2 B. 2tt-2 


Cau 18: Tinh j -^-dx 

J C*AC 0 V 


A. — In 3 
2 


u cos2x 

B. — In — 
2 2 


C. 2 t r 


C. 2 hi 2 
2 


D. 


In5-1 


D. khong co dap an 


D. —In — 
2 2 
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Cau 19: Goi (H) la hinh phang gioi han bdi do thi (C): y - yfx sin x, cac true Ox , Oy va duang 

" 71 ' 

thang x = —. Tinh the tich klioi tron xoay sinh ra khi cho (H) quay quanh Ox. 

4 

A. — (n 2 -4n+?>) B. — (n'+An+S) C. — (>r-4;r-8) D. — (ir-An) 

64 64 64 64 

Cau 20: Tfnh tich phan I = f xjl — xdx 
Jo 


A. 


15 


B. — 
15 


ci- 

25 


Cau 21: Tinh tich phan I = f x(x + e x )dx 
J o 


D. 


35 


A. 


B. 


C. 


3 5 7 

£ 

2 

Cau 22: Tinh tich phan : I = J2a'cos 2 xdx 

o 

_2 2 2 

A. — B. — C. *- 

6 8 7 

Cau 23: Tinh tich phan I = \ X + ^ X dx. 

J -y 1 


D.- 


15 


D.- 


. e 2 2 1 

A. —+ - + - 
2 e 2 


Cau 24: Tinh I - 


B.— 
2 e 2 


2 e 2 


d.-£-AI 

2 e 2 


■Ji 


M 

J.. n 


1 XaJjF+I 


dx 


A.--ln3(3-2^) B. —ln 3 ( 3 +2>/J) C. — ln 3 (4-2>/2) D. —ln2(3-2>/2) 


Cau 25: Tinh tich phan 




- + e r \dx 


. + X 


B. l + 21n2 
5 1 


A.l + 31n2 

Cau 26: Tinh tich phan / = f— 7 L=d x . 

j xa]3x + \ 

A.21n3-ln5 B. 21n3 + ln5 

Cau 27: Tinh tich phan: I = f.. _ itZ . $ x . 

J 3y -4- 9 


c. l-ln2 


D. l + ln2 


C. 21n3-21n5 


D. In3-ln5 


A. 4 + In - 


j 3x + 2 

B. 3 +In — 
2 
7t 
2 


C. 2 - In — 

2 


D. 2 + In — 

2 


Cau 28: Tinh tich phan / = J(x + sin 2 a) cos xdx. 


A. 


n 2 

I - ! 


B. £+2 
2 3 


C. 


# 1 

Y~3 


D. 


# 2 

7~3 


4 
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Cau 29: Tinh tich phan I = 
5 + 2^2 + le 1 


In a* 


A. 


B. 


i vWl + lnjc 
5-2\fl+2e 2 


+ 3at In at 


dx 


3 3 

In 2 


c. 


5-2\f2-2e i 


D. 


5-2 sfl+e 2 


Cau 30: Tinh tich phan: 7 = f - ,f. dx 

J yje x +1 


A. 


2%/2 


B. 


0 

- 2 V 2 


C. 


■Jl 


D. 


-72 


Cau 31: Tmh tich phan I = J" (1 + x)e*dx 


A.e 


B.2e 


76 


Cau 32: Tinh tich phan J = jxjx 2 +3 dx 


19 


B. 


16 


3 3 

Cau 33: Tmh tich phan J = j : 


CAe 

D.6e 

c .11 

d.H 


V-21nx 


■dx. 


A. / = —- In 2 
2 


B.7 = —+ ln2 
2 


C. 7 = — ln2 D. 7 = —+ ln2 


Cau 34: Tinh tich phan 7= J(l- x)(2 + £ 2 *)<ix: 
e 2 + l 


A. 


B. 


o 

e 2 -l 


3 4 

e 

Cau 35: Tinh tich phan: 7 = J2x(l - In x) dx 


C. 


<T+1 


D. 


e +1 


A. 


e 2 -l 


B. 


<r-3 


3 

Cau 36: Tinh 1 = j l±£*Ef <fr 

J A'~ 


c. 


r-3 


D 


e +3 


A. 7 = 


1 + ln 2 2 


B. 7 = 


1-ln 2 2 


3 2 

2 


C. 7 = 


1 + ln 2 2 


D. 7: 


1 + ln 2 3 
3 


Cau 37: Tinh tich phan: 7 = Jx(^/x+T-ln 

i 

A.-73-—72 + 21n2-- B.-73+ —72+21n2-- 
5 15 4 5 15 4 

C. -73- — 72-21n2-- D.--j3+—j2+2ln2+- 
5 15 4 5 15 4 

7T 

Cau 38: Tinh tich phan: 7 = J* (1 + cos£)zch 
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A. — -2 
4 


B.-2 

3 


Cau 39: Tinhtichphan: I- f- —dx. 

J COS" X 


C.— + 2 D.—-2 

2 2 


4 tanx+2 


A. r-3e 


B.e 3 +e 2 C. e 3 -e 2 


D.e 3 -2e J 


Cau 40: Tinh tich 


A.-In 
4 


phan: I = J- 


x 2 --T 


'(x 2 - x + l)(x 2 + 3x +l) 


dx. 


fW 

1, t 

'13) 

1, 

(16) 

1, 

(17) 

B.-ln 

— 

C.-ln 


D. -In 

— 

111, 

4 

JU 

4 

vllJ 

4 

Ill J 


_ r lnx+1 , 

Cau 41: Tinh tich phan / = -A. 

•xlnx+l 


A.ln(>+1) B.ln(e-1) c.ln(2e + l) D.ln(e--2) 

Cau 42: Tinh dien tich hinh phang giai han bdi cac duang j; = x 2 -3x + 2va7 = x- l 


4 4 4 

A- B.- C. 


4 

D ? 


7 “'3 9 

Cau 43: Tinh dien tich hinh phang giai han bai cac duang y = *Je x +1 ,truc hoanh, x = ln3 va x : 
ln8. 


A. 2 + In 


B. 2-ln 


C. 2 + ln 




Cau 44: Tinh / = f + X f* dx 


A ./ = 


1 + ln 2 2 


B./ = 


1-ln 2 


C.J = 


l + ln2 


D ./ = 


l-ln2 


Cau 45: Tim he so cua e 2 khi tinh tich phan: 1 = j"2jc(l - In x) dx 


A.- 


B. — 
3 


C. 


D. — 
5 


Cau 46: Tim he s6 cua7T klii tinh tich phan: I = J (1 4- cos x)xdx 


A. 


1 


B.I 

2 


C. 


1 


3 2 4 

'2 re 

Cau 47: Tim he so cua£ khi tinli tich phan: I = - —dx 

j cos x 

A.l B.2 C. 3 D.-l 


D. — 
5 


4 ^tanx+2 

re 
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2 

Cau 48: Cho / = Jcos W3sinx + 1 dx . Ti'nh I - 5/9 


A.l 


B.2 


C. 3 


D.-l 


Cau 49: Tinh nguyen ham sau: 1 - ^xyjx 2 +3dx 
A (Vx 2 + 3 ) 3 iCd (V x2 ~ 3 ) 3 , r n (VP -l) 3 .^^(Vr+2) 


+c c.- 


■ + C D. 


-+c 


3 3 3 3 

Cau 50: Tinh dien tich cua hinli phang giori han bori cac dirong: y = x 2 -2jc,jc = 0 ,jc = 3 va true 


hoanh. 


BAP AN TICH PHAN, NGUYEN HAM VA UNG DUNG 


IB 

2B 

3B 

4 A 

5A 

6 B 

7A 

8 A 

9B 

10A 

1 IB 

12A 

13B 

14C 

15B 

16A 

17D 

18B 

19A 

20A 

21A 

22B 

23B 

24A 

25D 

26A 

27D 

28A 

29B 

30A 

31A 

32 A 

33D 

34D 

35C 

36C 

37A 

38D 

39C 

40A 

41A 

42B 

43C 

44A 

45A 

46B 

47D 

48A 

49A 

50A 
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Chuyen D'e Liro’ng Giac 


1. He thuc luong giac 


+ sin 2 tf+cos 2 tf = lo 


sin# 

+ tan a- -; cot or = 


sin a = l-cos“a 
cos 2 tf = l-sin 2 a 
cos a 


cos a 


sin a 


tan a. cot a = 1 


+ 1 + tan <? = 


j 1 4- cot 2 a — — 


1 


cos 2 o? 


sm 2 a 


2. Cong thuc cong 

+ sin(or + b) = sin a cos b + cos a sin b 
+ sin(or - b) = sin acosb- cos a sin b 
+ cos(a + b) = cosa cos b - sin a sin b 
+ cos(or - b) = cosa cos b + sin a sin b 
tma + tmb 


+ ton(a + b) = 
+ ta n(a-b) = 


1 -1 anor.tanZ? 
tanor-tan6 
1 +1 ma.tanb 


3. Cong thuc bien doi tong thanh tich 

. T ^ . a+b a-b 
sintf+sino = 2sm-cos-; 


. . „ a+b . a-b 

sma-smb = 2 cos-sm- 


. ^ a+b a-b 

cosa + cos b = 2cos -cos-; 


, sin(tf + 6) x . 

tan a + imb = -; tan a - tan o = 


, _ . a+b . a-b 

cosa - coso = -2 sin-sm- 

2 2 

sin(or-6) 
cos a cos b 


cos a cos b 

Truong hop dac biet: 

sma+cosa = yj2sin^a+~^ = %/2cos\ a — 

sina-cosa-yj2sm^a-^ = -\[2cos^a + ^ 

4. Cong thuc bien doi tich thanh tong 

sin a sin b = — [cos(or —b)—cos(a + 6)]; cos a . cos b = — [cos(or -b)+cos(a +6)] 
2 2 

sin acosb = -[sin(c + b) + sin(or - b)] ; cos a sin b = - [sin(or + b)- sin(or - b)] 

2 2 

5. Cong thuc nhan doi, nhan ba. 

sin 2a = 2 sin a cos a cosla = cos 2 a - sin 2 a 

sin 2 a = (s ina + cos a) 2 - 1 -j cos2or = 2 cos 2 a - 1 

sin 2a = \-(s ina - cos a) 2 cos2a = 1 - 2 sin 2 a 
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tan 2 a = 

cot 2a = 


2 tana 

l-tan 2 a 

COt 2 tf-l 

2 cot a 


a . 2 / 

/ = tan—,sina =- T 

2 1+/ 2 

2 1 1 -t 1 

tana = -— 7 ,cos a~- 


i-t 2 


1 +C 


sin 3a = 3 sin cz - 4 sin 3 a; cos3a = 4 cos 3 a - 3 cos a 

6. Cong thuc ha bac 

. 2 l-cos 2 a 2 l+cos 2 a . 1 . „ , l-cos 2 a 

sin a- -; cos ‘a- -; smacosa = —sin2a; tan"a =-; 

2 2 2 l + cos 2 a 

. 3 -sin3a+3sina 3 cos3a+3cosa 3 -sin3a+3sina 
sin a = - : -; cos a = - : -; tan a = - 


4 ' 4 

Chu y: * Cong thuc goc lien quan dac biet 

+ sin(-a) = ~sina 


cos 3a+3 cos a 


+ sm| —-a | = cosa 


cos(-a) = cos a 
* Cong thuc mu 

3 

+sin 6 a + cos 6 a = 1—sin 2 2a 


cos —a = sina 
2 


sin 4 a + cos 4 a = 1 — sin 2 2a 
2 

II. PHITONG TRINE LlTONG GIAC CO BAN 
1 . sin x = a, dieu kien -1 < a < 1 

x = a + kin 


Bat a = sinor^sinx = sina<=> 

Truong hap dac biet: 
sin x = 0 => jc = kn ; k e Z 

71 

sinx = l=>x = —+ &2;r; keZ 
2 


sinx = -l =^>x =— + k2n \ keZ 
2 


X = 7T-a + k27T 


; keZ 


l.cosx = a , dieu kien -1 <a<l 
Dat a = cos <2 => cosx = cos <2 o 
Truong hop dac biet: 

7T 

cosx = 0 ^>x = — + kn:keZ 
2 

cosx = 1 ■=>x = kin ; keZ 
cosx = -\^> x = n+kin : keZ 


x = a + kln 
x = ~a + kin 


; keZ 
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LirmGGiAc 


3. tanx = a: a e R x & — + k7t\keZ 
2 


Bat a = tma^=> tan x = tana ^=>x = a+k7r; keZ 
Truong hap dac biet: 
tanx = 0=>x = te;fteZ 

71 

tan x = 1 => x = — + Jctt : ke Z 

4 


71 

tanx = -l=>x =— + Jc7r ; keZ 
4 

4. cotx-a\ aeR, x^k7r;keZ 

Dat a = cot a cot x = cot a x = a+k7r; keZ 

Truong hop dac biet: 

TV 

cotx = 0 => x = — + Jctt : he Z 
2 

71 

cotx = 1 x = — + k7t :keZ 
4 


71 

cotx = -1 =>x =— +k7i ; keZ 
4 

III. PHUONG TRINH LlTONG GIAC CO SO 
a) Phuong trinh cd dim 

cfsinx+frcosx = c; a 2 +b 2 >c 2 (1) 

Cach giai. (1) o —=£== = — sin x + = ■ cos x = cos(x - a) 

\la 2 +b 2 \la 2 + b 2 yja 2 +b 2 

Vdi ■ f JL= = sin a\ -~JL== = cos a: -pi= = cos /? => x = cr ± B+2kn 

Chu y : (1) co nghiem o c 2 < a 2 +b 2 
b. Phuong truth dot xung: 

cr(sinx+cosx) + />sin xcosx+c = 0 
a(smx - cos x) + 6 sin xcosx + c = 0 


Biro’c 


1. 


Bat 


t = sinx + cosx = V2sin 


l 4 ) 

/ = sinx-cosx = v2sin| 


! 

l 4 J 


1 


Bien doi dua ve phuong trinh bac 2 an 1 
Biro’c 2. Giai phuong trinh bac 2 an t. Tir do suy ra nghiem x. 

Vi du minh hoa 

V[du 1: Tim nghiem cua phuong trinh: 4sin 3 xcos3x+4cos 3 xsin3x+3>/3cos4x = 3 



4 
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A. 


7t . 71 

x — —k — 

8 2 

n . n 

x = - + k— 

24 2 

Giai: 


B. 


71 , 71 

x = - Y k — 

8 2 

7i . ;r 

x =— + £— 
24 2 


C. 


# . # 
jc = — + k~ 
8 2 

71 , 71 

X- -+ & — 


24 


<=> sin 4x+>/3cos4x = 1 <=> — sin 4x+—cos4x = — 

2 2 2 

i j 71 I 71 . 71 71 , . 

ocos 4x— = cos—o4x— = ±—+£2;r, £eZ 
l 6 J 3 6 3 


# . 71 

x = —vk — 


71 , 

X =-+ & — 

24 2 


; keZ 


D. 


71 , # 

x = — + k — 

8 2 

7 

x =- + k7t 

24 


Trac nghiem: 


Cac em nho* la truoc khS dung CALC thi dieu dau tien la phai doi sang don vi do la radian : 
fsHiFTl (mode! f4l 

M E Math 

I 


Sau do chung ta dung CALC de thu lan luot tung dap an, chu y toi su khac nliau giua cac dap an 
nhe cac em: 

M E Math M E Math M E Math A 

^3i3cos(4X)-3 n+81 4sin(X) 3 cosC3X)i> 


■3.5 

71 ft 

Vay la phuomg trinh co nghiem — tiep theo minh thu vdi- 

8 24 


0 


X? 


E Math A M 

JI+241 


Math A M 


Math A 


0.3926990817 


4sin(X) 3 cos(3X)i> 
0.3926990817 0 


Vay cung la nghiem nen chi co the A hoac D dung nhirng cac em len chu y: 

Mot dap an la x = -—+ £ —, mot dap an lai la x = ~^ + k7t tir do chung ta se chon k=l xem 

x = —— + k — co thoa man hay khong: 

24 2 
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-H*24+ji*a 


Math A M 


12 Math A 


-0.1308996939 

Vay la c6 thoa man nen ta se chon A 


4sinCX) 3 cos(3X)> 
0 


Vidu 2: Nghiem cua phuang trinh: 4sin 3 x -1 = 3sin x--j3cos3x 


x = — + k2 71 

18 


n , 2tt 
x = — + k — 

8 3 


n , In 
x = — + k — 

18 3 

x = -~ + k27i 

L 6 

B. 

n , In 
x =— + k — 

6 3 

c. 

n , 2n 
x = — + k — 

6 3 L 


Gidi: 

\f3cos3x - (3 sin x - 4 sin 3 x) = 1 

*J3 1 1 

o yf3cos3x - sin 3 x = 1 o — cos3x—sin 3x = - 


n 


n , n 


<=>cos 3 jc + — = cos— <=>3 x+ — = ±— + kl7r; keZ 
1 " 1 3 6 3 


n . 2n 
x = — + k — 
18 3 

n . 2# 
x = — + k — 
6 3 


; keZ 


71 . 7t 

x — — + k — 
18 3 

71 . 71 

JC = — + k — 
6 3 


Vi du 3: Tim m dl phuang trinh sau co nghiem 2w(cos * + sin x) = 2 m 2 + cos x - sin x + ~ 


B." 


C. : 


D." 


Gidi: 


3 

PT o (2 m +1) sin jr+(2 m - 1) cos x = 2 m 2 + - 

Be phuang trinh dacho co nghiem, ta phai co: (2w+1) 2 +(2m-l) 2 >^2/w 2 
<=> (4/w 2 -l) 2 <0 O (4m 2 - 1)2 = 0 <=> m = ± ~ 

Vdi hinh thuc trie nghiem de xu If dugc bai nay cac em lam nhu sau : SOLVE 
Cac em cho m ~~ r 6i tiin hmh Solvexem co nghiem khong 

® @ [a □ (d m m 

M 0 Math A M 

2Y(cos(X)+sin«> Y? 


E Math AM 0 Math A. 

mcostx)+sintxi> 

X= 1.570795557 
0.5 L-R= 0 


Vay la m = — thoa man do do cac em xet lan luat m = — va cuoi cung chon C 
2 2 
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Vi du 4: Cho tan a = 3. Tinh gia tri bieu thuc M = — ^ CQS Qf 

5sin <A4-4cos n: 

70 


A.- 

2 

Huang ddn: 

Tu 1 luan: 


B. 


139 

70 


C.- 


139 


D.— 

139 


M = 


3 sin a (sin 2 a 4- cos 2 a} - 2 cos a (sin 2 a + cos 2 a^j 


5 sin 3 ar 4-4 cos 3 a 
_ 3 sin 3 a - 2 sin 2 a cos a +3 sin a cos 2 a ~2cos 3 a 
5 sin 3 a 4-4 cos 3 or 
3 tan 3 a - 2 tan 2 a + 3 tana: -2 
5tan 3 <2 + 4 

Trac nghiem 

Cac em su dung may tinh de tinh ra goc a 

[shIftI ItaiTI m m f=l 

tarrKS) 

1.249045772 


(chia tu va mlu cho cos 3 a) 


IS Math A 


Ans+A 


0 Math A 

ObimHJ -ZUJb I.h k 


5Sin{A)3+4COS(A 

1.249045772 TM 


Bai tap ren luj'eii 

Bai 1: Giai phuang trinh: (sin * 4- cos a) 3 - yfl (sin 2a +1) + sin a + cos a - 4l = 0 

A.a = ^ + A:2;t B. x = — + k7r C.x = — + k27r D.a = — J rkn 

4 4 4-4 

Giai: 


PT o (sin a+ cos a ) 3 - %fl (sin a+ cos a ) 2 + sin a+ cos a - = 0 

Bat: sinA + cosA = /,->/ 2 </<V 2 

Phuang trinh o / 3 -^Jlt 2 +t- y/l = 0 <=> (/- 4l){r +1) = 0 <=> 1 = yfl 


osinx+cos;t = >/2sm x+ — 

= >/2<=>sin x+ — 

V 4 J 

l 4 J 


o a 4- — = — 4- kin <=> a = — + k2n\ keZ. 

4 2 4 

Bai 2: Giai phuang trinh: sin a 4- cos a = ^Jlcos9x 



\!*k*+* 
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A. 

71 j 71 

x — — + k — 

32 4 

B. 

71 7 # 

X = - + & — 

32 4 

c. 

71 . 71 

X — - A- k — 

32 4 

D. 

/r 7 

X =- + k7T 

32 


71 , # 

X = — + £— 


. 71 

x — - + k— 


71 . # 

x = — + £— 


X = — J rk7I 


L 40 5 


L 40 5 


L 40 5 


L 40 


Gidi: 

PT o V2cosf x—— = V2cos9x 
4 ) 

<=>cos9x = cos| x-^\o9x = ±lx-^ \ + k2n 


n , n 

x =- + k — 

32 4 

71 . 71 

x =— + Ic- 


Ic e Z 


40 5 

Bai3: Giai phurong trinh: 2 sin Ax = sin x + >/3cosx 


D. 


n . 2 7i 
x = — + k — 

9 3 

Ati , 2 7i 

x =-+ i — 

15 5 

n . 2# 

x =-+ £— 

9 3 

4# . 2 71 

x =-+ £— 

15 5 


B. 


x = ~ + £2;r 
9 

4# , _ 
x =— + a:2# 
15 


Gidi: 


1 . 




PT <=> sin4x = — sinx +— cosx 
2 2 


<=>sin4x = sin x+ 


o 


;r 


4x = x + — + klTT 
3 

A i ^ 

Ax -n-\ x+ — 


keZ 


+ k2n 


C. 


71 7 2 # 

x=—+k — 

9 3 

4# , 2# 
x- — + £ — 
15 5 




O 


X = 

X = 


# . 2n 
—+k — 

9 3 

4# . 2# 
— + £— 
15 5 


keZ 


Bat 4: Giai phuang trinh: 


V3 1 . 

—— +-- 8 cos x 

sinx cosx 
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A. 


n . n 
x — — + k~ 

12 2 

B. 

n . # 
x = — + A— 

12 2 

c. 

n . # 

X =- \rk — 

4 2 

B. 

n , # 
x = —vk — 

L 3 2 


n . 

x =—+kn 

L 3 


n . 

x = — + kn 

L 3 



Giai: 


Bieu kien: 


fsinx* 0 
[cosx^O 

PT <=> S cos x+sin x = 8 cos 2 x. sin x = 8(1 - sin 2 x) sin x = 8 sin * - 8 sin 3 x 
PT o >/3 cos x - sin x = 6 sin x-8sin 3 x = 2(3sin x-4 sin 3 x) = 2sin 3x 


V3 1. 

<=> —cosx—sinx = sin3x 
2 2 


<=>sin| ~~ x l = sin3xo 


3x = —x + k2n 
3 


3x = 7T-\ ~~~ X \+k2n 


; keZ 


<=> 


n . n 
x — — + k— 
12 2 


it . 
x = —+ 

3 


; keZ (thoa man dieu kien) 


-in y • m x , . C0S2X “ COS X IT 

Bai 5: Giai phunng tnnli: —- : — = y3 


sin 2x + sin x 


A. 


D. 


2# ,. 

X =- + kl7T 

3 


x — k 


In 


B. 


2n . 

x =- + kln 

3 

i 2n 
x = k — 

3 


C. 


2n 

x =- + k2n 

3 


x = k 


2n 


2 n . ^ 

x =-+ &2;r 

3 

,=t^ 

3 

Giai: 


Bieu kien: sin 2x+sinx = sinx(2cosx +1) * 0 <=> 


sinx^O 


cosx^ — 


1 


n . n 

x — -+ £— 

12 2 

n . 
x = —+ kn 
3 
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PT <=> cos2x - cos x = y/3 (sin 2x + sin x) 

<=> cos2x-Xsin2x = cosx+>/3sinx o2x + - = + x-- 


<=>cos 2x + — \ = cos\ x- 


+ kin: keZ 


X = -— + kln 

3 


x = k 


In 


; keZ 


3 n ~JIo , , cot« 

Bai 6. Cho goc a thoa man: n <a< — va cos a =-. Tinh A = - 


1 + cot a 


£ 


Huong dan 


B. 




c* 

5 


d.A 

25 


Cac em phai lay gia tri sau do n < a < - 


3 n 


B Math k 


-cos _1 (^p) +2 ji 
4.0276S9777 

Sau do thay vao tinh A 

E Math k 

1 -rtan(ft) 

i+dH-t-an (A) ) 2 

0.4898979486 

3 n - 

Bai T.Cho sina = —, — <a<n. Tinh gia tri cuabieu thuc M - sin2a + 2cos2«. 
7 2 


A. 


62-12X0 


B 


60-12^0 


61-12VlO 


49 


49 


D. 


62-12>/K) 


49 


Huong dan: 

cos 


M = 2 sin a cos a + 2(2 cos" a -1) = 2 


2 1-2 , 1^1 40 n * n l-JlO 

a = 1 - sin a-\~\ — = — .Do —<a<n nen cos a < 0 => cos a =- 

49 2 7 

3 -2Vi0 X, 40 ^ 62-12X0 


+2 ' 2 xr ll= 


49 

1 n 2sin~+3coSy j 

Bai 8. Cho tan a - - ( a € (0; —)). Tinh gia tri biSu thuc P = - - - —+ — 


A.O 


B.l 


. a , ~ a . R 
sm—+2cos— VJ 
2 2 

C. 2 


Huong dan 
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1 71 

Vi tana -- (a e (0;—)) nen 


2tan— 


1-tan 


2 1 , o a . a „ _ 

— = — <=> tan” —+4tan —1 = 0 

a 2 2 2 


Suyra tan — = -2 + a/ 5 hoac tan — = -2->/?(/). Do tan—>0, 
2 2 2 


TU , t „ 2tan 2 +3 1 2 - 75-1 1 „ 

Thayvaotaco P = +— = - + — = 2 


tan—+2 
2 

4 7t 


75 75 75 


Bai9.Cho cos2a = — vai — <a < it. Ti'nh gia tri cua bieu thuc: P = (l + tana)cos — -a 


A. 


27 i 


B. 


27? 


C. 


75 


D-— 

5 


Huong dan 


Do - < a < k nen sina > 0,cosa < 0. Ta co: 

o 1 +cos 2a 1 1 

cos”a =-= — => cos a = —=, 

2 10 TfiJ’ 

. 2 i 2 9 3 sina 

sm a = l-cos a = — => sma = -=, tan a =-= -3 

10 yj to cosa 


Khido: P = (l + tana).-j=(cosa+sina)=(l-3).-^=j--^=+-^= 


27? 

5 


1 . 7t ■> /“ 

Bai 10. Clio tan a = — vai — < a < 0. Tinli gia tri cua bieu thuc: A = V5 cos a - 5 sin 2a. 

2 2 

A.3 B. 4 C.5 D.6 

Huong dan 


Do — <a <0=> sina <0, cosa > 0. 
2 


Taco: l + tan 2 a = - 


cos a 


■ <=>! + - = 


1 1 


4 cos a 


>cosa = 


75 


=> sin a = tan a. cos a = - 


1 


S 


Do do: A = >/5cosa-10sinacosa = >/5--i+10--J=--4= = 2+4 = 6. 

V5 yj5 >/5 


Bai ll.Cho goc luong giac a , biet tana = 2. Tinh gia tri bieu thuc P = 


cos2a-3 


A.- 

2 

Huong dan 


2 


c .- 2 

9 


D.- 

9 
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„ cos2#-3 2cos~a - 4 , J 2 

P =-=- 1 + tan a ■ 

sin 2 a 1 - cos 2 a 


cos 2 # 


> cos - # = * 


1 1 c 

• = —. Suy ra 


1 + tan 2 # 5 


Bai 12.Cho sin # = — . Hay tinh gia tri bieu thuc : A = cos 2# - 2 sin 2 (— - —) 
5 4 2 


A. 


12 


B.- 


12 

25 


25 

Huong dan 


A = cos 2a - 2 sin 2 (--—) = 1 - 2 sin 2 a- 
4 2' 

A--2 

‘25 5 ” 25 


C.- 


1 


,n 


l-cos(— -a) 


D.- 

2 


= -2sin 2 # + sin# 


Bai 13.Cho goc a thoa man 5sin2a-6cosa = 0 (l)va 0< a < — . Tinh gia tri cua bieu thuc: 
A = cos( --a j+sm(2015TC-a)~cot(20167t+a) 


3 2 

A.—— B.— 

15 15 

Huong dan 

A = cos( ~a j + sin(20157i-a)-cot(20167t+a). 


c-l 

15 


D.— 

15 


Vi 0< a < — nen cosa > 0, cota > 0. 
2 


3, > 


(1) <=> 10 sin a.cosa - 6cosa = 0 o cosa.(5 sin a - 3) = 0 o sin a = - (vi cosa>0) 

cot 2 a =—\ -1 = — —1 = — =>cota = - (vi cota > 0) 

sin 2 a 9 9 3 

_ 3 4 2 

A = sma + sma-cota = 2sma-cota = 2.-=- 

5 3 15 


Bai 14.Tinh gia tri cua bieu thuc A = sin 3# 4- sin 2 2a , biet 2cos2# + 7sin# = 0. 

29 


63 

Huong dan 


B.- 


63 


c* 

64 


D.-— 

64 


1 . 


2cos2# + 7sin# = 0<=>2(l~-2sin 2 #) + 7sin# = 0c>sin# = --~,sin# = 2(loai). 
A = sin 3a + sin 2 2a = 3 sin a - 4sin 3 a + 4sin 2 #(1 - sin 2 a) 

\3 / ,\2 


= 3 


+ 4 


1- 


29 29 

= -—. Vav A = — 
64 " 64 


7t 2 . x , 

Bai IS.Cho goc a thoa man —<a<n va cos# = . Tinh gia tri bieu thuc A = sin 2#+cos2# 
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A.- 


1 - 47 ? 


B. 


1 + 47? 


c 1-4^5 p 1 + 47? 


Hiro’ng dan 

Do — < a < 7i nen sin a > 0. Do do sin 2 a = 1 - cos 2 a = 1 -- = -=> sin a = — 
2 9 9 3 


Vay P = 2sin a.cosa + 2cos 2 a ~\ = 2.—.(--) + 2(--) 2 -1 = 

3 3 3 9 

72 

Bai 16.Cho a la goc thoa man sin a + cos a- —. Tinh P-sm2a. 

2 


A.— 


Huong dan 


B.- 


C.- 


D.I 

3 


' ^ 1 1 
Tugiathiet sina + cosa = —. Suy ra (sin or + cos a) 2 = -ol + 2sina.cosa = - 


o 2 sin a. cos a: = -- <=> sin la --- 
2 2 


1 


Vay P = sin 2a =— 

2 

Bai 17.Cho goc a thoa n < a <^-,tana =2. Tinh .4 = sin2a + cos(a + . 


4-2>/5 


B. 


2 

4-27? 

5 


C.- 


4+27? 


D. 


4 + 2-7? 


Huong dan 


tan a = 2 => cosa = ± 


7? 


3 n 


Vi n <a < — nen cosa = —— =i> sina = 

2 5 5 


.A = 2sina.cosa-sina = 


7?. 

5 

4+27? 


-27? 


4 

Bai 18.Biet cosa = — va 0° < a < 90°. Tinh gia tri cua bieu thuc A = 


cota + tana 
cota-tana 


A.-— 

7 

Huong dan 
Bien doi diroc A = 


B. 


24 


7 


D. 


24 


1 


4 25 

Thay cosa = -, ta duoc A = — 
2cos~a-l 5 ' 7 


Bai 19.Cho goc a thoa man — < a < 2n va cosa = -. Tinh gia tri bieu thuc A =- 

2 5 2-cos 2a 


% 
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A. 


175 


172 

Huong dan 


B.« 


175 
172 


C.- 


175 

171 


Ta co: sin a = 1 - cos a = 1-1-1 = — ==> sina = ±- 


5) 25 

2>n ... 3 

Vi — <a<2n nen sm a = — 

2 5 

> tana = - S --— = -~ va cos 2 a = 2 cos 2 a -1 = — -1 =— 
cost* 4 25 25 


D. 


175 

171 


Vay A : 


4 1 _ 175 

2 -— ~ 172 
25 


7t . 1 , 

Bai 20 . Cho —<a<n,sma = -. Tmh gia tri cua bieu thuc P = sin 2 a + cos la . 
2 3 


A. 


16-l(K/2 16-1072 _ 16 + 10V2 

B.-C. - 


13 


13 


13 


D. 


7-W2 


Huong dan 

o . 2 8 

Ta co cos' a = 1 - sm a = - 
9 


Vi ae| — \n 
2 


nen cos« < 0 , do do cos a = - 


2V2 


Khi do, P = sm2a + cos2a = 2sinacosa + \-2sin a 


2 . 7-472 


Bai 21.Cho tan a = 2. Tmh gia tri. bieu thuc: E = 


8 cos 3 a - 2 sin 3 a + cosa 


A.- 


32 + 872 


29 


B 


32 + 872 


2 cosa-sirr a 


29 


C.— 


3 


Huong dan 


Chia ca tir va mSu cho COS' 3 X + 0 ta diroc: 


8 - 2 tan 3 a + —1 


E = - 


cos 2 a _ 8 - 2 tan 3 a + l + tan 2 a 


2 tan 3 a 2^1 + tan 2 aj-tan 3 a 

3 


cos 2 a 


Thay tana = 2 ta dugc: E = 


D.- 



U;£? r ^ 
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CHUYEN BE XAC SUAT -TO HOP - NEWTON 
I. TOM TAT LY THUYET 

Xet thi nghiem gieo quan xuc sac 6 mat (co the gieo mot con, hai con hoac nhieu quan xuc s&c) va 
xet so cham xuit hien, ta co cac khai niem sau day: 

L Phep thu ngau nhien 

Phep thu nglu nhien la mot thi nghiem co ket qua mang tinh chat ngau nhien ma ta khong thi bilt 
chac dugc ket qua se xay ra nhung co the xac dinh dugc tap hop tat ca cac ket qua co the xay ra cua 
phep thu. 

Vi du: Viec gieo quan xuc sac la mot phep thu ngau nhien. 

2 Khong gian mau 

Tap hop tat ca cac ket qua co the xay ra cua phep thu nglu nhien goi la khong gian mlu. Khong 
gian mau thuong dugc ki hieu la E hoac Q. 

Vi du: NSu gieo mot quan xuc sic thi khong gian miu E la {1, 2, 3, 4, 5, 6}. Ndu gieo ldn lugt hai 
quan xuc sac thi khong gian mau E la: 

{(1; 1), (1;2), (1; 3), (1; 4), (1; 5), (1; 6), (2; i), (2; 2), (2; 3), (2; 4), (2; 5), (2; 6), (3; 1), (3;2), (3; 3), 
(3; 4), (3; 5), (3; 6), (4; 1), (4;2), (4; 3), (4; 4), (4; 5), (4; 6), (5; 1), (5;2), (5; 3), (5; 4), (5; 5), (5; 6), 
(6; 1), (6;2), (6; 3), (6; 4), (6; 5); (6; 6)} 

3 . Bien co 

Moi tap hgp con cua khong gian mau la mot bien co. Moi phan tu cua bien co A ggi la mot ket qua 
thuan lgi cho A. 

Vi du: Bien co de gieo lan lugt 2 quan xuc sac co tong 5 la: {(1; 4), (4; 1), (2; 3), (3; 2)}. 

4. Cac loai bien co 

4.1. Bien co so cap 

Moi phan tu cua khong gian mau la mot biln c6 so cip. 

Vi du (1; 2) la bien co so cap 

4.2. Bien co chac chan 

Khong gian mau E con ggi la bien co cMc chan, turc la biln c6 luon luon xay ra khi thuc hien phep 
thu ngau nhien. 

Vi du: Bien co de gieo 2 quan xuc sac co tong Ion hon hoac bang 2 va nlio hon hoac bkng 12 la biln 
co chac chan. 

4.3. Bien co khong the 

Bien co khong the la bien co khong bao gio xay ra khi thuc hien phep thu ngau nhien. Bien c6 
khong the kf hieu la 0. 

Vi du: Bien co de gieo 2 quan xuc sac co tong ldn hon 12 la bien co khong the. 

4.4. Bien co hop 
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Bien co AuB la bien co “it nhat co A hoac B xay ra” goi la hop cua hai bien co A va B. 

Bienco A i uA 2 u...<jA k goi la hop cua k bien co A x ,A 2 ,...,A k 

Vi du: Goi A la bien co de gieo lan luort 2 quan xuc sac co tong Ion hon 10 va B la bien co de gieo 2 
quan xuc sac co tong nho hon 4. 

Khi do bi&n c6 AuBlh {(6; 5), (5; 6), (6; 6), (1; 1), (1; 2), (2; 1)} 

4.5. Bien co giao 

Bien co AnB la bien co “ ca A va B cung xay ra”. 

Bien co A l nA 2 n...nA i la bien co “ A 1 ,A 2 ,...,A k cung xay ra” goi la giao cua bien co A ] ,A 2 ,...,A k . 
Vi du: Goi A la bien co de gieo 2 quan xuc sac co tong Ion hon 7 va B la bien co de gieo 2 quan xuc 
sac co tong nho hon 10. 

Khi do bi§n c6 AnB la {(2; 6), (6; 2), (3; 5), (5; 3), (4; 4), (4; 5), (5; 4); (3; 6), (6; 3)} 

4.6. Bien co xung khac 

Hai bien co A va B goi la xung khac neu khi bien co nay xay ra thi bien co kia khong xay ra, tuc la 
AnB* 0 

Vi du: Bi£n co A gieo 2 quan xuc sac co tong Ion hon 10 va bien co B gieo 2 quan xuc sac co tong 
nho hem 4 la hai bien co xung khac. 

4. 7. Bien co rfdi 


Bien co doi cua bien co A trong khong gian mau E, ki hieu A la bien co gieo 2 quan xuc sac co 


tong la mot so le. 

4.8. Bien co doc lap 

Hai biin c6 A va B cua mot phep thir ngau nhien goi la doc lap voi nhau neu sir xay ra hay khong 
xay ra cua bien co nay khong anh huong toi su xay ra hay khong xay ra cua bien co kia. 

Vi du: Khi gieo 2 quan xuc sdc, goi A, B la bi4n c6 tuang ung de quan xuc sac dau tien va thu* hai 
nhan dugc mat 3. Khi do A, B doc lap voi nhau. 


5. Tan so cua mot bien co 

S6 m lan xudt hien cua bien co A trong n lan thirc hien phep thu ngau nhien goi la tan so cua bien 
co A (0 < m < n) 

Vi du: Khi gieo 16 lan mot quan xuc sac ta thay co 2 lan xuat hien mat luc thi tan so cua bien co 
quan xuc sac xuat hien mat luc la 2 trong 16 phep thu. 



6. Tan so cua mot bien co 

Ti s6 giua tan so m cua bien co A va so n lan thuc hien phep thu ngau nhien go' 


co A. Kf hieu f = — ■ 
n 
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YLd u: Khi gieo 16 lan mot quan xuc sac ta thay c 6 2 lan xuat hien mat luc thi tan suat cua biSn c 6 


A ' ' 2 
quan xuc sac xuat hien mat luc la: f = — = 0 ,125. 

* ’ * 16 

7. Binh ngliia xdc suat 

Xac suat cua bi£n c 6 A la ti s 6 giua so truang hap thuan lgi cho A va t 6 ng s 6 truang hap co thk xay 
ra trong phep thu ngau nhien: 

P(A) = So truang hap thuan lgi cho A 
Tong so truang hgp co the xay ra 

Neu bien c 6 A co m phan tu trong khong gian mlu E co n ph&i tu (0 < m < n) thi xac sudt cua bi£n 
co A la: 


P(A) = — = — (|A| la s6 phan tu cua A,|E| la so ph&n tu cua E). 
w PI 

8. Tinh chht 

Cho mot thi nghiem ngdu nhien co khong gian mlu E va A, B la hai bi£n c6. 
Khido 0 < P{A) < 1; P(E) = 1; P(0) = 0, A vaB xung kMc <=>AnB = 0 

9. Quy tac tinh xdc suat 
9. L1. Bien co xung khAc 

Cho A va B la hai bien co xung khac. Ta co: P(AnB) = P(A)+P(B) 

Cho k bien co xung khac A 1 ,A 29 ...,A k . Ta co: 


P(A l vA 2 Kj...vA k ) = P(A l )+P(A 2 )+...+P(A k ) 

9.1.2. Bien co doi 

Cho A la biSn co doi cua biSn c 6 A. Ta co: P(A) + P(A) = 1 <=> P(A) = 1 - P(A) 

9.2. Quy tac nhan xac suat 
9.2.1. Bien co doc lap 

Cho A va B la hai bien co doc lap vai nhau. Ta co: P(Ar\B) = P(A).P(B) 

Cho k bien c 6 doc lap A l , A 2 A k . Ta co: 


P(A l nA 2 f]...nA l: ) = P(A l ).P(A 2 )....P(A i ) 

9.2.2. Bien co xung khac 

Cho A va B la hai bien co xung kMc. 

Taco: ( AnB ) luon khong xay ra, nen: P(v4ni?) = 0 

Ta co A va B xung khac thi A va B khong doc lap nen: 
P(A nB ) * P(A).P(B) vai P(A) > 0 va P(B) > 0. 
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9.3. Lien he gitra quy tac cong xac suat va quy tac nhan xac suat 

Cho A va B la hai bien co bat ki. Ta co: 

P(A u £) = P(A) + P(B) - P(A n B) 

Chu v: Co sach ki hieu giao cua hai bien co A va B la A.B thay cho AnB . 

Giao cua k bien co A l9 A 2 ,... 9 A t la A r A r ...A k . 

9.4.Str dung CASIO de tinh nhanh: hoan v|, to hop, chinh hop 

6 day d£ tinh nhanh tren may tinh cac em lam nhu sau: 

D$ tinh C* -> nCk , Vi du Cj 3 0 th! cac em nhap: 

ITl fol IsIftI FFl [T| d] 

E Math A 

10C3 

120 

De tinh giai thira thi cac em bam nhu sau: 10! 

mroimiFi 

E Math A 

10 ! 


Bd tinh chinh hop A? 0 thi cac em bam nhu sau: 


ITl fol lajrl |X1 [3l [=1 

10P3 


Math A 


720 


Vi du mau 


Vi du 1: Hai hop chua cac qua chi. Hop thu nhdt chua 3 qua do va 2 qua xanh, hop thu hai chua 4 
qua do va 6 xanh. Ldy nglu nhien tu m 6 i hop mot qua. Tinh xac suat sao cho: 


a. Ca hai qua deu do 

A. 0,24 

B.0,42 

C.0,26 

D.0,62 

b .Hai qua cung mau. 

A. 0,28 

B.0,48 

C.0,84 

D. 0,82 

c.Hai qua khac mau. 

A. 0,25 

B.0,26 

C.0,62 

D.0,52 



Huo ng dan 

Goi A: “ Qua Idy tu hop thu nhat mau do”; 

B: “ Qua liy tu hop thu hai mau do” 

Ta thay A va B doc lap. 

a) Can tinh P(A nB). Ta co P(A nB) = P(A).P(B) = 
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b) Can tinh xac suat cua: C = (A n B) u (A n B) 

Do tinh xung khac va doc lap cua cac bien co, ta co: 
P(C) = P(A)P(B) + P(A)P(B) 


3 _4 2 _6_ 

5 10 + 5 10 


0,48 


c) Cdn tinh P(C). Ta co: P(C) = 1 - P(C) = 1 - 0,48 = 0,52. 

V[ du 2: Mot hop dung 12 vien bi, trong do co 7 vien mau do va 5 vien mau xanh. Lay ngau nhien 
moi lan 3 vien bi. Tinh xac suat trong 2 trirong hop sau: 
a. Lay dugc 3 vien bi do. 


7 7 

A.— B.— 

44 11 

b. Lay dugc it nhat 2 vien bi do. 


C.- 


12 


D.- 


33 


A.— B.- 

44 

Hu &ng dan 

C 3 7 
a) P = ^ = — 

Cf 2 44 
r-3 c l r 2 1 


11 


c.- 


12 


D. 


33 


C 

^12 


11 


Vi du 3: Clio 8 qua can co trong lirgng lan lugt la: 1kg, 2kg,..., 8kg. Chon nglu nhien 3 qua can. 
Tinh xac suat de trong lugng 3 qua can dugc chgn khong qua 9 kg. 


A.- 


2 3 5 

B.~ CA D .- 


8 8 8 

Hir&ng dan 

Goi A la bien co chon dugc 3 qua can co tong trgng lugng khong vugt qua 9 kg. 
A = {(1, 2,3); (1,2,4); (1,2,5); (1,2,6); (1,3,4); (1,3,5); (2,3,4)} 

_7___ j_ 

’ Cl ~ 8 




Vi du 4: Cho tap hgp E = {0,1,2,...,9}. Ldy ngdu nhien ra 2 phan tu cua E. Tim xac sudt dk 2 s6 ldy 
ra deu chin va tong cua chung nho hoii 7. 

A.— ■ B.— C.— D.— 

45 45 45 45 

Hu&ng dan 

Goi A la bien co de 2 so lay ra deu chan va co tong nho hom 7. 

^ = {(0,2); (0,4); (0,6); (0,8)} 

^p = JL = ± 

C,o 45 

Vi du 5: Mot khach san co 6 phong don. Co 10 khach den thue phong, trong do co 6 nam va 4 nu. 
Nguoi quan ly chon nglu nhien 6 nguai. Tinh xac suat dk 
a.Ca 6 nguoi la nam. 


<1 
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c.- 


210 


D. 


13 

'210 


C.- 

7 


D.- 


C.- 


42 


D. 


37 

'42 


A.— B.— 

210 210 

b. Co 4 nam va 2 nu. 

A.— B.— 

7 7 

c. Co It nhat 2 nil. 

33 25 

A.— B.— 

42 42 

Htr&ng dan 

Co tat ca Cj 6 0 each chon ngau nhien. 

8) P = \ = — 

C, 6 0 210 

r 4 C 2 3 
b) p = = i 

7 r 6 7 

°io ' 

r 4 r 2 +C 3 C 3 +C 2 C 4 37 

C ) p = ^ 6 ‘^4 _ D ' 

C 6 42 

^10 ^ 

Bai tap ren Suyen 

Bat 1: Mot doan tau co 3 toa do a mot san ga, co 5 khach len tau. Moi hanh khach doc lap vdi nliau 
chon ngau nhien 1 toa. Tfnh xac suat de moi toa co ft nhat 1 hanh khach len tau. 


A.— B.— C* 

81 81 


D.— 

81 


81 

Htr&ng dan 

Co tdt ca: 3 5 kha nang xay ra. Vi chi xay ra 2 trudng hop: (1;2; 2) va (1;1;3). 

^ tt\X? A +W\.C\£\ 

3 5 

Bai 2: Mot nguoi bo nglu nhien 4 la thu vao 4 bi thu da de sin dia chi. Tfnh xac suat de ft nhit co 1 
la thu bo dung dia chi. 


A. 


B.- 


C.1 


D .1 
8 


Hir&tig dan 

Co tit ca: 4! = 24 each bo thu vao bi thu. 
Co 4 kha nang xay ra la: 

«Ca 4 la dung dia chi. 

• 3 la dung dia chi. 

• 2 la dung dia chi. 

• 1 la dung dia chi. 


C6:l+q+C;+C;=l+4 + 6 + 4 = 15^>J D : 


15 5 


24 8 

Bai 3: Co 30 tarn the dugc danh so tu 1 den 30. Chon ngau nhien ra 10 tarn the. Tfnh xac suat de: 
a.Tat ca 10 the deu mang so chin. 
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A.- B.- C.—— D.—!— 

10005 10006 10005 10007 

b. Co dung 5 the mang so chia het cho 3. 

A.0,13 B.0,26 C.0,14 D.0,28 

c. Co 5 the mang so le, 5 the mang so chan trong do co 1 so chia het cho 10. 

A 108 G 108 c HO D 100 

'8671 '8670 '8671 '8671 

Hir&ng dan 

/t5 s-i5 /nrl s~i4 

y^riO 5 yOrlO 5 silO 

'-'30 C '30 '■"'30 

Baj 4 ; Mot may bay co 3 bo phan A, B, C co tarn quan trong khac nhau. Gia sir cac bo phan A, B, C 
tirong ung chiem 15%; 30%; 55% dien tich may bay. May bay bi rai neu co 1 vien dan trung vao A, 
hoac 2 vien trung vao B hoac 3 vien trung vao C. Tinh xac sudt may bay bi rai n6u: 

a. May bay bi trung 2 vien dan. 

A. 0,35 B.0,36 C. 0,3675 D.0,3 

b. May bay bi trung 3 vien dan. 

A. 0,5 B. 0,6 C.0,7 D. 0,72775 

Hir&ng dan 

a) Goi A la bien co: “ Co it nhat 1 vien trung A” 

B la bien co: “ Ca 2 vien trung B” 

=> P(A) = l- (0,3+0,55) 2 => P(A) = 1 - (0,3+0,55) 2 
P(B) = (0,3) 2 

=> Xac suat may bay rai: P = P(A) 4- P(B) = 0,3675 

b) May bay khong bi rai khi co: 1 vien vao B va 2 vien vao C. Xac suat cua bien co nay 
la:3.(0,3) 2 .(0,55) 2 

=> P(A) = 1 -(0,55) 2 ; P(B) = 3.(0,3) 2 .(0,55) 2 
=> P { may bay rai} = 1-3.(0,3) 2 .(0,55) 2 =0,72775 


Bai 5: Hai cau thu bong da sut phat den, moi nguai duac sut 1 qua vai xac suit ban tirong ung la: 
0,8 va 0,7. Tinh xac suat de co it nhat 1 cau thu lam ban. 


A. 0,8 B.0,9 C.0,94 D.0,49 

Hir&ng dan 

P{ ca 2 da truot) = 0,2.0,3 = 0,06 =>P=1- 0,06 = 0,94 
Bai 6: Trong tuan 16 vua qua Thanh ph6 co 7 vu tai nan giao thong. Tinh xac sudt d<§ moi ngay co 1 
tai nan xay ra. 

A. 0,006 B. 0,005 C. 0,004 D. 0,003 

Hir&ng dan 

, „ 7 7» 

Co tat ca: 7 kha nang xay ra => P = ~ 
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Bai 7: Gieo ddng thdi 3 con xuc sic. Ban la ngudi thang cuoc neu xuat hien it nhat “ 2 mat luc”. 
Tim xac xuit dl trong 5 van chai, ban thing ft nhat 3 van. 

A. 0,0068 B. 0,0054 C. 0,0042 D. 0,0036 

Hir&ng dan 

Xac suat thang trong 1 vanla: C 3 2 .|~j =—■ 

XacsuitajthingltnhStJvtala:^] (§} 

Bai 8 : 6 mot nude co 50 tinh, moi tinh co 2 Bai bieu Quoc hoi. Ngudi ta chon ngiu nhien 50 Bai 
biiu tu 100 Bai biiu d£ thanh lap 1 Uy ban. Tinh xac suat de trong uy ban co it nhat 1 Bai bieu cua 
thu do. 

A. 0,7423 B.0,7 C. 0,7324 B. 0,7243 

Hu&ng dan 

✓"»50 

/> = 1-—2L = 0,7423 
C 100 

Bai 9. Boi van nghe cua nha trudng gom 4 hoc sinh lap 12A, 3 hoc sinh lap 12J5 va 2 hoc sinh lap 
12C. Chon ngiu nhien 5 hoc sinh tu doi van nghe de bieu dien trong ll be giang nam hoc. Tinh xac 
suat sao cho lap nao cung co hoc sinh dugc chon va co it nhat 2 hoc sinh lap 1 2A. 






Hir&ng dan 

Goi khong gian miu cua phep chon ngiu nhien la Q 
Sd phan tu cua khong gian mau la: C 9 = 126 

Goi A la biin c 6 “Chon 5 hoc sinh tu doi van nghe sao cho co hoc sinh d ca ba lap va co it nhat 2 
hoc sinh lap 12A”. 

Chi co 3 kha nang xay ra thuan lgi cho bien co A la: 

+ 2 hoc sinh lap 12A, 1 hoc sinh lap 12B, 2 hgc sinh lap 12C 

+ 2 hgc sinh lap 12A, 1 hgc sinh lap 12B, 2 hgc sinh lap 12C 

+ 3 hgc sinh lap 12A, 1 hgc sinh lap 12B, 1 hgc sinh lap 12C 


So ket qua thuan lgi cho bien co A la: C 4 .C 3 .C 2 + C\.C\.C\ + C 4 .C 3 .C 2 = 78. 

a a > n 78 13 

Xac suat can tim la P = -= —. 

126 21 


Bai 10. Mot hop chua 20 qua ciu gidng nliau gdm 12 qua do va 8 qua xanh. Lay ngiu nhien 
(ddng then) 3 qua. Tinh xac suit de co it nhat mot qua cau mau xanh. 


A. 


46 

'57 


B.— 

57 


C. 


48 

'57 


Hir&ng dan 


So phan tu cua khong gian miu la w(£2) = C 
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Goi A la bien co "Chon dirge ba qua cau trong do co it nhat mot qua cau mau xanh” 


_ ^ _ _ Qi 

Thi A la bien co "Chon dugc ba qua cau mau do”=> = Cf 2 => = — 7 - 


C 46 


Vay xac suat cua bien co Ala P{A) = \-P(a} =1—^- = 


Q 57 


Phan Bai toan ve To Hop va Nhj thuc Newton 


Vi du 1. Tim he so ciia x 4 trong kliai trien cua x 3 -- I (x > 0) biet rang n la so tir nliien thoa 


man + C"” 1 + C"~ 2 = 92. 

A. 820 B. 1120 

Huong dan: 


C. 560 


D.1792 


^„ 2 +C;' 1 +C;- 2 =92«.«(n-l) + n + ^y^ = 92o3« 2 -«-184 = 0o 


n = 8 

n = -23/3(loai) 


S 6 hang tong quat cua khai trien: T k+] = C 8 (x 3 ) 8 k \—r\ = C 8 (- 2) k x 24 ~ 5k 


So hang chua x ung vdi k thoa man 24 - 5k = 4 <=> k = 4 
Vay he so cua x 4 trong khai trien da cho la C 8 4 (-2 ) 4 =1120 
Trac nghiem cac em lam nhu sau: 

Bu’O’c UTimn 4 + C”~ l + C”~ 2 = 92 co2each sau: 

Cach 1: Solve, cac em cho gia tri khai dau cua X la 10 nhe 

„(„_ 1)+w+ i^zl) =92 


B Math A E Math A 

4 ) -ggg Solve for X 


E Math A 


XtX-lJ+X+ ,,v, 2 - l> 
X= 8 

10 L-R= 0 

Cach 2: Table : Hieu qua nhat 

MfTiRr2imRf9ifn 

0 Math 

f(X)=XP2+XC(X-l^ 


Start? 


0 Math 


End? 


E Math 


Step? 


19 



Math 


I 

1 
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Cach nay cac em chi can nhap cho dung da mat cong khai trien. 
Buoc 2: Tim he so cua x 4 


Theo cong thuc khai trien C k (x 3 f~ k 



khai trien nay co 2 phan : phan he so C 8 * (-2)* va phan 


so mu (x 3 ) 8 ' 


Rat may man cho cac em thi may tfnh 570 vn plus va vinacal deu co 2 bang la F(x) va G(x) do do ta 
se de phan so mu a F(x) va phan he so a G(x) 

Cac em thay X = 10, k ~ x de thay doi gia tri cua k nhe 

mm 

B Math 

fCXH 


IQ] 

E Math E Math 

f(X)=do 3 ) 8 '*(-* foo=r x (^-) x 

(H 

E Math 

gQO= 



B Math 


gCX)=8CXx<-2^ 


Start? 

1 

GEKD 

B Math 

End? 

5 

mm 

B Math 

Step? 

1 
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did 


IS Math 

M 
5 

10000 

Chung ta vua nliin dugc so mu vua thay dirge he s 6 cua no. 


FCKJ 
jlL 


ml 


itntr 

-Do I 


G(X) 
-MMB 
112D 
- 1192 


Vf du 2. Tim so hang chura x 40 trong khai trien Niu-tan: 



vai xv± 0 . 


A. -30 

Huong dan 


B. -30x 4< 


C. -60 


D. -60x 4( 


Vi4t dugc CT cua so hang t 6 ng quat: Cf 5 (x 3 ) 


15-a ( -2 
X' 


\ k 


, 0<k<\5,ke N 


Viet dugc CT cua so hang tong quat: Cf 5 (-2)* jc 45 ~ 5k 


Tim dugc k=T => so hang can tim -30x 40 

Vi du 3. Cho P(x) = (1 + x + x 2 + x 3 ) 5 = ao + aix + a 2 x 2 + a 3 x 3 + ...+ aj 5 x 15 . Tim he s 6 aio. 
A. 100 B.101 C. 102 D. 103 


10 


Huong dan 

P(x)= (l + X + X 2 +X 3 ) 5 = (l + x) 5 .(l + x 2 ) 5 
He s 6 Oj q la he so cua 

+ Ta co: (l + x) 5 = C 5 ° + C\x + cjx 1 + C 5 3 x 3 + C 5 V + C 5 5 x 5 
+ Taco: (l + x 2 ) 5 = C 5 ° + C l 5 x 2 + C 5 2 x 4 + C]x 6 + C 5 4 x 8 +Cfx : 

Suy ra he so cua so hang cua f(x) la: 

C5C5+C5C5+C5C5 = 1.1 +50 + 50 = 101 

(doA-AAAWA 

Vi du 4. Tim so hang chua x 3 trong khai trien nhi thuc Niu - ton cua bi£u thuc (yfx -—] 5 x > 0. 
Trong do n la so tu nhien thoa man Afi - 2C, 1 , = 180. 


A. 3640x 3 B.3460x 3 

Huong dan 

BK: neN,n> 2 


Khido: A^-2C l n = 180<=> w 2 -3/7-180 = 0o 
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( r- 15 i !t*L 

Khin = 15 taco: yfx — 2 

V x ) k=0 

\5-3k 

Ma theo bai ra ta co:-= 3 <=> k = 3 

2 

Do do so hang chua x 3 trong khai trien tren la: Cf 5 (-l ) 3 2 3 x 3 = -3640x 3 

Bai tap ren luyen 

Bai 1: Tim he so cua x 5 trong khai trien thanh da thuc cua: x(l - 2x ) 5 + x 2 (1 + 3x) j 

C.-3310 D. -3320 


10 


A. 3310 B.3320 

5 10 

P = jc£c*(- 2 )V +x 2 '£ j C? 0 3 m x m 
0 0 

Timk,msaocho 0<k<5,0<m<\0,k,meN saocho: 

* + 1 = 5 f* = 4 

o 1 

m +2 = 5 [w = 3 

Tong he so cua trong khai trien la : C 5 4 .(-2 ) 4 + C, 3 0 .3 3 = 3320 

Bai 2: Tim he s 6 cua s 6 hang chua x 10 trong khai triSn nhi. thuc Newton cua (2+x) n , biet: 

3 n C° -3 n ' 1 C 1 n + 3 n- 2 C 2 -3 n ~ 3 C 3 n + ...+(-l) n C* =2048 (*) 

(n la s 6 nguyen duomg, C„ la so to herp chap k cua n phan tu). 

A. 11 B.-ll C.-22 D. 22 

Giai: 

Xet khai trien: 

0 

=3" cy - y-' c ] „x +3 "- 2 cy +...+(-i) n cy 

Thay x=T ta dugc: 

3" C“ - 3"~' C\ + 3"~ 2 C 2 -3"~ 3 C 3 +...+(-l)”C” = 2" 

0 2048 = 2" 

0/7 = 11 

Xet khai triSn: P = (2+x) n =J] C* 2 1 l_i x k 

0 

He s 6 cua jt 10 trong khai trien la: Cj, 0 .2 = 22 

Bai 3: Tim so nguyen duang thoa man he thuc: +...+C 2 "” 1 = 2048 


A. 5 


B.6 


C. 7 


D. 8 


Giai: 
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(i+i) n =c°+c' n + cl+... + c%- ] +c% 

-(l-l) n =-CS+Cj 1 -c2+...+c|r * 1 -C^ 

=> 2 2n = 2(C' n +c\ n +...+C^- 1 ) = 2.2048 
<=> n = 6 
Vay n=6 

Bai 4: Cho khai trien (l + 2x) n = a 0 + a 1 x+...+a n x 11 * * trong do neN* va cac he so a 05 aj ,... 3r j 

thoa man he thuc: a 0 +-aj+...+—a n = 4096 . Tim so lorn nhat trong cac so a 0 ,a l5 ...,a n . 

2 2 


A. 2 C! 


B. 2 6 Ct 


C. 2 7 C, 7 , 


D. 2 C„ 


Giai: Thay x = - taduac: 2" =a n +-a, +...+—a n =4096<=>n = 12 
2 2 2 " 

(l + 2 x)" = Jc*2V 
0 

*Xet 

C‘ +1 2 i+l >C k „2 k 
n\ 


- 2 >- 


n ! 


(Jt + l)!(n-jfc-l)!' k\(n-k)\ 

2 ^ 1 
<=>->- 


k +1 n-k 
ok> 8 

*Xet: a t _, > a t 
Tuong tir: 

1 . 2 


n-(k- 1) & 

<=> k <8 

Vay max{a 0 ,a 1 ,....,a 12 } = a 8 =2 8 C, 8 2 

Bai 5: KSt qua cua t6ng: (c„°)‘ + (c' n )* + (c 2 )*+... + (C" ) 2 = ' 


A C n 

C 2»+l 


B.C- C.C- 


D. C” 


Giai: (1+A-) 2 " =£c*y = C 2 °„+C'„x + ...+C 2 > 2 


He so cua x n la C 1 ^ (1) 

Mat khac 

(l+xni+xy =£cy.Jc„V'=(c„°+c>+...+cy) 2 

0 0 

He so cua x”: 


Web: AUka.vn The lire -fb.com/Adthehtc The Anh - fb.com/nguyentheankteacher 










Me SSMT -TO HOIS? -MEWTGR Nguyen The Anh (Great Teacher) - Nguyln The Lux (Casio Expert) 


j k 4- m = n 

\§<k,m<n\k,meN 

Vay he so x n la : 

Do k + m = n nen C* =C’ ! 


Hes 6 cua x" la: £(C *) 2 = (Cy + (C'„) 2 + ...+ (C„") 2 (2) 

0 

Ma (l+x)"” = (l + x) w (l+x) n (3) 

Tu(1) va(2),(3) suy ra C”„ =(C „ 0 ) 2 + (C,:) 2 +...+(c ;;) 2 (dpcm) 

Bai 6 : Chung minh ring: nC° - (n - DC 1 + (n - 2)C£ - (n - 3)C 3 +... + (-l )”- 1 C ”’ 1 = 0 . 

Giai: 

Xet khai triin: (x - 1 )” = C„V - Cy~ l + C„V " 2 - C 3 *”- 3 +...+(-l )" -1 C”~'x+ C” 

Lay dao ham 2 ve ta duoc: 

n(x -1 )”- 1 = nC®x “ -1 -(n - DC^x ”' 2 + (n- 2)C 2 x ”- 3 - (n- 3)C 3 x"^ +... + (-If - 1 C ”" 1 
Thay x=l ta duoc: nC° - (n - DC 1 + (n - 2)C 2 - (n - 3 )C 3 +... + (-lf^C ”' 1 = 0 (dpcm) 

Bai 7: Khai trien da thuc: P(x) = (x + l ) 10 + (x + l ) 11 + (x + l ) 12 + (x + l ) 13 + (x + l ) 14 ra dang : 
P(x) = ao + aix + aix 2 +... + ai 4 X 14 . Hay xac djnh he s 6 aio- 


A. 1356 B. 1365 C.1256 D. 1526 

Bap sd: 

Huong din: a 10 = C,° 0 + C, 1 , + C 5 2 2 + C, 3 3 + C, 4 4 = 1365 

Bai 8: 

1. Tinh tich phan: I u = f (1 - x 2 ) u dx (n = 0, 1,2,...) 

Jo 


2. Chung minh ring: 1 - i C 1 + i C| - i C 3 +... + C£ 


Bap so: 1) I n = 


3 u 5 
2.4.6... 2n 
3.5.7...(2n + l) 


2n +1 


2.4.6...(2n~ 2)2n 
3.5.7...(2n - l)(2n +1) * 


1. I n = J o (l~x 2 fdx J n _ , = J(l-x 2 )” ] dx 


Ta se chung minh: I n ■ 


In 

2w + l 


h-x ; 


u = (1 - X 2 y dx \du = ~2x.n(l - x 2 ) n ~ ] dx 


dv = dx 


v = x 
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=>i n =x(\-x 2 y 


i i 

+ n^2x 2 * (l-x 2 y~ l dx 


i i 

= 0- 2n\ (1 - A- 2 )(1 - + d{\ - X 2 )+In j (1- x 2 dx 


0/„=2^„ + 2n/„_i 

In 

° ”'2«+l "- 1 

Tac 6 :/, = -^-.^zlLJ / 0 

" 2n+l 2(n-l) + l 3 0 
1 

Vai / 0 =J(l-x 2 )°^ = l =>7„ = 


2.4.6...2n 
3.5.7...(2«+l) 


2 . 


j i 

I n = J (1 - x 2 ) n dx = | (C° - C^x 2 + C 2 x 4 * - C^x 6 +... + C*x 2n )dx 


= (C° x - — C* + — C 2 - — +... + i-2*L C u 

n 3 n 5 n 7 u 2n + l n 


:i_±c;+~c 2 --cf+...+- 

3 n 5 u 7 u 2n + l 

2.4.6...(2n~2)2n 


3.5.7...(2n-l)(2n + l) 


Bai 9: Cho n la so nguyen dirang. Tmh S = 1 + - C* + - C 2 +... + C“. 

2 3 n + 1 

Bap sd: S = —(2 n+1 -1) 

n + 1 

Giai: f(x) = (l+x)* = =^ + C>+....+Cy 


Lay tich phan 2 ve ta dirge: 

J (1 + *)* * =f (c„°+ c> +...+ cy ]cbc 


o o 

Nf 1 - c’ c* , 


<=> 


n +1 


lo=(0 ++^ +•••+—^ )lo 


= l + Lcl + \cy... + -L-C>; (dpcm) 

n +1 2 3 w+1 



, *£ 
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Cap So Cong, Cap so Nhan, Gioi Han 


I. Cap so cong 


1. Dinh nghTa: Cap so cong la mot day so (him han hoac vo han), trong do ke tir so hang thu 2, mdi 
so hang deu bang so hang dung ngay trade no cong vdi so khong doi d. So d goi la cong sai cua cap 
so cong. 

Cong thuc tray hoi: u n +i = u n + d vdi moi so nguyen duang n. 

Neu d = 0 thi cap so cong la day so khong doi. 

2. Sd hang tong quat: Neu cap so cong (u n ) co so hang dau Uj va cong sai d thi so hang tong quat u n 
dugc xac dinh bdi cong thuc: u n = uj + (n - l)d vdi n > 2 . 

3. Tinh chit cac so hang cua cap so cong: 


u _ Hk i + u k± I v< 5ri k > 2 
k 2 


n ( u i + u n ) 


4. Tong n so hang dau cua cap so cong: S n = ui + U 2 + U 3 + ... + u n = 

L 

n[ 2 uj +(n-l)d] 

2 

II. Cap so nhan 

1. Dinh nghTa: Cap so nlian la mot day so (huu han hoac vo han), trong do ke tu so han thu 2, mdi 
sd han d§u la tich cua so hang dung ngay trade no vdi so khong doi q. So q goi la cong boi cua cap 
so nlian. 

N4u (u n ) la cdp sd nhan vdi cong boi q, ta co u n +i = u n q, vdi moi so nguyen duang n. 

2. Sd hang tong quat: u n = Uiq 11-1 vdi n > 2 

3. Tinli cMt cac sd hang cua cap sd nlian: (uO 2 = Uk-i.Uk+j, vdi k > 2 

4. Tong n sd hang dau cua cap sd nhan: 


Cho cap sd nlian (u n ) vdi cong boi q ^ 1 . S n = Uj + u 2 + ... + u n 


1 -q 


Neu q= 1 thi S n = n.ui. 

Bai tap ren luyen cap so cong - Cap so nhan 

Cau 1 . Cho cap sd cong co cac sd hang lan luot la -4,l,6,x.Khi do gia tri cua x labao nhieu? 

A. x=7 B. x=10 C x=l 1 D.x=12 

Can 2. Cho cdp sd cong co cac sd hang lan luot la -7,x,l l,y .Khi do gia tri cua x va 
nhieu 


A. x=7,y=21 


B. x= 2 ,y= 20 , 


C. x=3,y=19 


D. x=4,y=18 
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Cau 3. Trong cac so hang lan lirot la 5,9,13,7 khi nao thi... khi nao u n co the tinh dirge theo bieu 
thuc sau day 

A. u n =5« + l B. w m =5h-1 Cu n =4n + 1 D. =4/2-1 
Cau 4. Trong cac day so dugc cho dudi day ,day nao la c&p so cong 

A. it = 7-3/a B. it =7-3" C. u = — D. u„ = 7.3" 

n n n 3 „ n 

Cau 5. Mot dip so cong co 13 s6 hmg,so hang dhx la 2 va tong 13 s6 hang d&u la 260 .Khi do gia 
tri cua u l3 la bao nhieu 

A. w 13 = 40 E . u l3 = 38 C. u n = 36 D. u n = 20 

Cau 6. Mot cap so cong co 6 so hang ,biet rang tong so hang dau va s6 hang cu6i b§ng 17 ,tong cua 
so hang thu 2 va so hang thu 4 bang 14.Khi do cong sai da cho co gia tri bang bao nhieu 

A. d=2 B. d=3 C. d=4 D. d=5 

Cau 7. Mot cap so cong co 7 so hang .Biet rang tong cua so hang dau va so hang cu6i b4ng 30 ,t6ng 
cua so hang thu 3 va so hang thu 6 bang 35.Khi do so hang thu 7 cua cap so cong la bao nhieu 

A. w 7 = 25 B. u 1 = 30 C. w 7 = 35 D. w 7 = 40 

Cau 8. Mot cap so cong co 12 so hang ,biet rang tong 12 so hang la 144 ,so hang thu 12 bang 23 
.Khi do cong sai cua cap so cong la bao nliieu 

A .6=2 B .d=3 C .d=4 D. d=5 

Cau 9. Mot dip so cong co 15 s6 hang ,bi4t rSng t6ng cua 15 s6 hang do bang 225 va s6 hang thu 
15 bang 29 .Khi do so hang dau tien cua cap so cong da cho la bao nhieu 

A. u { = 1 B. u { = 2 C. Wj = 3 D. Wj = 4 

Cau 10. Cho 1 cap so cong co 10 so hang ,biet tong cua 10 so hang dau tien la 175 va cong sai d=3 
.Khi do so hang dau tien cua day so la bao nhieu 

A. Wj = 0 B. u x = 2 G u x = 4 D. u { = 6 

Cau 11. Cho cap so nhan co cac so hang lan luot la 2,8,x,128 .Khi do gia tri cua x bang bao nhieu 
A. * = 4 B. x = 32 C. x = 64 D. x = 64 

Cau 12 .Cho cap s6 nhan ,co cac so hang lan luot la x,12,y,129.Gia tri cua x va y \m luot la bao 
nhieu 


A. x = l,y = l44 B. x = 2,^ = 72 

Cau 13 Cho cap so nhan co cac so hang lan 
thuc nao sau day 

A. u n = 3” -1 B. u n = 3" 


C x = 3 5i y = 48 D. x = 4,y = 36 


luot la 3,9,27,81.Klii do u n co dugc xac dinh theo bieu 
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Cau 14. Mot dip s6 nhan c6 6 s6 hang ? voi so hang dau la 2 va so hang thu 6 la 486 .Goi q la cong 
boi cua cap so nhan do 5 gia tri cua q la bao nhieu 

A. q = 3 B. q--3 C. q = 2 D. q~-2 

Cau 15. Cho 1 c&p s6 nhan co 4 s6 hang ,voi sd hang dau la 3 va so hang thu 4 la 486 .Goi q la 
cong boi cua cap so nlian do ,thi gia tri cua S la bao nhieu 

A. S=390 B. S=255 C. S=256 D.S=-256 

Cau 16. Cho cap so nhan co 15 so hang ,dang thuc nao sau day la sai 

A. u r u ]5 = u 2 .u l4 B. u r u 15 =z/ 1 .w 11 C. u r u l5 = w 6 .w 9 D. u r u l5 ~u ]2 .u 4 

Cau 17. Mot tam giac co cac goc lap thanh c&p s6 nhan vai cong boi q=2.Khi do cac goc tuorng ung 
cua tam giac la 


A. 30°,60°,90° 


n 2n An ^ n 2n An ^ n 2n An 
* 7’ 7 ’ 7 


Cau 18. Chon cap so nhan co 10 so hang ,voi cong boi q^ 0 va w, ^0 .Bang thurc nao sau day la 
dung 

A. u n - u 4 .q 2 B. u 7 = u 4 .q 4 C. w 7 = u 4 q 5 D. u 7 = u 4 .q 6 

Cau 19.Mot c4p s6 nhan co s6 hang thu 2 la 4 ,s6 hang thu 6 la 64 .Vay sd hang tong quat cua cdp 
s6 nhan co the tinh tlieo cong thuc nao 

A. u n = 2”~ ] B. u n = T C. u n = 2" +l D. u n = 2 n 

Cau 20. Cho 3 s6 a,b,c theo thu tu nao do ,vua lap thanh cdp s6 cong ,vua lap thanh cap so nhan khi 
va chi khi 

A. a = l,b = 2,c = 3 B . a = d,b = 2d,c = 3d, d ^ 0 

C. a = q,b = q 2 ,c-q 3 ,q^ 0 D. a = b = c 

Cau 21. Cho hai dip s6 cong: u n = ui; u 2 ; ....u n co cong sai di va v n = vi; v 2 ....v„ co cong sai d 2 . 

Goi tong cua n so hang dau cua m6i cap so theo thu tu la S n = uj + u 2 + ....+ u n = 7n + 1 va T n = 

Vi + v 2 +....+ v n =4n + 27. Timtysd —. 




C. 1 



Huong dan: Ta co: S n = 2ui +(n - 1 )dj va T n = 2vj + (n - l)d 2 nen 

S n ^ 2u ] +(n-\)d l = 7/7 + 1 
T n 2v, +(n-\)d 2 4/7+27 W 

u \) _ u i +10dj _ 2 u { + 20d, / n 

v n v,+10d 2 2vj+20d 2 
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So sanh (1) va (2) => n = 21 nen — = = - 

v n 111 3 

Cau 22 : Xac dinh mot cap so cong co 3 so hang, biet tong cua chung b&ng 9 va tdng binh phuong 
la 125. 


A. -4; 3; 10 B. 10; 3; -4 C 4; 3; 10 va 10; 3; -4 D. 1 dap an khac 

Huong dan: Goi d la cong sai. Ba so phai tim la: (x - d); x; (x + d). Ta co he phuong trinh: 

Ux-d) + x + (x + d) = 9 (l) 

[(x - d) 2 + x 2 + (x + d) 2 = 125 (2) 

(1) o3x = 9=> x = 3 

(2) o (3 ■- d) 1 + 3 2 + (3 + df = 125 <=> d = ±7 

Vdi d = 7 cap s6 la: -4; 3; 10 va voi d = -7 cdp so la 10; 3; -4 

Cau 23. Xac dinh 4 goc cua mot tu giac loi, biet rang so do 4 goc lap thanh mot cap so cong va goc 
Ion nhat bang 5 lan goc nho nhat ,cac goc do lan luot la 

A. 30°,70°,110° , 150° B. 20° ,80° ,110° 150° 

C. 20°,80°, 100°,160° D. 20°,80°, 160°, 100° 

Cau 24. Tim phan so sinh ras6 a = 0,23232323.... 





Cau 25.Tinh tongcua ns6 hang: S n = 3+33+333+... 


D 


26 

‘99 


A. ^(10" +l -10-9 n) B. ^(10" +1 + 10-9«) C. ^(10" +1 +10 + 9«) D . 
~^(10" +l +10 + 9n) 

Cau 26. Tinh tong cua n so hang: T n = 105 + 110+ 115 +....+995 


A. 98450 B. 18450 C. 78450 D. 88450 


Cau 27. Cho tarn giac ABC co cac canh tuong ung a; b; c . Bi4t A = 90°; va a ; 
thanh mot cap so nhan. Tim s6 do cac goc B va C. 



c tlieo thu tu lap 


A.5 = 30°,C = 60 B .5 = 60°,C = 120 C. 5 = 90,°C = 45° D. J5 = 60°,C = 30° 


Giai: Theo tinh chat cap so nhan, ta co: ac =—b 2 . 


Theo he thuc luong trong tarn giac vuong, ta co: b = a. sinB, c = a. cos; 
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Vay ac = -b 2 o3a 2 .cos£ = 2a 2 sin 2 2cos 2 jB+3cosi?-2 = 0^cos£ = —=>B = 6(f;C = 3(f 
3 2 

Cau 28. Cho mot day s6 co cac s6 hang dau tien la 1,8,22,43,.Hieu cua hai so hang lien tiep cua 

day s6 do lap thanh mot cap so cong : 7,14,21..., 7n. s6 35351 la so hang thu may cua cap so da cho 
? 

A, 101 B. 102 C. 103 D. 108 

Cau 29 .Tim m dl phiiong trinh : x A -(3/w + 5)jc 2 +(/« + l) 2 = 0 co b6n nghiem lap thanh mot dip 
so cong ? 

A .m = 5 B. m = — C.m = 5 vam = — D. m=-5 

19 19 

Huong dan: Gia six bon nghiem phan biet cua phuong trinh : x li x 2 ,x i ,x A . 


Bat x 2 = y > 0, ta dugc phuong trinh : 


o/-(3/w + 5)y + (/w + l) 2 =0 (l) 

Ta phai tim m sao cho (1) co hai nghiem duong phan biet: 0 < y x < y 2 , Khi do thl (1) co b6n 
nghiem la: x, = ~-Jy^,x 2 = ~-Jyi,x 3 = /y n x 4 = (Ro rang: x l < x, < x 3 < x 4 ) 

Theo ddu bai thi bon nghiem lap thanh cap s6 cong , nen : 

^>x 3 +x l = 2x 2 vx 4 +x 2 = 2x 3 a> y [y t -/y^=2jy => 3 = ^ <=> 9 y t =y 2 (*) 


Ap dung vi et cho phuong trinh (1) ta co he : <=> 


A = (3m + 5)~-4(m + l)' >0 
S = y { +y 2 = l0y { = 3m + 5 <=> 

p = y t y 2 =9yf =(m + lf 


m = 5 


25 

*19 


, , , t , , , x 4 > 

Cau 30. Tim bon so hang dau cua mot cap so nhan , biet tong ba so hang dau bang 16—, dong thbi 
theo thu tu, chung la so hang thu nhat, thu tu va thu tarn cua mot cap so cong 


; 16 64 256 

A.u,= A,u 2 = —,u 3 =—,u 4 = — 

n _ 17 _ 64 _ 257 

C. M| — 5, u 2 — , w 3 ^ ^ 


^ ^ 17 64 256 

B. Wj —5,u 2 — ,u 3 — ^ ,u 4 — ^ 

_ . 16 64 257 

D. «, =4 ,u 2 = y,u 3 = — ,u 4 = — 


Huang dln:Goi: u v u 2 ,u 3 ,u 4 la 4 s6 hang diu tien cua cap so nhan, vai cong boi q . Goi (v„) la 
cdp s6 cong tuang ling vai cong sai la d. 
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Theo gia thiet ta co : 


u { +u 2 +u 3 +u A =16- 


u l =v l o 

u 2 =v 4 =v i + 3 d 
u 3 = v 8 = v, +1d 


Ut+Utf+Ufi 2 =16-(1) 

u l q = u ] +3d (2) 
u x q 2 ~u x + ld (3) 


KM d tu (2) va (3) ta durgc : u x (3 q 1 - Iq + 4) = 0 (4). 


Do (1) nen ; u { * 0 => (4) o 


9 = 1 4 

4 . Theo dinh nghla thi q & 1, do vay q = - 
q = - ' 3 

3 


T , > /t , , A . 16 64 256 

Thay vao (1), ta dirge : Wj = 4, u 2 = u x q = — ,w 3 = —, u A = 

Cau 31. Mot cap so nhan co 5 so hang , cong boi q =1/4 so hang thu nhat, tong cua hai so hang dau 
bang 24 . Tim cap so nhan do ? 

A.8,16,32,128 B. -12,36,-108,-972 

C. 8,16,32,128 hoac -12,36,-108,-972 D. 12,36,108,972 hoac 8,16,32,128 

Huong din:Theo gia thi£t ta co : u x + u 2 = u x + - (ii { ) = 24 => w, + -uf - 24 = 0 o u x = -12 v w, = 8 

4 4 

Vay co hai cip s6 nhan tuong ung la: 8,16,32,128 hoac : -12,36,-108,-972 
Cau 32. Voi gia tri nao cua a, ta co the tim dugc cac gia tri cua x dk cac s6 : 

5 x+l +5 1 “ x ,^,25 x + 25~ x lap thanh mot cap so cong ? 


A.a> 12 B. ^>13 C.a >14 

Huong dan 

Be 3 so hang do lap thanh cip s6 cong, ta co : 

(5 l - + 5-) + (25 1 ' + 25-q = 2^Ua = 5f5^l) + f5- + i 


D. #>15 


2 ) 1 / 5 X ) ' 5 2x 

Theo bat dang thurc co si, ta co : 5 X + — >2>/l=2,5 2x -i—> 2 => > 5.2 + 2 = 12. 

5 X 5“ x 

Vay voi: a > 12 , thi ba so do lap thanh cap so cong . 

Cau 33. Gia su cac so : 5x-y,2x+3y, va x+2y lap thanli mot cdp s6 cong, con cac s6 : 
(v+l)",xy+l,(x-l) 2 lap thanh cap s6 nhan . Timx,y? 

hi?™ 
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10 4 

A. * = —- j; = - B. x = 0,y = 0 C 
3 y 3 


Huong dan: Theo gia thiet ta c6 he : 


x - 


10 


4 

y ~ 3 

x = 0 ,y = 0 
= z 3 _ -3 
4 ’ y ~ 10 


D. 


x = 0 

y = o 

10 _4 

3 _ 3 

-3 -3 

x = —,y = — 

4 10 


f(5x-y) + (x+2y) = 2(2x + 3y) 
|(j;+ 1 ) 2 (x- 1 ) 2 =(xy+ 1 ) 2 


2x = 5y 

x+y~2 o 
.xy+x+y = 0 


2x = 5y 
x+y = 2 
2x = 5y 

3’(^3’)+5>'+2j = 0 


O 


_10 

3 

4 


x = 0,y = 0 


X 4’ y 10 


Cau 34. Cho 2 so : x„y lap thanh mot cap so nhan va x 4 = yV3. Tim x,y va cong boi q cua cdp so 
do? 

A. x = V3,y = 3^3 B.x = >/3,y = 2>/3 


C. x = 3-v/3,y = 2>/3 


D. x-3^,y = 3>/3 
9 


Huong dan:Theo gia thiet: 


py = 3 2 


= J’n/3 


r= 


/ = 


9 ^ 3 . 


X : 

: s = 9y/3 


X = W3 5 


y=- 


3 2 


<=> 


fx=%/3 

^ = 3^3 


Cau 35. Tim x de ba so : hi2,In (2 1 -l),ln (2 A +3) lap thanh mot cap so cong ? 


A. x = log 2 6 B. x = log 3 5 C. x — log 3 7 D. x = log 2 5 

Huong dan: 

Bieu kien : 2 X -1 > 0 <=> 2 X > 1 = 2° => x > 0(*) 

Khi do taco phuong trinh : 2fo(2 x -l)==ln2+ln(2 x +3)<=>(2 x -l)~ = 2^2*+3) 


o2 ~4.2 I ~5 = 0o 


2 X =-l 
2 X = 5 > 1 


=> x = log 2 5 > 0 


Cau 36. Tong cua so hmg thu hai va thu tu cua mot cap so nhan tang nghiem ngat la 30, va tich 
cua chung bang 144. Tim tong muoi so hang dau tien cua day so do ? 

A* 3069 B. 4069 C. 5069 D. 6069 
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Cau 37. Cho tam giac ABC co A = 90° con a,b, ^ ,c theo thu tu do lap thanh mot c&p s6 nhan . 
Tam giac ABC la tam giac co dac diem gi ? 

A. tam giac can B. tam giac thiromg C tam giac nua deu D. tam giac deu 
Giai thick: tam giac nua deu la tam giac vuong co 1 goc bang 60, goc cdn lai la 30 

A = 90° 


Huong dan : Theo gia thiet ta co he : 


. 76 ° 

- a.b , — ,c 
,. 3 


i ,2 o 

a~ ~b +c~ 

2 . 

-i 

3 


2 , a t 2 3 

b =acob --ac 


Tudo suy ra : a 2 =-ac + c 2 <=> 2a 2 =3ac + 2c 2 o(2a+c)(a-2c) = 0=oa = 2c(2a + c>0) 
cl 

Ma : cosB=- = - => B = 60°,C = 30°. Vay tam giac ABC la tam giac nua dhu . 
a 2 

Cau 38. Tam giac ABC thoa man dieu kien : tanA, tanB, tanC theo thu tu do lap thanh ckp sd cong 
Hay tim gia tri nho nhat cua goc B co th& co dugc ? 


B. 45° 


C. 60° 


A. 30° 

Huong dan 

Theo gia thiet: tanA,tanB,tanC lap thanh cap so cong thi ta co : tanA+tanC=2tanB 


D. 15° 


o tan A+tan C 


_ sin(.4 + C) _ sin B 2sin B 


sini? 


cos A.cos C cos A.cos C cos B cos A.cos C 


1 


cosB cosA.cosC 


<=> 2 cos ykcosC=cosB o cos (A+C)+cos (A-C) = cosB 


o -cosB+cos ( A-C) = cosB o cosB= ^ cos (A-C) < - (2) (vi 0<cos(A-C) < 1) 


Do 0<B < n => Gia tri nho nhat cua B =->60° 

3 





Web: Alika Art 


The Luc -fb.com/Actthehw The Anh - fb.com/nguyentheanlUeacher 
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Gioi Han 



Thuc ra a day chung ta vln su dung ung dung cua tinh nang CALC ma tlioi, cac em cung xet xet vi 
du sau: 


Vi du 1: Tinh lim 

x—>1 


V2x + 7 +x-4 
x 3 -4x 2 +3 




Cac em nhap bieu thuc 


yjlx + l +X-4 
x 3 - 4x 2 + 3 



C.- 


vao may tinh rdi bam CALC 
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CAP SO CONG “ NHAN- GIO'I HAN Nguyen The Anh (Great: Teacher) - Nguyen The Lu c (Casio Expert) 


0 Math A 

^/2X+7 +X-4, x? 

*3-4X2+3 1 


13 Math A 


V2X+7 +X-4 


* 3 — 4 * 24.3 

1.0000001 -0.26666666 


Muc dich minh them 0.0000001 d day la de tranli mau bang 0 do do may khong tinh dirge gia trj 
bieu thuc con klii mlu va tu xap xi 0 tlii may se cho ra gia tri xdp xi gidi han edn tim la : (dl ra dirge 
phan so nhu anh thi it nhat nliap 13 s6 6) 

13 Math A 

-0.2666666666661> 

_4_ 

" 15 

Vay chgn D. 

Vay tong quat cho bai tinli lim/(x) thi cac em tinli gia tri cua /(x) tai a + 0.0000001 

X 

Ngoai ra doi vdi dang cac em co the dung cong thuc Lopital lim^^ = limkhi do no 


0 00 

„ ; , 0 OO ^ %n * a , , 

se mat dang —■ va chi viec tinh- ! — 

0 00 g’(x ) |I=0 

Vi du 2: Tinh lim — v6 j a> 0 

A 2 -a J 


,g( x ) ™ g \x) 


A. 


1 


■Jla 


B. - 


1 


■Jla 


C. 


ra 


D. - 


r 


Huong dan: 

Cac em chon luon a=100 ta duoc : 


Math A 


MatWA 


V*'-^roo+'/*-lQQ V*-/TOO+^*-100 

Jx 2 -i002| J*2-100 2 

0.0707107897 

Vay cac em chon A. 

Tuong tu vdi cac vi du sau: 


Ans" 


13 Math A 


5.00001578xid 3 


Bai 1: Tinli gidi han cua lim — X - + * - 

a-^2 x 2 _ 4 


A. I 
2 


B. - 
3 


cX 

6 


Bai 2 : Tinh gidi han cua lim + $ ^ 


A. 


x-> 4 4-x 

1 


D.i 

7 


B. ~ 
6 


C.- 

5 
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CAP SO CONG - NHAN- GIO'I HAN Nguy6n The Anh (Great- Teacher) - Nguyen The Luc (Casio Expert) 


Bai 3 : Tinh giai han cua lim 


Vx-3 


x _^9 9 X - X ^ 






Bai 4 : Tinh 


giai han cua lim 

‘ x->7 


2-Vx^3 
x 2 -49 





D. - 


57 


Bai 5: Tinh 


, r x -a/3x-2 

giai han cua lim--- 

x 2 -l 





Bai 6 : Tinh giai han cua lim 

X—>1 


Vx 2 +3 + x 3 -3x 
x-1 





Bai 7 : Tinh giai han cua lim 

jc->-3 


x + ^3-2x 
x~ + 3x 






Bai 8 : Tinh giai han cua lim 

*->o 


V^ + 9 + Vjc + 16-7 


x 





D. - 


_7_ 

24 


Bai 9 : Tinh 


giai han cua lim 

' x—>0 





D. 


I 

3 


Bai 10 : Tinh giai han cua lim 

x->! 


yfx -1 
V4jc + 4-2 


A. 0 U. 1 


Bai 11 : Tinh giai han cua lim 

x->0 


‘V5x + 1 -1 


x 


A. 0 


B. — 
100 


The Lye -fh.com/AcLZhekte 
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Bai 12 

A. — 
161 

Bai 13: 

A. 0 

Bai 14: 
A. 0 


rp, , . ^8x + 11 — \fx + 1 

\ Tmh giai han cua lim- 

xh-2 2x 1 -5x + 2 
7 


— c± 

161 162 

■\/2x-l + x 2 - 3x +1 


Tinh giai han cua lim —==- 

x ^ ] vx - 2 + x 2 - x +1 


B. 


’lO 9 


C — 
10 5 


71 COS X 


Tinh giai han cua lim- 

x->o sin (tan x) 


B. 


'lO 9 


c_L 

io 5 


Bai 15 : Tinh giai han cua lim 
A. 0 


• A/l+sinx-^/l-sinx 


x->0 

99 

B. — 

100 


tanx 


Bai 16 
6 


A. 


: Tinh giai han cua lim-— x 

XH 

3 


x->?2-cotx-cot 3 x 

4 


7 


B. -- 


Cl 


4 


Bai 17: 

A. l 
2 


Bai 18 

1 


Tinh giai han cua lim 

x-»0 

B. -- 
2 


1 - COS XyjcOSlx a/cos 3x 


1-cos2x 


C- 


rpr i • * • i - I- 4* 2 - 3X+2X 

: Tmh giai han cua lim * 


A. 


3x-l 

1 


3 


C.- 


D. - 


_7_ 

161 


D. -1 


D. -1 
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ffiNRBQC KHONG .GIAN 


Nguyen The Anh (Great Teacher) - Nguyen The Luc (Casio Expert) 


CHUYEN BE HINH HOC KHONG GIAN 

Hinh khong gian la mot trong nhung chuyen de Kho neu thi trac nghiem bdi cac em phai mat thai 
gian ve hinh va suy luan- khong co su trg giup cua may tinh. Kien thuc cua hinh hoc khong gian 
dirge gioi thieu chu yeu vao nam lop 11 mac du cac em hoc sinh da dugc biet den mot so hinh 
khong gian trong chirong trinh hgc cap 2. 

Nhung bai toan thuong gap khi thi Toan trac nghiem: 

1. Tinh thiet dien 

2. Tinh the tich 

3. Tinh khoang each 

4. Tinh Goc 

5. Mot s6 bai toan ket hgp khac 

Truoc khi vao doc chuyen d£ nay thi nhung kien thuc bo tro* cac em can phai nam vtrng do la: 

• Nhung Kien thuc co ban ve Hinh khong gian 

® Nhung kiln thuc phuc vu cho viec tinh toan: He thuc lugng trong tarn giac vuong va he thuc 

lugng trong tarn giac thuong. 

« Ky nang tinh toan va Iuyen tap cham chi. 

V&i nhung kien thuc ho tro tot thi phan Hinh khong gian se la the^ MQnh cua cac em. . 

......*. 

-.*,*••*.......f*.V***.................... 

1.1. Kien thu’C lien quan (Day la kien thuc hinh hgc phang de giup cac em tinh toan mgt each de 
dang cac canhu goc...) 

1.1.1. Ti so luong giac cua goc nhon 

MH 
OM 
OH 


® sm cc = - 


M 


@ cos a - 


® tan 6^ = - 


® cot a-- 


OM 

MH 

OH 

OH 

MH 



1.1.2. He thuc luong trong tarn giac vuong 

Cho AABC vuong o A 

© Binh ly Pitago: BC 2 = AB 2 +AC* hay a 2 =b 2 +c 2 
® BA 2 =BH.BC ; CA 2 = CH.CB hay b 2 = a.b\c 2 = a.c 

• AB. AC - BC. AH hay be = ah 

1 1 1,1 

. -_ =-- +- - hay — 

AH 2 AB 2 AC- h 

« BC-2 AM 

1.1.3. He thuc luong trong tarn giac thuong 

• Binh ly ham so Cosin: 


1 1 

T 2 2 

b c 


® Binh ly ham so Sin: 

1.1.4. Cac cong thuc tinh dien tich. 

a. Cong thuc tinh dien tich tarn giac. 


a 2 =b 2 +c 2 - 2bc.cos A 
a b c 


sin A sini? sinC 
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HINH HOCKHONG GIAN Nguyen The Anh {Great Teacher) - Nguyen The Lux (Casio Expert) 



© S =pr 


• S = ^p(p-a)(p~b)(p-c) vai p = 


a + b + c 


(Cong thuc He-rong) 


Dae biet : 


© AABC vuong a A: S = — ABAC 


© AABC deu canh a: S ■ 


a 2 j3 


b. Dien tick hinh vuong canh a: S = a 2 (H. 1) 

c. Dien tick hinh chit nhat : 5 = a.b (H.2) 

d Dien tick hinh thoi : S = — m.w (H.3) 


e. Dien tich hinh thang : 5 = —(H.4) 



a 

77.7, 


77.2 



77.3 


1.1.5. Mot so ti'nh chat dac biet thuong sir dung 

• Duong cheo hinh vuong canh a la d = a^fl (H.5) 

aVJ 

© Duong cao tarn giac deu canh a la h =-(H.6) 




1.1.6. The tich khoi da dien 

a. The tich khoi lang tru 

® The tich khoi lang tru: V = Bh , voi B la dien tich day ; h la chiSu cao 

©The tich khoi hop chu nhat: V = abc , voi a , b, c la chi&u dai, rong, cao 
®The tich khoi lap phuong: V = ct voi a la canh 
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■Him HOC KBONG GIAN Nguyen The Anh (Great Teacher) - Nguyen The Lux (Casio Expert) 




y 




y . 



•Thi tich khdi chop: V = —Bh, voi B la dien tich day, h la chieu cao 
3 



L2.Phiromg phap tinh the tich khdi da dien 
i.2.1.Phir<mg phap tinh trirc tiep bang viec sir dung cong thuc the tich 




Khi tinh thi tich khdi da dim ddu tien cdn quart tam hai yeu to quan trong xac dinh the tich 
la: chieu cao va dien tich day dua tren cac cong cu. da hoc nhu cac he thuc luang trong tam giac 
thuong, he thuc luang trong tam giac vuong,... 

[...a 7 nimkhk chop. 

‘•"Yiittitttttttttnntinittiiiiiitttittntitttift* 


j Vi All . (Di thi TSDH Khdi A ndm 2010)C ho hinh chop S.ABCD co day ABCD la hinh vuong canh 
: a. Goi M va N lan lucrt la trung diem cua cac canh AB va AD; H la giao diem cua CN va DM. Biet j 

: SH vuong goc vdi mat phang (ABCD) va SH = a*j3 . Tinh the tich khoi chop S.CDNM theo a. 


Y S.CDMN ~ o -^CDMN 


- ^ SH.S r 


S BCM S AMN 


) 


1 iz5 2 3 

= -W3-a =- a 

3 8 24 



*Nhan xet: Trong nhiiu bai toan yiu td quan trong chinh la chieu cao. Vdi khdi chop cdn chinh 
xac hoa duang cao (chan duang cao) cua hinh chop. O day ta co the liet ke mot sd truang hap 
thucmg gap sau: 

[ YLdu2/T\ i* n *h thi*tich kh*6i ch6p td gidc dlu 'SAJBCD^ ' c6 d6 dhi tit"cd cAc canh blng aT * 

Laisiai Goi H la tam cua hinh vuong 
Vi S.ABCD la hinh chop deu nen SH L^ABCD) 


Do do, V s 


S.ABCD ' 


-SH.S 


1 ABCD 


Vi ABCD la hinh vuong nen S ^ CjD = AB 2 = a 2 (dvdt) 
Ta co SA 2 + SC 2 = AB 2 + BC 2 = AC 2 = 2a 2 
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■HJNH HOG.KHONC GIAN 


Nguyen The Anh {Great Teacher) - Nguyen The Luc (Casio Expert) 


nen A SAC vuong tai 5, ma H la trung diem cua AC nen 

sh= ac = o42^ Vsabcd= i SHSabcd== p m) 

*Nhan xet: Vai khoi chop deu, chieu cao chinh la doan thang noi dinh va tam cua day 

......... . . >... v ............ . . ... . 

Vi du 3. Tinh the tich khoi chop tam giac deu S.ABC , biet canh day bang a va cac canh ben hop day 
goc 60°. 


Do do, V SABC —. SH.S abc 


Lai ziai Goi H la tam cua tam giac ABC , M la trung diem cua BC 
Vi S.ABC la hinh chop deu nen SH _L(^LBC) 

1 

i 

3 

Vi ABC la tam giac deu nen AM _L BC 
Trong tam giac vuong ACM , 

AM 2 = AC 2 -CM 2 = a 1 ~— = — ^ AM = ~a { 1) 

4 " 


4 


1 


73 



u abc “ 2 — a (dvdt) (2) 

Ma ta lai co AM _L BC,SH _L BC nen SM _L BC. Do do, Goc giua mat phang (SSC) va mat 
phang ( ABC ) bang goc giua SM va AM hay goc SMA = 60°. 

1 y/3 

Do H la trong tam tam giac ABC nen HM = - AM = — a 

3 6 


Trong tam giac vuong SHM , tan SMH = 


SH 

HM 


>SH = HM. tan 60°=- 

2 




, ABC = -SH.S m , a 1 =—ct (dvtt) 

S.ABL 3 ML 3 2 4 24 


+ Cach xac dinh goc giua dl d va mat phfing (cr): 

-Neu d _L (or) (hi goc giua dvd {a) bang 90° 

-Neu d X (&) thi goc giua dva (a) bang goc giua d va d’ la hinh chieu ciia d tren (a) 

A-Cach xac dinh goc giua hai mat phang (a) va (/?) 

-Cach 1: Xac dinh hai dt A, B sao cho a 1 (a),h _L (/?) thi goc giua (a) va (/?) la goc giua 
avab 

-Cach 2: Neu giao tuyen cua (a) va (/?) lad tin xac dinh hai dt A, B Ian luat nam trong (a) 
va (/?) sao cho a _LJ, i A. d thi thi goc giua {a) va (/?) la goc giua avab 
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HINH HOC KB0NG GIAN Nguyen The Anh (Great Teacher) - Nguyen The Luc (Casio Expert) 


Vi du 6. Cho tu dien ABCD co ABC la tam giac deu canh a , BCD la tam giac vuong can tai D, 
mat phang nr 2 . Tinh the tich khoi tu dien ABCD . 


Lai siai Goi H la trung diem cua BC. 

Ta co tam giac ABC deu nen AH _L BC 
ma (ABC)±(BCD),(ABC)n(BCD) = BC 
=> AH _L (BCD). 


Ta co AABC la tam giac deu canh a nen AH - 
Ma ABCD la tam giac vuong can nen 

1 ll 
DH = — BC = — => BD = DH-Jl = —a 

2 2 2 

1 2 

=> S BCD -—BD 2 - — (dvdt) 


ayf3 



V, Hcn = — AH.S BCD = -.——a = —a\ dvtt) 

.ABCD 3 BCD 3 4 2 24 


*Nhan xet: Hinh chop co mot mat ben hoac mat cheo vuong goc vai day goc thl chan duang cao 
thudc giao tuyen mat do vai day , duang cao nam trong mat ben hoac mat cheo do. 

x«)m 

*Ghinha:< = 

acz(a),a ±d 

Vi du 7. Cho hinh chop S. ABCD co day ABCD la hinh chu nhat, AB = a, BC = 2a. Hai mat ben 
(SAB) va (SAD) vuong goc vai day, canh SC hap vai day mot goc 60°. Tinh the tich khoi chop 
S.ABCD. 

(SAB) 1 (ABCD) 

Lai siai Ta co: < ( SAD ) 1 ( ABCD ) => SA JL ( ABCD ) 

(S45)n(&4Z)) = &4 
1 


D0d6, Vc 


S.ABCD 


-SA.S 


.ABCD 



Dien tich day ABCD la: 5^ CZ) = AB.BC = la 

Do AC la hinh chi£u cua SC tren mat phang ( ABCD ) nen goc giua SC va mat {Siang ^ABCti) la 
goc SCA = 60° 

Ta co: AC = -JaB’+BC 2 = aS=>SA = AC.tanSCA = W5.tan60° = a-JE 

2a 3 Vl5 


Vay the tich khoi chop la: V s 


ABCD ' 


(dvtt) 
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Nguyen The Anh (Great Teacher) - Nguyen The Lux (Casio Expert) 


Mm HOC KHONG GIAN 


*Nhan xet'.Hinh chop co hai mat ben ke nhau cung vuong goc vdi day thi dudng 
cao la giao tuyen cua hai mat do. 

**** ........ 

j Vi du 8. Cho hinli chop S.ABC co day ABC la tam giac vuong tai A, AB = a,BC = 2a. Cac canh j 

j ben SA = SB = SC = 2a. Tinh the tich klioi chop S.ABC. j 


Led giai Goi H la hinh chieu cua S tren mat phang (^4£C) 

vi cac duong xien SA = SB = SC nen cac hinh chieu 
tirong ung HA = HB = HC 
Do do, H la tam dudng tron ngoai tiep tam giac 
ABC ma tam giac ABC vuong tai A nen H la trung diem cua BC .. 

R 

Vi SBC la tam giac deu canh 2a nen dudng cao SH = 2a.— = 


S 



Theo dinh li Pitago, AC 1 = BC 2 - AB 2 =3a=>AC = => S 


ABC 


1 2 Fy 

^AB.AC = ^y- (dvdt) 


1 a 3 

Nen the tich khdi chop la: V s MC - - SH.S ABC = — (dvtt) 

*Nhan xet: Hinh chop co cac canh ben bang nhau (hoac hop day goc bang nhau) thi chan dudng 
cao la tam dudng trdn ngoai tiep day. 


\ EL du 9 . (De fSDH khoi A nam 2009) Clio hinii chop S.ABCD co day ABCD la hinh thang vuong j 
: tai A,D; AB=AD=2a, CD=a, goc giua hai mat phang (SBC) va (ABCD) bdng 60°. goi I la trung j 

j diem cua AD. Biet hai mat phang (SBI) va (SCI) cung vuong goc vdi mat piling (ABCD). Tinh j 

i y \ 

I r S.ABCD : 

I... ........................................... , f .............. 

Ldi siai. Goi H la hinli chieu cua I tren BC 

Tu gia thiet suy ra SI vuong goc vdi mat day. Ta co the de dang tinh dugc: 

!C = adlJB = BC = aS, 
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Ldi giai Gia su SA = BC = x, cac canh khac cua tu* dien co do dai bang 1. Goi I, D lan lirot la trung 
diem cua BC & SA. 


Ta co: SA l(BCD). Do do: 

V = - dtABCDSA = - BC.ID.SA 

3 6 

r 2 

ma ID = CD 2 -CI 2 = SC 2 -SD 2 -CI 2 =1- 

2 


Suyra, F=7x 2 ^l-y 


12 


x 2 n/4-2jc 2 


2 2 -A 

VI vay, MaxV = — j= dat tai x =- 

9-S 3 



...—....v .y- - 

I b. The tick khoi lang tru. 

... v .......... v ............. 

Vdi the tich khoi lang tru ta van sir dung nhung huong tren de lam do la tim each xac dinh duang 
cao va dien tich day la dugc. 

j Vi du 1 . Cho hinh hop chu nhat ABCD.A'B'C'D'co AB = 4a, AC = 5a mat phang (ABC'D') 
; hap day goc 45°. Tinh the tich khoi hop chu nhat do. 


Lai dai Theo DL Pitago ta co :BC = 4aC 1 -AB 2 = 3 a => S MCD = AB.BC = 1 2cr (dvdt) 
\ABCD)rs(ABC'D') = AB 

Do I BC c ( ABCD),BC 1 AB c 

BC'c.(ABC'D'),BC' LAB 

Nen goc giua mat phang ( ABC'D ') va day la goc CBC' = 45° 

Suy ra, tarn giac vuong can nen CC' = BC = 3 a ^ 

Vay the tich khoi hop chu nhat la Vabcd. A ' B ' C ' D ' ~ CC'^abcd = (dvtt) 



. 

sn V- 


'45°/\ 


*Nhan xet: Vdi khdi lang tru va khoi da dien khac ta co the sir dung mot so huong sau: 

+Su dung true tiep cac cong thuc da biet ve the tich khoi lang tru 
+Quy ve tinh the tich mot khoi chop dac biet . 

+ Chia nho thanh nhieu khoi chop de tinh 

+Bii them vao khoi da dien phuc tap de dugc khoi da dien de tinh the tich 
\ Vi du 2. Cho lang tru dung tarn giac ABCA'B'C' , day la tarn giac deu canh a va dien tich tarn 
\ giac A'BC bang 2 a 1 . Tinh thl tich khoi lang tru. 

Lai giai Goi I la trung diem cua BC. 

Ta co AABC deu nen A1 = = .— 

2 2 

Vi AI la hinh chieu cua A 7 tren mat phang ( ABC ), 



u 
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C 

A1 _L BC => A'I J_ BC (DL ba dubmg vuong goc) 

S A , BC = - BCJlI => A'I = = 4 a 

ABC 2 5C 

.. [77 

Do tam giac A1A ’ vuong tai ^ nen ^4' = A'I 2 - AI 2 = - a 

2 

T/ C A At ^s/l 83 

KlBC.A'B'C ~ ^ABC’AA - - (dvtt) 

I EL du 3. Cho lang tru dung tam giac ABC.A'B'C' co day ABC la tam giac vuong tai A voi AC = j 

: a, ACB = 60°, biet BC’ hop vdi ( AA'C'C ) mot goc 30°. Tinh AC' va the tfch khoi lang tru. j 
t.*.*.*..... 

Lai giai Ta co ABC la tam giac vuong tai A voi AC = a, ACB = 60° 

=> AB = ^C.tan60° = a\[3 . 

Ta co: AB _L AC\AB _L AA f => AB A. (AA'C'C ) nen AC la hinh chieu cua BC tren (AA'C'C). 
Vay goc giua JSC 1 va matphdng ( AA'C'C ) la goc AC'B = 30° 



=>AC' = 


AB 

tan 30° 


-2a 


Trong tam giac vuong AC'A', 

AA^JaOCLc 1 =^/8fl ^ = 2^/2a 

Trong tam giac vuong ABC , 

tan ACB = - = -j2,=>AB = ay/2 
AC 

^S ABC = l -AB.AC = LA mx) 

^ ABC. A'B'C' = ‘Sytfc = a ^6 (dvtt) 



Vi du 4. Cho hinh hop dung ABCD.A'B'C'D' co day ABCD la hinh thoi canh a va BAD = 60°, 1 
biSt AB' hop voi day (ABCD) mot goc 30° .Tinh thS tfch cua kh6i hop ABCD.A'B'C'D'. | 

Lai giai Vi AABD&eu canh a nen 




C ^ a 2 J 3 ^ 

^ABD ” ^ ^ ABCD “ ^ABD ~ ^ 

x i\ d 



A ABB' vuong tai B=$BB' = AB tan 30° = a%!?> 

/ j 



3 a 2 

B/ .. 

ho u y ' 'x 


c 

V ABCD.A 'B'C'D'~ ^ ABCD = (^ V ^) 

L*\6(? \ 




* v-/ *-. I Sul _ ^ 

2 A D 


.................... 

I Vi du 5. Cho lang tru tam giac ABC.A'B'C' co day ABC la tam giac dSu canh a 9 biit canh ben la 

I a\l3 va hop voi day ABC mot goc 60°. Tfnh the tfch khoi lang tru. 

Lai giai Ta co C f H _L ( ABC)=> CH la hinh chieu cua CC tren (ABC) 

The Lux -fb.com/Ad.iheJuc The Anh - fb.com/nsiuyentheanh.teacher 


Web: AHka.vn 


219 








































Nguyen Th£ Anh (Great Teacher) - Nguyen The Luc (Casio Expert) 


HINH HOC KBONG GIAN 


Nen goc giua CC' va mat phang (A5C) bang 60° 

=> C’H = CC'.sin 60° = — 

2 

*ABC- 4 

Vay V = S abc .C'H = ~^- 

\ Vi du 6. Cho hinh hop ABCD.A'B'C'D co day la hinh chu nhat voi AB = aS, AD = aF. 

: Hai mat ben (ABB'A'} va (ADD'A'} l&n luottao voi day cac goc 45°,60°.Ti'nh thetlchkhoi 
! hop neu biet canh ben bang a. 

Lai giaj Goi H la hinh chiSu cua A ’ tren mat phang ( ABCD ), M,N lin Inert la hinh chilu cua tren 
AD,AB. 

De thay, goc giua cac mat (ABB'A'} va (ADD'A'} va day lan luot la ANH = 45°, AMH = 60° 



Bat A'H = x ta co: NH = A'H cot ANH = x 
MH = A'H. cot AMH = 4= 

F 

Vi AMHN la hinh chu nhat nen 

AH 2 = AM 2 +AN 2 =x 2 +— = — 

3 3 

ma AA' 2 = AH 2 + A'H 2 => a 2 = x 2 +— = ^~=>x-aF A 

3 3 V7 

Vay Vabcd.a'B'cd = ^abcd-A H = cis/3.d-j7.a^^ = 3a (dvtt) 

2 

Vi du 7. Cho hinh lap phuang ABCD.A B 'C 'D ’ canh bang a, K e CC 1 sao cho CK = — a . Mat 

ph&ng (a) qua A,K va song song voi BD chia kh6i lap phuang trinh hai phan. Tinh ty so the ti'ch hai 
phan do. 

Lai gial Goi 0,0' la tarn cua hinh vuong ABCD,A 'B 'C'D\ M = AK n00 
Qua M ke duang thang song song vai BD cat BB \,DD ’ lan luot tai E,F 
Khi do, thiSt dien tao bai (a) va hinh lap phuang chinh la hinh binh hanh 
AEKF. 



1 a 

Co OM la duang trung binh tarn giac ACK nen OM = ~CK = — 

Do do, BE = DF = —. Dat V l = V^ekfdc » ^2 = ^aekfa'B’cd' 

De y rang tu giac BCKF-C’B'EK , mat phang (AA ’C’C) chia khoi ABEKFDC 
thanh hai phan bang nhau nen 
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'^A.BC.KE ~ ~ - •Snrrw — 


}v = V -V - a 3 — 

Y 1 "ABCD.A'B'C'D 1 v \~“ ^ ^ 

V 1 

V^y LL-L 

K 2 


2 1 . 

3 2 BCCB ' 3 5 

,3 



Vi du 8. Cho hinh hop ABCD.AB^OU co cac mat ben hop va mat (A'BD) voi day goc 60°, 
biet goc BAD = 60°, AB = 2a, BD = a^Jl . Tinh V^^^^ 

Lai giai Goi H la hinh chieu cua A’ tren ( ABD ), 

J,K la hinh chieu cua H tren AB, AD 
Ap dung DL cosin cho A ABD 
BD 2 = AB 2 +AD 2 -2AB.AD.cosBAD 
=> AD 2 -2a.AD-3a 2 = 0<=> AD = 3a 

=> S MBD = | AB.AD. sin BAD = 

Tu gia thiet suy ra hinh chop A'. ABD co cac mat ben 
hop day goc 60° 

Nen H la each deu cac canh cua A ABD 

*TH1: Neu H nam trong AABD thi H la tarn duong tron noi tiep A ABD. 

Goc giua mat ben (ABB' A'} va day b&ng A'JH = 60° 

Goi r la ban kinh duong tron noi tilp A ABD thi 

v - 



2-Jia 0 9 a 

- t==> A H = r. tan60 =-= 

5 + V7 5 + v7 


TCr do, V ABCDA , B , CD , = 6V a , abd = 6 ~A'H.S msd = 

*TH2: Neu H nam ngoai AABD thi H la tarn duong tron bang ti4p AABD. 

Neu H nam trong goc BAD , goi r a la ban kinh duong tron bang ti4p AABD tuong ung thi 


,, _ ^MBD 


a 


p-BD 5-v7 


■A'H = r. tan 60° = 


1 


9 a 


5--Jl 

21^a 3 


Tir do, Vjbcd.j'B'C'D' ~ ^a'.abd ~ 6- ^ A ' H.S MBD - — -y 


21 Sc? 21 42 c? 




Tuong tu hai TH con lai ta duoc cac k£t qua:-~— 

1 + V7 V7-1 

Vi du 9. (De du bi DH khoi A nam 2006)C ho hinh hop dung ABCD.A'B'C'D' co cac canh 
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.......................... 

aJ3 

AB = AD = a, AA' = va BAD = 60°. Goi M va N lan luot la trung diem cua cac canh A'D' 
va A’B'. 

a) Chung minh rang AC' _L ( BDMN ). 

b) Tinh the tich khoi chop A.BDMN 
Led siai. 

a) Ta co AC la hinh chieu cua AC’ tren mat phang ( ABCD ) 
va AC LBD nen AC' LBD( 1) 

Ma AC'm = + 

ABAD =— -— - - a 2 cos 60° = 0 => AC 1 1 BN (2) 

2 2 4 2 2 

Tir(l)va(2)suy ra, AC' ±.(BDMN) 

b) Cach 1 : dira theo cau a) tinh chieu cao va S BDMN 


Cach 2: 

V -V -V -V -V 

y A.BDMN *“ v ABD.A'B'D' y A.A'MN v B.B'MN v M.BDD'B' 


VABD.A'B'D' ~ ^A .S MD ■ 


1 


Oyf3 1 2 • /-a0 3 # .. \ 

■■ - .—a sm 60° =-(dvtt) 

2 2 8 


1 a\j3 1 a 2 . 


V -V = -AA'S -_ 

v A.A'MN ~ V B.B'MN ^ A 'MN y 2 *2 4 


sin 60° = — (dvtt) 
32 



Goi 0' = A'C'nB'D \ke MHIIA'C'. DltMy A'C' ±(BDD'B')=>MH l(BDD'B') 
1 


Vm.bdd'B' “ 2 M^'^bdd'B' 


1 1 afi ajl a 1 „ N T7 3a 3 /j§ ^ 


Bai tap tu’ luyen 

Bai 1. (B& TN-THPT PB 2007 Ldn 2) Cho hinh chop tu giac S.ABCD co day la hinh vuong canh a , 
canh ben SA vuong goc vai day va SA = AC . Tinh the tich khoi chop S.ABCD. 

n/2 3 

Dap so: V SA]jCD =—a 

Bai 2. (BS thi TN THPT 2009) Cho hinh chop S.ABC co mat ben SBC la tarn giac d$u canh a, 
canh ben SA vuong goc vai mat day va goc A cua tarn giac ABC bang 120°. Tinh the tich cua khoi 
chop S.ABC theo a. 

•v/2 3 

Dap so: V SABC = — a 

Bai 3. (Trich tie thi DH khdi B-2011) Cho hinh chop S.ABC co day ABC la tarn giac vuong tai 
B, BA = 3a, BC = 4a; Mat phang (SBC) vuong goc vai mat phang (ABC). Bi6t B = 2va 
SBC = 30°. Tinh the tich khoi chop S.ABC. 
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Dap so: V = 2^3a* 

Bai 4. Cho hinh chop S.ABCD co day la hinh thang vuong tai A va B. AB = SD = 3a, AD = SB = 
4a, a > 0. Birdng cheo ACl(SBD). Ti'nh the tfch khoi chop S.ABCD. 


Dap so: 



Bai 5. (Trfch de thi tuyen sinh DH khoi A - 2009) Cho hinh chop S.ABCD co day ABCD la 
hinh thang vuong tai A va D, AB = AD = 2a, CD = a; Goc giua hai mat phang (SBC) va 
(ABCD) bang 60°. Goi 1 la trung diem cua canh AB. Biet (SBI) va (SCI) cung vuong goc vdi 
mat phang (ABCD). Ti'nh the ti'ch khoi chop S.ABCD theo a. 

, T , 2 <JE 3 

Dap so: V = - a 


Bai 6. Cho hinh chop S.ABCD co day ABCD la hinh thang can, AB//CD, AB = 2CD = 4a, 
BC = WlO, biet mat phang (SAC) va mat phang (SBD) cung vuong goc voi mat phAng day; 
mat ben (SAB) la tarn giac deu. Ti'nli the tfch khoi chop S.ABCD. 

Dap so: Vs.abcd = 6a 3 -Jl. 


Bai 7. Cho hinh chop S.ABCD co day ABCD la hinh thoi, canh 2a, SA = SB = SC = 2a. Goi V 
la the tfch khoi chop S.ABCD, chung minh V < 2a 3 . 


Bai 8. Cho hinh chop S.ABCD co AB = 5a, BC = 6a, CA = 7a. Cac mat ben SAB, SBC, SCA 
tao vdi day mot goc 60°. Tfnh tht tfch kh6i chop. 


Dap so: V mc = 8%/3a 3 . 

1.2.2. Phuong phap su* dung ti so dien tfch, the tfch 
va tfnh chat khoang each 

Thong thicang, khi tinh dien tich day ta co the linh hoat sic dung cac he thuc luong trong tam giac 
hay tinh toan dua tren viec them bat cac da giac de tinh dien tich. Ngoai ra, ta co the sic dung them 
tinh chat ve ti so dien tich. Cu the: . 



cu Sir dung tinh chat khoang each trong tinh the tich 

Khi tinh the tich , viec linh hoat sic dung cac tinh chat ve khoang each 
giup ta co the giai quyet bai toan kha nhanh gon. Cong cu thicang dung la cac tinh chdt khoang 
each do la: 

V MA 

• Cho hinh chop S.ABC,M e SA ^ ——- 


K S.ABC 


SA 
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® Cho hinh chop S.ABC , S,MGd// ( ABC )=> V M ^ = V s MC 
Ket qua dupe mo rong cho khoi chop da giac 

Vi du T m TSDH khSi D nam 2010) Cho hinh chop S.AECD co day ’ABCD la hinh vuong canh a , 
canh ben SA - a ; hinh chieu vuong goc cua dinh S tren mat phang (ABCD) la diem H thuoc doan 
AC 

AC, AH =-. Goi CM la duang cao cua tarn giac SAC. Chung minh M la trung diem cua SA va 

4 

tinh the tfch khoi tu dien SMBC theo a. 

Loi siai. Trong tarn giac vuong SAH va SCH 

Taco SH = 4SA 2 -AH 


V 


a 2 - 


ajl) 2 ajU 


4 J 


=>sc = Jsh 2 +hc 2 = 


14a 2 

| 

r^v 

V 16 

l 4 J 


22a 2 

16 


■ a-j2 = AC 



Vay A SAC can tai C ma CM la duang cao ha tu C cua A SAC nen M la trung diem cua SA. 

1 „ A a/u a'P a 

2 2 2\2 a )' 4 ~ 48 


, V - V =~V =~ A| -a 2 

r v\mr r a r ? a nr _ • u 


Vi du 2 .(De TSDH khoi D nam 2009)C ho hinli lang tru dung ABC.A’B’C’ co day ABC la tarn giac 
vuong tai B, AB = a, AA’ = 2a, A’C = 3a. Goi M la trung diem cua doan thang A’C’, I la giao diem 
cua AM va A’C. Tinh theo a the tfch khoi tu dien IABC. 


Loi giai. De dang tinh dugc AC - a*j5,BC - 2a 

_2 

Ta co I la trong tarn tarn giac AA’C’ nen B4 = ~AM 


nen 


K. 


ABC _ 1 


V 3 

y M..4BC J 


, V ~—V = — V 

Y LABC ~ ^ Y M.ABC 0 Y A\ABC 


2 1 1 1 4 3 

—.—.a.2a.2a -—a 

3 6 9 



Vi du 4. Tren canh SA,SB cua hinh chop SABC lan luot lay diem D va E sao cho 


SD SE 1 


DA EB 42 

Mat phing qua DE va song song vai SC chia khoi chop SABC thanh hai phan. Tinh ti so the tich 
cua hai phan do. 

Ldi giai. De dang xac dinh dugc thiet dien tao bai mat phang qua DE, song song vai SC va hinh 
chop SABC chinli la hinh binh hanh DEFG . 


4 


w 
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Ta co V MDEFG — V A DFG + V B DEF + 

Do AB /1 (DEFG},S def = S DFG => V ADFG = V BDEF 

^B.DEF = ^F.BDE ~ ^ ^C.BDE = “ (C.S BDE 

-’^•^(C^SABty.—.—SsAB = 2 fsABC 

Vabdf^f.abd^Vc.abd =|.^(C,(&45)).^ b =~d(C,(SAB)).h SAB =U SABC 

20 

->F -V 4 . V 4-V - — V 

S Y ABDEFG r A.DFG ^ y B.DEF ^ V ABDF ~ V SMC. 


Do do, ti so the tich cua hai phan la: 


20 



b. Su dung ti so the tich 

Cho hlnh chop SABC co A 1 eSA,B's SB,C' e SC. Khi do, 

Vww = SA' SB' SC' 

V^ BC ~ SA ' SB ' SC c 

Lim y: Cong time tren chi dupe dp dung cho khoi chop tam giac,cdn vai khoi chop da giac khi dp 

dung can chia nho khoi da dien thdnh nhieu khoi chop tam giac de tinh ti so 

... . ................... . . 

Vi du 5. Cho tu dien ABCD co AB = a,AC = 2a,AD = 3a,BC = a-j3,BD = a\fl0, 
CD = a*Ji 9. Tinh V ABCD 

Lai giai. Su dung dinli ly Cosin cho cac tam giac ABC 9 ABD,ACD ta dugc 
BAC = 60 \CAD = 120°, A4D = 90° 
hky M € AC,N € AD S ao cho AM=AN=a 

Ta co BM ~ — AC = <2, BN = (2^/2, 

MN 2 = AM 1 +AN 2 - 2 AM. AN. cos MAN ~ 3a 2 => MV = a^3 
Do do, tam giac BMN vuong tai B. 

Vi AB=AM=AN nen hinh chieu cua A 
tren (BMN) la tam H cua dirong tron 
ngoai tiep a BMN , H cung 
chinh la trung diem cua MN 

c , AB AM AN \ 



V ABCD AB AC AD 6 


_1 _1 n 3 2 1 /T_a 3 72 

— AH.S bmn — ^ .la a . a.ayj2 — 


' Kabcd = ^ (dvtt) 


% 


3 3^1 4 2 12 ^ 2 

Vi du 6 Cho khoi lang tru tam giac deu ABC.A'B'C'. Cac mat phang chia 
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j lang tru thanh 4 phan. Tfnh ty so the tfch cua 4 phan do. 

L....«.............. ...... ..a..... 

Lai giaL 

Goi V —V * V = V -V = V ’V -V 

OOI V x - V CMNC '1 V 2 y C'MNB'A'* y 3 V CMNBA ' V 4 Y MNABB'A' 

V la the tfch cua lang tru. Ta co V CA , B , C , =V } +V 2 
Mat khac: 

V x CM.CN.CC 1 


V CA , B , C CA'.CB'.CC 4 


1 V V 1 V V 

^ y~L _ = _• y-Ly-L--L- 

1 4 3 12’ 2 3' 12 4 



v =V -V =V -V =V-V =— ■ V =V-V-V-V = 

r i y C'ABC r CMNC: r CA'B'C' r CMNC' r 2’ r 3 A ’ 4 r M r 2 r 3 


5 V 
12 


Vay ^:F 2 :F 3 :K 4 =1:3:3:5 

Vi du 7. (Pi thi dir bj DH ichdi D nam '2008) Cho tu dien ABCD, M,N,P lan luot thuoc 
BC,BD,AC sao cho BC = 4BM,BD = 2BN, AC = 3AP, mat phang (MNP) cSt AD tai Q. 
Tlnh ty s6 the tlch hai phan khoi tu dien ABCD bi chia bai mat phang (MNP). 
li^LGoi / = MV nCD,Q=PInAD, ke DH/TbC(H e A IM),DKiT ac(k e IP) 

ID DH_ BM 1 
1C~ CM~ CM~ 3 

IK DK ID 1 DK 1 DK 2 

3 ^ AP ~ 3 


ANMB = ANDH-- 


_£K_ID_l DK 
IP~ CP ~ IC~ 3 2AP 


M.PQ dfing dang ADKQ 
AQ AP 3 AQ 

DQ ~ DK ~ 2 AD 

Dat V = V ABCD Ta co: 



V, 


Am L _AP_AQ__lV M 


V.4ncd AC AD 5 V ABCD 


r DACN 


DABC 


DN =Uv 


DB 2 


ANPQ 


=—V 

10 


V cdmp _CM CP 


’ CDB A 


CB'CA~2^ Vcdm ’~2 V ^ Vnabmp 


1 


^ KiBMMJP ~ KlNPO + ^N abMP : 


20 


v ABMNQP 


r CDMNOP 


i V D AB M P=\(V-VcD M p) = ^ 


Vay mat phang (MVP) chia khoi chop thkih hai phan voi ti le the tich 


Bai tap ty luyen 


13 




Bai 1. (Trlch dh thi kh6i A - 2007) Cho hinh chop S.ABCD co day ABCD la hinh vuong canh a, 
mat ben SAD la tarn giac deu va nam trong mat phang vuong goc voi day. Goi M, N, P lan luot la 
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trung diem cua cac canh SB, SC, SD. Tinh the tich khoi tu dien CMNP theo a. Dap so: 


V = 

Y CMNP 


96 


Bai 2. (De thi DH klioi B - 2006) Cho hinh chop S.ABCD co day ABCD la hinh chu nhat vai 
AB = a, AD = a*j2 , SA = a va SA _L (ABCD). Goi M, N lan lirot la trung diem cua AD va SC, 
I la giao diem cua BM va AC. Tinh the tich kh6i tu dien ANIB. 

a 1 4i 


Dap so: V Mm = 


72 


Bai 3. (Trich de khoi A - 2011) Cho hinh chop S.ABC co day ABC la tarn giac vuong can tai B, 
AB = BC = 2a; Hai mat phang (SAB) va (SAC) cung vuong goc vdi mat phang (ABC). Goi M 
la trung diem cua AB, mat phang qua SM va song song vai BC cit AC tai N. Bidt goc giua hai 
mat phang (SBC) va (ABC) bSng 60°. Tinh Vsbcnm* 

Dap so: V SBCNM = . 


Bai 4. (Trich de khoi B - 2008) Cho hinh chop S.ABCD co day ABCD la hinh thang vuong tai A 
va B; AB = BC = a, AD = 2a, SA _L (ABCD) va SA = 2a. Goi M, N lan luot la trung diem cua 
SA va SD. Tinh Vsbcnm• 


Dap so: Vsbcnm = — • 


QUAN HE VUONG GOC TRONG KHONG GIAN 


2.1. Cac bai toan ve chung minh tinh vuong goc 

2.1.1. Kien thuc co’ ban can biet 

a. Tieu chuan vuong goc 

+ Duong thang (d) vuong goc mat phang (P) khi (d) vuong goc 
vai hai dudng thang cat nhau thuoc (P). 

+ Hai mat phang (P) va (Q) vuong goc vai nhau khi goc tao bai 
hai mat phang do bang 90°. 

b. Cac dinh ly ve tinh vuong goc 


d 
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+ Dinh ly ba dudng vuong goc: Gia su d $£ (P) va d khong vuong goc (P), A c (P), d ? 

la hinh chieu ciia d len (P). Khi do A J_d <=> A _L <P 

+ Gia su (P) va (Q) la hai mat phang vuong goc vdi nhau, (P)n(0 = A. Neu 
a c (P\a _LA thi a 1 (0 

+ NSu A J_ (P) thi A se vuong goc vdi moi duang thang chua trong mp(P). 

+ Gia su (?) va (Q) cung vuong goc vdi (R) trong do (P) n (0 = A thi A _L (P) 

+ Nlu a 1 (0 va (P) 3 a thi (P) _L ((?) 

2.1.2. Cac dang toan thirong gap 

* Chung minh duong thang a va b vuong goc: 

- Cach 1 : Ta chung minh goc giua hai dt do bang 90°. 

- Cach 2: Ta chung minh a//c ma c J_b. 

- Cach 3: Ta chung minh tfch vo hudng cua hai vecta chi phuang u.v = 0. 

- Cach 4: Ta chung minh a vuong goc vdi mot mp(a) chua dudng thang b. (hay dung) 

- Cach 5: Su dung dinh If ba dudng vuong goc 

* Chung minh duong thang d vuong goc voi mp(a): 

- Cach 1: chung minh d vuong goc vdi hai dudng thang a va b cat nhau nam trog (a). 

- Cach 2: Ta chung minh d song song vdi mot dudng thang d’ vuong goc vdi (a). 

- Cach 3: Neu hai mp cung vuong goc vdi mot mat phang thu ba thi giao tuyen (neu co) cua chung 
cung vuong goc vdi mat phang nay. 

- Cach 4: N4u hai mp vuong goc vdi nhau, mot dudng thang nam trong mp nay ma vuong goc vdi 
giao tuyen thi vuong goc vdi mp kia. 

Chung minh hai mat phang vuong goc voi nhau: 

- Cach 7: Ta chung minh mp nay chua mot dudng thang vuong goc vdi mp kia. 

- Cach 2: Ta chung minh goc giua chung la 90°. 


[ Vf du 1. (DH Kh6i A nam 2007) Cho hinh chop tu giac S.ABCD co day la hinh vuong canh a. Mat j 

j ben SAD la tarn giac d£u va d trong mat phang vuong goc vdi day. Goi M, N, P lan lucrt la trung \ 

\ diem cua SB, BC, CD. Chung minh AM JLBP. 

. .*..... . . . . ..... 

Lai giai Goi H la trung diem AD, do tarn giac SAD deu nen SH _L AD 
Vi (SAD) JL(ABCD), suy ra SH l(ABCD)suyra SH1BP (1) 

Dl thay hai tarn giac vuong BPC va CHD bang nhau, nen ta co 

CBP = DCH => CBP+HCB = 90° =$BP±CH (2) 

Tir (1) va (2) suy ra: BP _L (5//C) (3) 

Do HC // AN, MN // SC => (SHC) / /(MAN) (4) 

Tir (3) va (4) suy ra: BP X (MAN} => AM X BP (dpcm) 

: Vi du 2. (DH kh6i B nam 2007) Cho hinli chop tu giac d$u S.ABCD canh day bang a. Goi E la j 
j dikm ddi xung cua dilm D qua trung dilm cua SA. Goi M, N lan luot la trung diem cua AE, BC. \ 
\ Chung minh MN JL BD . Jv \ 

Lai giai Ta co SEAD la hinh binli hanh => SE*/1DA va SE = DA 
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=> SEBC cung la hinh binh hanh -=>SC IIEB 

Goi P la trung diem cua AB. Khi do trong cac tam giac EAB va ABC 

ta coMP//EB, PN//AC. 

Tu do suy ra (MNP) // (SAC) (1) 

Ta co DB1 AC va BD 1 SH(do SH1 (ABCD)) =>BD 1 (X4C) (2) 

Tir (1) va (2) suy ra: DB A. (MVP) => BD _L MN (dpcm) 



Vi du 3. (BH Khoi B nam 2006) Cho hinh chop S.ABCD co day ABCD la hinh chu* nhat voi AB = 
a, AD = a.\fl, SA = a va SAL (ABCD). Goi M la trung diem cua AD. Chung minh 
(SAC) 1 (SMB). 

.............. 

Lai giai Gia sir I la giao diem cua AC va MB 

Ta co MA = MD va AD // BC 

nen theo dinh ly Talet suy ra A1 = —IC 

2 

AC 2 = AD 2 + DC 2 = 2a 2 ,AI 2 = -AC 2 - — 

9 3 


,1 0 1 
m 2 =-mb 2 =- 


+ a* 


a 

~6 



Tudosuyra Al 2 + Ml 1 =— + 

3 6 


a*j2 


\2 


= MA 2 


\ J 

Vay AMI la tam giac vuong tai I => MB _L AC (1) 

Matkhac SA L(ABCD)=> SA LMB (2) 

Tu (1), (2) suy ra MB 1 (SAC) => (SMB) 1 (SAC) => dpcm 

Bai tap tu* luyen. 

Bai 1 . (DH Kh6i D nam 2007) Cho hinh chop tu giac S.ABCD co day ABCD la hinh thang, trong 

do ABC = BAD = 90°, BA = BC = a, AD = 2a. Gia su SA = a-j2,SA 1 (ABCD). Chung minh 
SC LSD. 

Bai 2. (Cao dang khoi A nam 2008) Cho hinh chop S.ABCD co day ABCD la hinh thang, voi 

ABC = BAD = 90°, _L (ABCD) , BA = BC = a, AD = 2a. Goi M, N lan luot la trung diem cua 
SA, SD. Chung minh BCNM la hinh chu nhat. 

Bai 3. (Cao dang khoi A, B, D nam 2009) Cho hinh chop tu giac deu S.ABCD, canh day bdng 
a.Canh ben bang <3^2. Goi M, N, P lan luot la trung diem cua SA, SD, DC.Chung minh r&ng 
MNLSP . 
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Bai 4. Cho hinh chop S.ABC trong do day ABC la tam giac vuong tai C, hai mat ben (SAC) va 
(SAB) cung vuong goc voi day. Goi D, E lan lirot la hinh chieu cua A tren SC va SB. Chung minh 
(SAB) 1 (ADE). 

Bai 5. Trong mat phang (P) cho hinh vuong ABCD canh a. Doan SA co dinh vuong goc voi (P) tai 
A, M va N la hai diem tuorng ung di dong tren cac canh BC va CD. Bat BM = u, DN = v. Chung 
minh ring a(u + v) = a 2 4- u 2 la dieu kien can va du de (SAM) X (SMN). 

Bai 6. Trong mat phing (P) cho hinh vuong ABCD canh a. Hai nua dubmg thang Bx va Dy vuong 
goc voi (P) va a ve cung mot phia doi voi (P), M va N la hai diem di dong tucmg ung tren Bx, Dy. 
Bat BM = u, DN = v. 

a. Tim moi lien he giua u, v de (MAC) X (NAC) 

b. Gia su ta co dieu kien or cau 1, chung minh (AMN) _L (CMN). 

Dap s6: a. (MAC) J_ (NAC) <=> 2uv = a 

Bai 7. (DH kh6i A nam 2003) Cho hinh hop chu nhat ABCD,A’B’C’D’ day la hinh vuong ABCD 


, , a 

canh a, AA 5 = b. Goi M la trung diem cua CC\ Xac dinh ty so — de hai mat phang (A’BD) va 

b 


(MBD) vuong goc voi nhau. 

Bai 8. Cho hinh chop tam giac S.ABC day ABC la tam giac deu canh a, SA = 2a va SA vuong goc 
voi mat phing day (ABC). Goi I la trung diem cua BC. Chung minh hai mat phang (SAI) va (SBC) 
vuong goc voi nhau. 

Bai 10. (DH Kh6i B nam 2002) Cho hinh lap phuomg ABCD.A’B’C’D’.Goi M, N, P lan luot la 
trung diem cua BB’, CD, A’D’. Chung minh MP X C'N. 


KHOANG CACH 


r*.*.*...*.‘“V.■;...*^*"*...*.*.. 

i 2.2.1. Tim khoang each tir mot diem den mot mat phang. 

Cach 1 . Phuomg phap tmh true tiep 

Tim hinh chieu H cua A len mat phang (P). Khi do, AH = d(A; (P)). 

De tim hinh chieu cua diem A len mat phang (P) co 2 phuong phap thuong dung: 

Phuong phap 1: Dung duomg thang A qua A va A 1 (P) (neu co), khi do H = A n(P) 

Phuong phap 2: Dung mat phang (Q) qua A va (Q) X (P), goi A la giao tuyln cua (P) va 
(Q), tu A ha AH X A tai H. Khi do, H la hinh chieu cua A len mat phang (P). 

Cach 2. Phuong phap tmh gidn tiep 

Viec tinh gian tiep thong qua diem khac dura vao cac tfnh chat hinh hoc sau: 

a) Neu duang thang A qua A va A // (P) thi d(A; (P)) = d(B; (P)) voi \/B e A. 

A1 J(^4*(P)) 

b) N6u A qua A c4t mat phang (P) tai I, khi do \/B e A , ta co: — =---. 

; 4 * F BI d(B\(P)) 

c) Mat phdng (Q) qua A va (Q) // (P) thi d(A; (P)) = d(B; (P)) voi V5 € (Q ). 


Web: Alika.vn 


The Luc -p.com/Ad.thehic The Anh - fb.com/nguyenth.eanh.teacher 


ill 















filNf-i HOC KB0MG GIAN Nguyen The Anh (Great Teacher) - Nguyen The Lux (Casio Expert) 


Cach 3 . De tinh khoang each tu A den mat piling (P), ta co thl dira vao cong thuc tinh thl tfch 
khoi chop vdi dinh la A va day nam tren mat phang (P) co dien tfch S. Khi do, 


d(A-(P)) = — . 

Cach 4. Dua vao bai loan co' ban: Cho tu dien OABC trong do OA, OB, OC doi mot vuong goc 

voi nliau. Ke OH 1 (ABC). Khi do, —^ = — L- -+—L- + —i—. 

OH 2 OA 2 OB 2 OC 2 

Vi du h Cho hinh chop S.ABCD co day ABCD la hinh vuong canh a, SA 1 (ABCD), 
SA-aJi , goi G la trong tarn Asab- Tinh khoang each tu G din mat phang (SAC). 

Lai giai 


Lai giai 1: Tinh true tiep 

Tim hinh chilu H cua G len mat phang (SAC). 

0 Phan tick lai giai: Viec tim mot dudng thang qua G va _L mat 
phang (SAC) la rat kho. Vay, de tim hinh chieu H cua A len mat 
phang (SAC) ta dung each 2: Dung mat phang (P) qua A va 
vuong goc vdi mat phang (SAC). 

0 Cach dung mat phang (P): Vi SA 1 (ABCD) nen SA vuong 
goc vdi moi dudng thang nim trong mat phing (P). SG cit AB tai 
E nen tu E ha EF 1 AC => EF 1 (SAC) 

=> (SEF) 1 (SAC) => (SEF) = (P). 


s 



Tit G ha GH 1 SFtaiH GH = d(G; (SAC)). Ta co GH = -EF = -BO = —. 

3 3 6 


Lai giai 2: Tinh gian tiep 


rr> rt o 0 0 r) 

Nhan xet: EG cat (SAC) tai S va — = - => d(G;(SAC)) = -d(E;(SAC)) = -EF = — 

GS 3 3 3 6 


GB cat SA tai N va ^ = 3 => d(G\(SAC)) = ~d(B',(SAC)) =~ BO = “' 


dng thang A song song vdi SA cat AB tai P. Tu P ha PJ _L AC 

Wl(SAC)) = 

6 

.Taco V G u C =\v mc ^d(G-(SAC)) = ^ 


tai J —^ PJ — 


: = = ~ SA.AC = ~~~ 


^AASC 

^ =*d(G;(SAC)) = 

6 6 
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Vi du 2 . (Trich di thi DH khoi D - 2011) Cho hinh chop S.ABC co day ABC la tam giac vuong 
tai B, BA = 3a, BC = 4a; Mat phang (SBC) vuong goc vdi mat phang (ABC). Biet SB = 2 *j3a 9 
SBC = 30°. Tinh khoang each tu B den mat phdng (SAC) theo a. 

• Lai giai 1: 

SH = yfia, HB = 3a, HC = a. Tu H ha HI 1 AC tai I => Hl=-a. 

5 

Goi K la hinh chieu vuong goc cua H len SI => HK = d(H;(SAC)) 

=> HK = -^j= => d(B;(SAC)) = 4.HK = s 

• Lai giai 2: 

Ta d§ dang tmh durac V SABC = 2%f3a 3 . 


Lai co SB 1 AB => SA = sjSB 2 + BA 2 = a-Jll. 

CA = 5a; SC = IsiF+aF = 2a. 

Tu do ta tinli duoc S ASAC = ■Jpip - SA)(p - CA)(p - SC) 

a(7 + j2i) 

-=> S^r = V21^. 



Trong do, p = - 


Vay d(B;(SAC)) = 


2 

3V S4B c 


J ASAC 


6 a 

7 T 


Vi du 3. Cho hinh chop S.ABCD co day la hinh vuong canh a, SA = a, SA _L (ABCD). Tinh 
khoang each giua SB va AC. 


Lai giai 1: Trong mat phang (ABCD) dung A qua B song song 
vai AC. 

Bat (P) = (A, SB). 

Khi do, AC // (P) va d(AC; SB) = d(AC; (P)) = d(A; (P)). 

Tu A ha AI 1 A tai I; Tu A ha AH 1 SI tai H suy ra AH = d(A; 

a att W 3 
(P)). Ta co AI = —j= -> AH = -. 

v 2 3 

Lai giai 2: Dung hinh binh hanh ABEC. 

Ta co V SABC = V SBEC ; AC // BE —> AC // (SBE) 
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=> d(AC; SB) = d(AC; (SBE)) = d(A; (SBE)) = 


3K 


SABC 


J A SBE 


Tac6:BE-AC-«V2,SB- a-Jl, AE = aS, SE-aJii. 


2-j2*sl6) (^\(2sl2-~l6 

2 J I 2 . 


= ^6(272+^).(2 72-76) = 


a 2 73 


J AS8£ 


- l -SA X -BA.BC = ^ d(A;(SBE)) = 
Lai giai 3: 

AC n BD = 0, I la trung diem cua SD. 


^a/3 



d(AC; SB) = d(SB; (ACI)) = d(B; (ACI) = 


_ T/ 

'XV r\ ‘VSABC 

jy BACJ _ 2_ 


J A4C/ 


Tinli : Ta co = 


a 2 73 


- d(AC\SB) - 


^AACl 

a-fi 



4 ' ' ' 3 

Bai tap tu* iuyen 

Bai 1. (Trich de thi khoi A - 2012) Cho hinli chop S.ABC co day la tam giac deu canh a. Hinh 
chieu vuong goc cua S len mat ph&ng (ABC) la dilm h thuoc canh AB sao cho HA = 2HB. Goc 
giua SC va mat phang (ABC) bang 60°. Tmh the tich khoi chop SABC va khoang each giua hai 
duong thang SA va BC theo a. 

aj42 


Dap so: d(BC; SA) = 


8 


Bai 2. (BH klioi D nam 2002) Cho hinli tu dien ABCD co canh AD vuong goc voi mat phang 
(ABC), ngoai ra AD = AC = 4cm; AB = 3cm; BC = 5cm. Tim khoang each tu A den (BCD). 

/ 6734 

Dap so: - 

17 

Bai 3. (BH khoi D nam 2008) Cho lang tru dung tam giac ABC.A’B’C’ co day ABC la tam giac 

vuong co BA = BC = a, canh ben AA’ = a^fl . Goi M la trung diem cua BC. Tmh khoang each 
giua hai duong thang AM va B’C. 

fl 

Dap si- d(AM,B'C) = — 


2.2.2. Ti'nh khoang each giira hai duong thang cheo nhau 
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Cadi 1: Dung va tmh do dai duong vuong goc chung. 

Cadi 2: Dung mat phing (P) chua A } va song song voi A 2 . Khi do, khoang each giua A { va A 2 
bang khoang each tu A 2 din mat phing (P) va bing khoang each tu A e A 2 den mat phang (P). 

Vi du 1 (Be thi tuyin sink BH khdi A - 2006) Cho hinh lap phuong ABCD.A’B’C’D’ canh bang i. 
Goi M, N lin luot la trung diim cua AB va CD. Tim khoang each giua hai duong thing A’C va 
MN. 

Lai giai: Ta co BC // MN 
=> MN//(A’BC) 

=> d(MN,A’C) = d(MN,(A’BC)) = d(M,(A’BC)) (1) 

Taco AI 1 AB (AB’ n AB = I) 

Lai co BC 1 (BAAB’) => BC X AI 
Tu do AI JL (ABC). 

Vi the neu ke MH // AI (H e AB) 

1 Jl 

thi MH 1 (A'BC) va chM/ABC)) = MH = ± AI = (2) 


Tu (1), (2) suy ra d(MN,A’C) : 


72 



Vi du 2. Cho hinh tu dien dhu ABCD canh a = 6^2 cm. Hay xac djnh va tmh do dai doan vuong 
goc chung cua hai duong thang AB va CD. 


Lai giai: Goi M va N tuong ung la cac trung diem cua AB va CD. 
Do ABCD la tu dien deu, nen ta co CM X AB va DM X AB = 
X (MCD) => AN X MN 

Ly luan tuong tu ta co: CD X (ANB) => CD X MN. 

Vay MN la duong vuong goc chung cua AB va CD. 

67173 


AB 


Taco: MC = MD = 


Vay MN 2 =MC 2 -CN 2 


■ 3-J6. 

: ( 376 ) 2 -( 372) 2 


= 36 => MN = 6 cm 



Bai tap tu’ luyen 

Bai 1. Cho hinh chop tu giac diu S.ABCD canh day bang a. Goi E la diem d6i xung cua D qua 
trung diim cua SA. Goi M, N lin lucrt la trung diem cua AE va BC. Tim khoang each giua hai 
duong thang MN, AC theo a. 

, a*Jl 

Bap so: d(MN, AC) =- 

4 

Bai 2. Cho hinh lap phuong ABCD.A 1 B 1 QD 1 canh a. Tim klioang each giua 
vaBjD. 


Dap so: d(A ] B,B l D) = 
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Bai 3. Cho hinh chop S.ABCD c6 SA = 3a, SA 1 (ABCD) .Gia su AB = AC = 2a, 
ABC = 120°. Tim khoang each tu A den mat phang (SBC). 

Dap s6: d(A,(SBC)) = y 

Bai 4. Cho hinh chop tu giac S.ABCD co day la hinh thoi canh bang VJ, dirdng cheo AC = 4, SO 

= 2\fl va SO _L (ABCD), vdi O la giao diem cua AC va BD. Goi M la trung diem canh SC. Tim 
khoang each giua hai dixong thing SA va BM. 

2^6 


Dap.so: d(SA, BM) = 


3 


Bai 5. Cho hinh chop S.ABCD co day ABC la tarn giac vuong tai B, AB = a, BC = 2a, canh SA 
vuong goc vdi day va SA = 2a. Tinh khoang each giua hai duong thang AB va SC. 

Dap so: a*Jl 


BAI TAP TRAC NGHIEM 

Cau 1: Cho lang tru tarn giac &bu ABC.A’B’C’ co canh day bing 2a. Duong thing A’C tao 
vdi mat day goc 30°. The tfch klioi da dien ABCC’B 5 la: 


A. 4 a 


B. —- 
3 


C. 


« 3 V3 


D. 


a 


4 4 

Cau 2: Cho hinh chop S.ABCD co day la hinh vuong canh 2a; goi H la trung diem cua AB va 
SH □ ABCD. Goc giua SC va mat day bang 45® . Goi M va N lan lugt la trung diem cua SC va 
SD. The tich khoi chop S.ABMN bang: 


A. 


a 3 -j5 


B. 


u 3 V5 


3 V5 


D. a 3 yfs. 


3 6 2 

Cau 3: Cho khoi chop S.ABCD co day la hinh chu nhat ABCD co AB □ 2 a\ AD □ 3 a . Hinh chi4u 
vuong goc cua dinh S len day trung vdi trong tarn G cua tarn giac ACD , bik goc giua mat ben 
SCD va day ABCD 


bang 60°. The tich khoi chop S.ABCD la: 


A. 2a J 


B. 2a 3 1/3 


C. 


2a 3 >/3 


D. 6a 3 S- 


Cau 4: Cho lang tru dung ABC.A’B’C’ co day la tam giac vuong tai A co AB= 2a; AB = 2a-j3. 

The tich lang tru la V = 6a 2 yfl. Goi h la khoang each tir A den mat phang (A'BC). Tim ti s6 — . 

a 

A. 2 B. 1 C.3 D.4. 

Cau 5: Cho hinh chop tu giac S.ABCD co day la hinh vuong canh 2a, tam giac SAB can tai S va 

thuoc mat phang vuong goc vdi day, goi M la trung diem cua SA. Tinh ty sd — sao cho klioang 


cacg tu M den mat phang (SCD) bang 


A. 4. 


B.3. 


C. 2. 
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Cau 6: Cho hinh chop tu giac S.ABCD c6 day la hinh chu nhat AB- AD = 3 ; cac canh ben 

deu tao voi mat day (ABCD) mot goc 60°. The tich khoi chop S.ABCD la: 


A. a 


B.2l 

3 


C. a 3 A 


D. 3a 3 A. 


Cau 7: Cho kh6i chop S.ABCD co day la hinh vuong canh 2a. Tam giac (SAB) la tarn giac can tai 
S va thuoc mat phing vuong goc vdi day, SC tao voi day mot goc 60°. ThS tich khdi chop 
S.ABCD la: 


A. 


a } \l\5 


B. 


4a 3 -Jtt 


C. 


4a 3 -JE 


D. 4a 3 ^. 


3 3 5 

Cau 8: Cho hinh lang tru ABC.A’B’C. Goi M va n \kn luort la trung diSm cua BC va CC\ Thi4t 
dien tao boi mat phang (AMN) voi lang tru la: 

A. Tam giac B. Tugiac C. Ngu giac D. Luc giac. 

Cau 9: Cho hinh chop ABC. AB’C’ co do dai canh ben bang 2a, day ABC la tarn giac vuong 
tai A , AB = a ; AC = a*J 3 va hinh chieu vuong goc cua dinh A' tren mat phang ( ABC) la trung diem 
, y 

cua canh BC . Tinh ty so A ' ABC . 

a 

A.l B. 0,5 C. 2 D.3. 

Cau 10: Cho hinh chop S.ABCD co day ABCD la hinh vuong canh 2a, SA = a;SB = a >/3 va mat 


phang (SAB) vuong goc voi day. Goi M la trung diem canh AB. Tinh ty so 


^ V 

* V BA'fDN 


A 


B. S 


C. 1 


D. 2. 


Cau 11: Cho hinh chop S.ABC co day la tam giac ABC vuong can tai A. SC = 2a-Js, hinh chiSu 
vuong goc cua diSm S tren mat phang day la trung diem M cua canh AB , goc giua duong thang SC 

va mat phang (ABC) bang 60°. Tinh ti so 




2a 3 Vl5 ’ 


A.- 


B. 


C. 


D. 


Cau 12: Cho hinh chop S.ABC co day ABC la tam giac deu canh a va canh ben SA vuong goc voi 
mat day (ABC). Goi d la khoang each tu diem A den mat phang (SBC). Tinh ty so — biet 


SA = 


a\l 6 


Ti 


B. 1 


C. 0,5 


D. 2. 


Cau 13: Cho tam giac vuong can ABC co canh huy£n BC bang a. Tren dudng vuong goc voi (ABC) 
tai A ldy di&n S sao cho goc giua hai mat (ABC) va (SBC) la —. Tinh do dai doan 
Dien vao 6 trong: 


Web: AUka.xm 


The Luc -fb,CQm/A&lhehic The Anh - fLcom/nguyeniheanh.teacher 



N*k 





















MINE HOC m 0MG GIAN 


Nguyen The Anh (Great Teacher) - Nguyen The Luc (Casio Expert) 


Cau 14: Cho hinh chop S.ABC co day ABC la tam giac vuong tai B , AB □ a, BC □ 2 a va canh SA 
vuong goc vdi day dong thoi SA U 2a . Goi M la trung diem cua SC. Tinh dien tich tam giac AMB 

theo a. _ 

Dien vao 6 trong: —» 


Cau 15: Cho lang tru ABC.A B 'C’ co day ABC la tam giac deu canh a. Khoang each tu tam cua tam 
giac ABC den mat phang (A BC) bang a!6. Tinh AA \ 

A aj6 B .W6 aJE D . a ^6. 

4 3 2 


BAP AN HINH KHONG GIAN 


1.B 

2. C 

3. B 

4. B 

5. C 

6. A 

7. B 

8. C 

9. B 

10. A 

11.A 

12. A 

ayj 3 
~ 

9 

a~ 

72 

15. A 







HINH HOC KHONG GIAN TRAC NGHIEM 

Cau 1: Hinh chop tu giac S.ABCD co day la hinh chu nhat ABCD voi AB = 2a, BC = a-J 3 . Bi4t 
rang ASAB can dinh S, (SAB) 1 (ABCD), goc giua SC voi mat phang day bang 60°. Goi the tich 

, V 

hinh chop S.ABCD la V. Tim ty so — 

a 

A. 12 B. 4 C. 8%/3 D. 12 %/3 

Cau 2: Hinh chop tu giac S.ABCD co day la hinh chu nhat canh AB = a, AD =ayfl;SA 1 (ABCD), 
goc giua SC va day bang 60°. The tich hinh chop S.ABCD b&ng: 

A. 3<s 3 B. V2a 3 ^ C.'Jba 2 * D. 3 ^a 3 

Cau 3: Lang tru tam giac deu ABC.A B 'C ’ co goc giua hai mat phang (A BC) va (ABC) b&ng 60°; 
canh AB = a. The tich khoi da dien ABCC B ’ b&ng: 

A .^a 3 B.73a 3 C.^a 3 D .la> 

4 4 4 


Cau 4: Hinh chop tu giac S.ABCD co day la hinh vuong canh a\ SA 1 (ABCD)\ goc giua hai mat 
phang (SBD) va (ABCD) bang 60°. Goi M, N lan luort la trung diem cua SB,SC. The tich cua hinh 
chop S.ADNM bang: 


A ^ A 

A.—=r a 
8V2 


B. 


4 yf6 


c.^-a 3 


n 3 

D. — r=a 

8V2 


Cau 5: Hinh chop tu giac S.ABCD co day la hinh chu nhat canh AB = 4a, AD = 3 a; cac canh ben 
deu co do dai bang 5a. The tich hinh chop S.ABCD bang: 


A. 9a 3 73 B. 


9a 3 -A 


C. 10a 3 y[3 


D. 


10a 3 


2 ' ' 73 

Cau 6: Hinh chop tu giac S.ABCD co day ABCD la hinh vuong canh a; SA 1 (ABCD). Goi M la 

at phang (SCD) 
a 

a 


bang 


7J 
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A. - B. a C. a-S D. HI 

2 2 
Cau 7: Cho hinh hop ABCD.A ’B*CD\ Goi M t N, Klhn Inert la trung diem cua cac canh^’, 
BC va CD. Thi4t dien tao bai mat phang (MNK) vai hinh hop la: 

A. Luc giac B.Tam giac C. Tu giac D. Ngu giac 

Cau 8: Cho lang tru dung ABC.A’B’C’ co day la tarn giac vuong can canh AB=AC=2a. The tich 

lang tru 2a 3 -JlGo\ h la khoang each tur A den (A'BC). Tim ty so — 

a 

A. \fl B. 1 C. -J3 D. 2 

Cau 9: Cho hinh chop S.ABCD co day la hinh chu nhat. SA vuong goc vai day, G la trong tarn tarn 
giac SAC, mat ph&ng (ABG) ck SC tai M, cit SD tai N. Tinh the tfch khoi da dien MNABCD biet 
SA=AB=a va goc hap bai duang thang AN va (ABCD) la 30° 


a 3 V3 


B. 


a 3 5^3 


a 3 5y/3 


D. 


12 24 12 _ 24 

Cau 10. Cho hinh chop S.ABCD co day la hinh thoi, goc BAD = 120°, BD = a. Hai mat phang (SAB) 
va (SAD) cung vuong goc vai day. Goc giua mat (SBC)va day bang 60°. The tfch khoi chop S.ABCD 
la? 


2a 6 


a 3 

B li 


c.' 


D.- 


a 3 V3 


’ Vl5 "'12 "'4 12 

Cau 11. Cho hinh hop ABCD.A’B’C’D’ co day A’ABD la hinh chop dSu, AB = a, AA’ = aV3. Thl 

tich khoi hop la: 

A,— B. 2a 3 C. D. a 3 V2 

Cau 12 Cho hinh lang tru dung ABC.A’B’C’ co day la tarn giac deu canh a. Mat phSng (a) tao vdi 
(ABC) mot goc 30° va cat tat ca cac canh ben tai M, N, P. Khi do, Smnp bang: 

a 2 n _ 2a 2 a 

A,y B. a 2 C.— D. 3a 2 

Cau 13. Cho hinh chop S.ABCD co day la hinh thoi canh a, SA = aV3, SA 1 BC. Tinh goc giua 
SD va BC? 

A, 30° B. 45° C. 60° D. 90° 

Cho hinh chop S.ABCD co day ABCD la hinh chu nhat.E la diem tren canh AD sao cho BE vuong 
goc vai AC tai H va AB > AE. Hai mat ph4ng (SAC) va (SBE) cung vuong goc vai mat phang 

(ABCD). Goc hap bai SB va mat phang (SAC) bang 30° .Cho AH = ~~ i BE = a^5 • Tinh theo a 

the tich kh6i chop SABCD va khoang each giua SB, CD 
Cau 14: Tinh AB 
A. 2a B. 3a 

Cau 15: Tinh theo a the tich khoi chop SABCD 


A. 


32a 3 y/E 


B. 


32 a 3 -J\5 


30 15 

Cau 16: Tinh khoang each giua SB, CD 

A.a\l\5 B. 3a 


C. 4a 

D. a 

c 32a 3 Vl5 

32a 3 -JlS 

25 

35 

C. 4a 

D. a 

vuong tai B, AB 

= ayfi , SA=2a, M la trung diem 


4 


cua canh BC, hinh chilu vuong goc cua S tren mat phang (ABC) la trung diem cua AM, goc giua 


Web: AHka.vn 


The Lux - fbxom/Ad.lheluc The Anh - fkaom/nguyenlhembMacher 


238 ~ 1 














MINE HOC KBONG GIAN Nguyen The Anh (Great Teacher) - Nguyen The Lux (Casio Expert) 


duang thang SA va mat phang (ABC) bang 60°. Tfnh theo a the tfch khoi chop S.ABC va khoang 

each tu C den mat phang (SAB 

Cau 17: Tfnh theo a the tfch khoi chop S.ABC 

A/ = 2 u 3 ; B. V = a 3 C.V = 3a 1 D.V = 4a 3 

Cau 18: Tfnh khoang each tu C d$n mat phdng (SAB 

B .d(C\(SAB)) = ^-a 
B.d(C;(SAB)) = ^-a 




A ,.d(C;(SAB)) = ^-a 

C.d(C\{SAB)) = ^~a 

Hinh khong gian Cho hinh chop S.ABC co day ABC la tarn giac vuong tai B. SA l(ABC) , 
SA=AB=a; BC=a V3 . Goi I la trung diem SB, G la trong tarn tarn giac ABC. 

Cau 19: Tfnh theo a the tfch khoi tu dien GSIC . 


A.Vqsic 


a 2 -j3 


B.Vgsic- 


3 Vb 


C.Vqsic- 




D.Vgsic- 


W3 


26 36 16 ~ 30 

Trong kliong gian cho hinli chop S.ABCD, tu giac ABCD la hinh thang can, hai day la BC va AD. 

Biet SA = ayfl.AD = 2a, AB = BC = CD = a . Hinh chieu vuong goc cua S tren mat phang ABCD 
trung vai trung diem canh AD. Tfnh theo a the tfch kh6i chop S.ABCD va khoang each giua hai 
duang thang SB va AD. 

Cau 20: Tfnli theo a the tfch khoi chop S.ABCD 


A. 


W3 


B 




a 3 sfi 


2 3 . 4 
Cau 21: Khoang each giua hai duang thang SB va AD 


D. 


3 a 3 S 


a-Jli 


B. 


a-Jli 


C. 


a'Jii 


D. 


a~Jl\ 


Cho khoi chop S.ABCD co day ABCD la hinh chu nhat, bi4t AB = 2a, AD = a . Tren canh AB lAy 
diem M sao cho AM = —, canh AC cat MD tai H . Biet SH vuong goc vai mat phang (ABCD) va 
SH = a. 

Cau 22: Tfnh the tfch khoi chop S. HCD. 


4a J * 3 

A.— B.— C — 

15 15 15 

Cau 23: Tinh khoang each giua hai ducmg thang SD va AC theo a 


D. 


7a 

15 


A.— B.- C. 2a 


D 


2a 


3 3 5 

Cho hinh chop deu S.ABCD co canh day bang a , mat ben cua hinh chop tao vai mat day mot goc 
60°. Mat phang (?) chua AB va di qua trong tam tarn giac SAC c4t SC,SD l&n lugt tai M,N. 

Cau 24: Tfnli the tfch kh<5i chop S.ABMN theo a . 


a 3 -Jl 


B. 




C.- 




D. 


a 1 ^ 


16 6 " 26 36 
Cho hinh chop S.ABCD co ABCD la hinh thoi tam 0 canh a, goc ABD bing 120°, S. 
(ABC), goc giua canh SC va (ABC) bang 60°. 

Cau 25: Tfnli the tfch khoi chop S.ABCD. 


A. : 


3a 3 


B. 
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Cau 26: Khoang each giua hai dudng thang SA va BM vdi M la trung diem canh SD. 


A. 


iTil 


B. 


a-s/2l 


C. 




D. 


la-sill 


14 14 14 14 

Cho hinli chop S.ABC co day ABC la tarn giac vuong tai A, AB = a; AC = 2a. Mat ben (SBC) la 
tam giac can tai S va ndm trong mat ph&ng vuong goc vori day. Biet goc giua hai mat (SAB) va 
(ABC) b^ng 30°. Tinh the tich khdi chop SABC va khoang each giua hai dudng thang SC va AB 
theo a 

Cau 27: Tinh the tich khdi chop SABC 


A.- 


3 73 


B. 


2a 3 73 


C. 


4a 3 73 


D. 


3 73 


9 9 9 

Cau 28: Khoang each giua hai duang thang SC va AB theo a 
A. a B. 2a C.3a D. 4 a 

Cho hinh lang tru ABC.A'B'C ', A ABC deu co canh bang a , AA'-a va di’nh A' each deu 
A,B,C . Goi M 9 N ldn luort la trung dilm cua canh BC va A'B . Tinh theo a the tich khdi lang 

tru ABC.A'B'C' va khoang each tu C din mat ph^ng (AMN ). 

Cau 29: Tinh theo a the tich kh6i lang tru ABC.A'B'C' 
a 2 72 „ a 1 72 „ a 2 Jl 


A. 


B. 


G- 


3 4 5 

Cau 30: Tinh khokig each tu C den mat phang (AMN). 


D, 


a 2 72 


a-Jri 


B. 


a4i 


c. 


layfzi 


D. 


3a-j22 


11 


11 11 11 
Cho hinh chop S.ABCD co day ABCD la hinh vuong tarn 0 va diem I la trung diem canh AD. Hinh 
chieu vuong goc cua di’nh S len day la diem K thuoc doan OB sao cho BK = 2 OK va N la hinh 


chilu vuong goc cua K len SO. Bilt rSng SK = a>/3 va SK hap vai mp(SAC) goc 30 u 
tich kh6i chop S.ABCD va khoang each giua hai duang thang AN va Cl. 

Cau 31: Tinh the tich khoi chop S.ABCD 

A. 16a 3 73 B. 6a 3 73 C. 3a 3 73 D. 12a 3 73 

Cau 32: Khoang each giua hai dudng thang AN va Cl 


Tinh the 


A. 


3a 

V37 


B. 


6a 

737 


c. 


9a 

737 


D. 


737 


Cau 33 : Cho hinh chop S.ABC co AB=AC=a, BC= SA = a-fi, SAB = SAC = 30° .Tinh thl tich 


khoi chop S.ABC 

3 3 3 3 

a _ a _ a 


A.— 


B.- C/ D. 

32 16 8 4 

Cau 34: Cho khoi tu dien deu ABCD. Goi M la trung diem AB; ( a ) la mat phang qua M , song 
song vdi AD va BC. Mat phang ( a ) chia klioi tu dien ABCD thanh 2 khoi da dien. Tinh ti so the 
tich 2 khoi da dien do. 

A. 1 B.2 C.3 D.4 

Cho hinh chop S.ABCD co day ABCD la hinh vuong canh 2a. Tam giac SAB can tai S va nhm 
trong mat phang vuong goc vdi day, goc giua canh ben SC va day bang 60°. 

Cau 35: Tinh theo a the tich khoi chop S.ABCD 


A. 


4a 3 7l5 


B. 


4fl 3 7l5 


4a 3 7l5 


6 3 5 

Cau 36: Tinh khoang each giua hai dudng thang BD va SA 


D. 


4a 3 7l5 


13 
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A. 2. —a 


B.Ma 


C.3 


D.4 


Cho hinh chop S.ABC c6 tam giac ABC vuong tai A, AB- AC = a, I la trung diem cua SC , 
hinli chieu vuong goc cua S len mat phang (ABC) la trung diem H cua 1BC, mat ph&ig (&4i?)tao 

voi day 1 goc bang 60°. Tinh the tich khoi chop S.ABC va tinh khoang each tu diem I den mat 
phang (&45)theo a. 

Cau 37: Tinh the tich khoi chop S.ABC 


A. 


3 V3 


B. 




C. 


a 3 4 3 


D. 


a 3 43 


3 6 12 18 

Cau 38: tinh khoang each tir diem I den mat phang ( SAB ) 

A B C D i^/ 3 

' 2 '3 '4 '5 

Cho hinh chop S.ABCD, day la hinh chfi nhat ABCD co AD = a, AB = a4 3 , canh ben SA 

vuong goc voi mat day (ABCD), goc SBA = 30°. 

Cau 39: Tinh theo a the tich khoi chop S.ABCD 


A. 


a 3 43 


B. 


a 3 43 


C. 


a 3 43 


3 6 _ 12 

Cau 40: Tinh dien tich mat cau ngoai ti£p hinh chop S.ABCD. 
A. Sna 2 B.4^ 2 C.3 na 1 


D. 


a 3 43 


18 


D. 2nar 


l.A 

2.D 

3. A 

4.A 

5.C 

6.A 

7.D 

8. A 

9.B 

10.B 

1 l.D 

12. A 

13.C 

14. A 

15.B 

16. A 

17.B 

18.D 

19.B 

20.C 

21.A 

22.A 

23 .A 

24.A 

25.C 

26.B 

27.A 

28.A 

29.B 

30.A 

31.B 

32.B 

33.B 

34.A 

35.B 

36.A 

37.C 

38.C 

39.A 

40.A 
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PT-BPT-HPT 

Phuoug trinh - Bat phuoug trinh - He Phuoug trinh 

*Cac ki thuSt casio cff ban trong phSn nay: 

1. Ki thuat CALC : Dung de thu nghiem va thu gia tri tham s6 
Nghiem cua phuang trinh: 4^2yl\0-2x-yl9x-31^~4x 2 -15X-33 

A. 3;5 B.-3;5 C.3;-5 D.-3;-5 

Buoc 1: Cac em nhap phuoug trinh vao may tinh: 

0 Math 

V(4X 2 -15X-33)I 


Buoc 2: cac em bam CALC roi bam 3= xem gia tri bieu thuc co bang 0 

0 Math A 0 Math A 


X? 


4(2/T0-2X- 3 J9X- : ^ 


X? 


3 66.61773876 

Math A 0 Math A 

4 (2JT0-2X- 3 i9X = n> 


X? 


5 0 

Math A 0 Math A 

4(2/ICF2X- 3 J5X z i? 


-3 0 

Cu nhu vay em thu cac gia tri khac a cac dap an, tuang tir vai phan Bat phuang trinh thi cac em xet 
tinh am duang vai 1 gia tri thuoc doan hay khoang ma de bai cho. 

2. Ki thuat SOLVE : Dung &k do nghiem, xem phuang trinh co bao nhieu nghiem 


S6 nghiem cua phuang trinh: lx 1 -x-17+%/x+l = 0 


A.0 B.l C.2 D.3 


Buoc 1: Nhap phuong trinh 


0 Math A 

2X 2 -X-17+JM 

0 


The Lite -foxxrm/Ad.theluc 
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Biro’c 2: Tien hanh giai phuong trinh b&ng each him l 
“ thi cac em chon 1 sd thuoc tap xac dinh roi nhap = 


khi may hoi “Solve for X ? 


Solve for X 


0 Math A 


0_Math A 


2X i -X-17 +JM 
X= 3 

3 L-R= 0 


Ta dirge nghiem dau tien la x = 3 


Day sang trai va nlian liru luon phuong trinh lai 

0 Math A 

2X 2 -X-17+-/X+T 


0 


Sau do ta se tien hanh liru nghiem nay vao bien A, de bien X con de may luu nghiem moi: RCL X 
Shift Sto A(®1§ ® ) 


Ans*A 


0 Math A 


Biro’c 3: Sau khi da luii duoc nghiem thir nhat, ta se tien hanh do nghiem thir 2 bang each giai 

2x 2 -X-ll + y/x-l _ 
phuong trinh: -= 0 

jt-3 

Ta an day len de tim phuong trinh da luu roi an sang trai sua thanh: 

0 Math A 

<7+J5!+n+cx-fl) 


Sau khi an 


: thl nhan duoc thong bao 


Web: Alika Am The Lire -fh>com/Ad<thehte The Anh - fh,cam/ng liventheanh.teacher 










PT-.BFT-HPT Nguyen The Anh (Great Teacher) - Nguyen The Luc (Casio Expert) 


B Math A 

A? 


3 


Cac em in “=” 


B Math A 

Solve for X 


3 


Cac em in = tiep de bat dau may tim nghiem. 


B Math 

Can’t Solve 

CAC] sCancel 
C-i ] C &•]: Goto 


Nhu vay tuc la khong con nghiem nao nua phuang trinh nay chi co duy nhat 1 nghiem x = 3 ma 
thoi. 


Vi du 2: Tim m de phuang trinh %/x 4 +4x 3 - lx 2 - 3x - m + x 2 -1 = 0 co nghiem thuc. 
A. m<0 B. m > -2 C. -2< m <0 D. m > 0 

Giai: 

*Tir luan : 


Phuomg trinh o %/x 4 + 4x 3 - 2x 2 -3 x-m = l-x 2 o ■ 


1-x 2 >0 

..4 , 4 3 _J2 


x 4 +4x 3 -2x 2 -3 x-m = (1-x 2 ) 2 


f-l<x<l 

<=>{ , 

[4x - 3x -1 = w 

BS phuang trinh da cho co nghiem thi phuomg trinh : 4x 3 -3x-l = w phai co nghiem thuc thoa 


man 

> fy = 4x 3 -3x-l;xe|-l;l] , 

-I < x < 1 <=> hai do thj j phai co diem chung 

[y=™ 

Xethamsd: ^ = 4x 3 -3x-l;xe[-l;l] 

9 1 

Taco: >>’ = 12x -3;j' = 0ox = ±— 


Bang bien thien: 


€ 


X 

-1 


1 

2 


1 

2 


1 



y’ 


+ 

0 

- 

0 

+ 
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'PT-BPT-HPT 



Tu bang bien thien suy ra gia tri can tim la : -2 < m < 0 
*Trac nghiem: 

Cac em chon 1 gia tri dai dien a tung dap an, vi du muon kiem tra xem A co kha nang dung kliong 
thi lay w = ~100 

Cac em nhap vao may tinh thay m bang Y nhe 

_ 0 Math A 

« 2 -3X-Y+X 2 -l 


0 Math A 

Y? 

0 

am® [ad]!) 

a Math 

Can’t solve 

CAC] sCancel 
C«] CM: Goto 

Vay loai A, tucmg tu xet B 

_ a Math A 

fX 2 -3X-Y+X 2 -ll 


110® GO (DU) 


a Math 

Can't Solve 

CAC] :Cancel 
C4 ] C i-] s Goto 

Vay Loai B va D, cuoi cung chon C 

3. KT Thuat TABLE: kiem tra tinh don dieu hoac xem phuorng trinh co bao nhieu nghiem 


Tim so nghiem cua phirang trinh: %/2x + 2 - 2^3-x 


12x-20 


A. 0 


B. 1 


v/9x 2 -18x + 25 
C. 2 D. 3 


= 0 


Huong dan: 
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PT-BFT-HPT 

Cac em SOLVE thu xem se chi tim ra 1 nghiem trir khi luc tim nghiem thu 2 cac em moi cho no la 
2.5 

Cac em thu- Mng table nhir sau: truoc het la xem dieu kien: -1 < x < 3 

Do cai dieu kien nay kha hep nen dung Table la mot loti the 

sin 

E Math 

fQO=l 


©[US(I]S)[l](g)B(I]IDIl]S@lll®0ffl[I3[I)H[IlS(l]ll]®© 

E Math 

2-18X+251 


mm 

Start? 


Math 


1 


BQ3(D 

E Math 

End? 


5 


(am 

E Math 

Step? 


0.2105263158 

SlUBSBEQCSBCDGE)! 

E Math 


"On153 

-□.sis 


FCX) 

5.4315 
I. I5B 
I D 4505 


X 

1.5253 
I.1355 
L3413 


m 


-5.532 
-□.31 
0.2115423368 


15 

13 

2D 


X 

2.5153 
2.1B3M 
3 


FCX> 

-5.355 


Math 


0.6096263398 


Cac em quan sat vao cac doan no d6i ddu tir am sang duang hoac tu duang sang am tuc la doan do 
co nghiem va a day co 2 doan nhu vay nen co 2 nghiem. 

Ngoai ra thi Table cue ki manh khi do bidu tliuc ghep can va phuong trinh bac 2 tao ra nghiem le 
nhung do noi dung thi trdc nghiem se kliong lien quan nhieu tori phan do nen anh kliong de cap d 
day. 

Lbi giai theo hinh thuc tu luan: 
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Bim may dirgenghiem x = ~=>3x--5 = 0 va x«2,8856-»9x 2 -18x-23 = 0 


Cac em chu y la d phep do tren sir dung de chuyen ve phan s6 


-M 


0 Math 

FOU 


-3*215 

“I fi&M 

2* 555555556 


-M 

-3 

-2 


0 Math 

FtKJ 
-3*215 


23 j 9 


pto 


4(3x-5) 


6x-10 


18x+25 
4(3x-5) 


/2x + 2 + 2>/3-x ^9x 2 -18x + 25 

3x-5 =0c>i = ^ 

2 {J2x + 2 + 2-v/3 -x j = >/9x 2 -18x + 25 (*) 
Binh phuang (*) len ta duoc: 


4 (4^/2(x +1)(3 - x) - 2x+14) = 9x 2 -18x + 25 

o 1 6 a /2(x +1)(3 - x) - 8x+8 = 9x 2 -18x - 23 

o(9x 2 -18x-23) + 8(x-1-2^/2(x + 1)(3-x)) = 0 

x (x 2 -2x + l)-8(-x 2 +2x + 3) 

■ (9x 2 -18x-23)+8.--' = 0 

v ’ x -1 + 2^/2(x +1)(3 - x) 

/ 

>(9x 2 -18x-23) 


o 


1 +- 


-1 + 2^2(x +1)(3 - jc) 


: 0 (**) 


Ta co : 


16^2(x + l)(3-x) - 8x+8 = 9x 2 -1 8 jc - 23 


o 16^2(x +1)(3 - x) = 9x 2 -1 Ox - 31 > 0 


>1 + 


x -1 + 2^2(x +1)(3 - x) 


>0 
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PT-BPT-HPX 


Dodo: (**)=>9x 2 -18 jc-23<=> 


Do do phurong trinh co 2 nghiem 


3+4^2 


3 

3-4V2 

x =- 

3 


(loai) 


5 3 +W 2 

x =—,x = -■- 

3 3 

Phtrong Trinh 


I. Phtrong trinh co‘ ban 


fgW>o 


1. Jf(x) = g(x) o \ 

V \f(x) = g (x) 

2- = g(x) o f(x) = g\x) 

Bai 1. Nghiem cua phuang trinh: \jx 1 - 5x + 4 = -J-2x 2 - 3x +12 


B. — 

3 


C. 


Giai 


(2) o -Jx 2 -5x + 4 = 'J-lx 2 -3x+12 


bc-5x + 4>0 
I x 2 - 5x+4 =-2 jc 2 - 3x +12 


f(x-l)(x-4)>0 
3 x ! -2x-8 = 0 


x<1 

x>4 

_g —4 

x -2 <=>* =— .NghiemPT: x =— 
6 3 

-8 



Bai 2. Giai phuang trinh -j3x + l-^2x-\ = yf&^x 
A. 2 B. 3 C. 4 

Giai 


Dieu kien 


3x +1 > 0 

2jt-l>0oj — <x<6 
6-x> 0 ^ 


D. 5 
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Nguyln Th& Anh (Great Teacher) - Nguyen The Luc (Casio Expert) 


Vai dieu kien tren ta co 


o 

o 

<=> 


\llx +1 - *Jlx -1 = >/6 - x 
^3x + l =\l6-X + \llx-\ 

3x+l = 6 - x + 2x -1 + 2^6-x^2x-l 
2x -4 = lyfc-X'Jlx -l 


o x-2 = ^6-x^2x-\ (x>2) 

<=> x 2 -4x + 4 = -2x 2 + 13x-6 
<=> 3x 2 -17x+10 = 0 => Nghiem PT: x = 5 

x = 5 



Bai 3. Nghiem cua phuang trinh: y/?>x+l + \[x-3 = 2>/x+T 

A. 2 B. 3 C.4 D. 5 

Gidi 

Dieu kien: x>3 


Binh phuanghai vetadugcphuangtinh 2^(3x + 7)(x-3) =0o 
Vay x = 3 la nghiem duy nhit cua phuang trinh.. 


x = 3 (tm) 


Bai 4: Nghiem cua phuang trinh : \/-x 2 +xV*+5+ 7 = yf-x 2 -2x+3 
A. -2 B. -1 C. 0 


D. 


Gidi 

Phuang trinh O < 


<=> 


-3 < x < 1 


-x -2x+3>0 

(-x 2 + x\lx + 5 + 7 = -x 2 - 2x+3 |W* + 5 = -2(x+2) (*) 

Vai x = 0 thi (*) kliong thoa man 

Vai -3<x<0u0<x<lthi (*) <$yfc+5=-r X + 2 
' x + 2 


-2 < x < 0 


x + 5 = 4- 


>0 


(x + 2) 2 [x + x -16x -16 = 0 
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FT-BFT-HFT 


f-2 < x < 0 

<=> < O 

|(x+l)(x 2 -16) = 0 


-2 < x < 0 
JC = —1 o x = -\ 
x = ±4 


Nghiem phuomg trinh: x = -l 


Bai 5: So nghiem cua phuomg trinh : yjx 2 + x + 1 - *Jx 2 -x+1 = -- 
A.O B.l C.2 

Giai 

Dieu kien \fx e R 


D.3 


Phuomg trinh o *Jx 2 +x+l + — = >/; 


y-jc+l 


Binli 


phuang 2 ve ta dugc : \lx 2 + x+ 1 = -2x - - 


<=> 4^x 2 + j+T = -8jc-1 


-8x-l>0 

16(x 2 + x +10 = (-8x -1) 2 


1 


x<— 

8 

48x 2 = 15 


8 ox = -J— 
, _ V 48 


Bai 6. Nghiem cua phuang trinh sau : *Jx +3 + *j3x+l = 2\[x + \llx+2 
A.O B.l C.2 

Giai 
Bk x>0 


D.3 


Binh phuang 2 v6 khong am cua phuomg trinh ta dugc: 1 + ^(x + 3)(3x + l) = x + 2^x(2x + l ), de 
giai phuomg trinh nay dl nhien la khong kho nhung se phuc tap 

=> Phuomg trinh giai se rdt don gian neu ta chuy&n ve phuomg trinh : 

-J3x+l - V2x+2 = >/5x - y/x + 3 tuy chua xet dc 2 ve co duomg hay khong 


Nhung binh phuang hai ve ta co PT he qua sau : \l 6x 2 + 8x + 2 = *\/4x" + 12x <=> x = 1 

Thu lai x=] thoa man PT=> x=l la nghiem 

Nhan xet: N4u phuang trinh : <J/(x) + yjg(x) = <Jh(x) + yjk(x ) 

Co /(x) + h(x) = g-(x) + £(x), thi ta biSn doi phuang trinh: 

-Jit*)-= /H*)-<Jg{x) sau do binh phuang dugc phuomg trinh he qua va thu lai 


nghiem. 


UiCf 
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PT-BPT-HPT 


X 3 +1 


Bai 7. Tong cac nghiem phuomg trinh sau:, I- —— + >/x + l = *Jx 2 -x + 1 + Jx + 3 

Vx + 3 

A.O B.l C.2 

Gidi: Dieu kien : x > -1 

Binh phuomg 2 v£ phirang trinh => duac pt kha phuc tap 

Ta co: , p. ■ — \ \lx + 3 = Vx 2 -x + l.^x + l khi do 

- ]jx + 3 

PT <=> —— --Vx + 3 =*Jx 2 -x + 1 - Vx + l 
V x+3 


D.3 


Binh phuomg 2 ve ta dugc: 


x 3 +l 


: x 2 - x -1 <=> x" - 2x - 2 = 0 <=> 


x = l-*\/3 
x = l + >/3 


x + 3 

Thulai :x = 1 --%/ 3 5 x = 1 + %/3 

A7*<foi x<?7: N6u phuomg trinh : yjf(x) + yjg(x) = ^/?(x) + ^(x) 

Maco: /(x)./?(x) = £(x).g(x) thitabiendoi ^/(x)-^//(x) = ^t(x)-^g(x) 


Bai 8: Nghiem cua phuomg trinh: Jx 2 - -- + Jx —— = x (1) 


A.O 


B.l 


C.2 




'"■-7 = ' I+ r7r+"7 


( 


o 0 ~ x 
fx + 0 


-\ 


l-ljx-j 


<=>4 x—— | = 1 

X" 


D.3/ 


^ /-s x — *2 

[(x - 2 )( 4 x 2 + 7 x+ 14 ) = 0 


Baj_9. So nghiem cua phuang trinh: a/x-1 + %/x-2 = lj2x-3 (1) 
A.O B.l C.2 D.3 


—-- 
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PT-BPT-HPT 


(1) <=> 2x - 3 = (yjx- 14- yjx-2^ 

<=> 2jc-3 = 2jc-3+3^/(jc-1)(x-2)(Vx^T+^/jc^2') 


=> lj(x - l)(x - 2)(2x - 3) = 0ox = lvx = 2vx = ~ 

Thu lai PT ta dugc nghiem: x = 1, x= 2, x=3/2 

Bai 10. S6 nghiem cua phuang trinh: ijlx-l +y/x-l = 3/3x+l (1) 

Giai 

(1) <=> 3x + l = ^2x~\ + 

O 3x +1 = 3x - 2+3 3/(2x - IX* -1) (>/2x -1 + >/x-T) => 1 = $j(2x - l)(x - 1)(3 jc+1) 

o1 = 6a- 3 -7x 2 +1 = 0<=>x 2 (6x-7) = 0ox = 0vx = - 

6 

Thu lai phuang trinh ta dugc nghiem: x = 7/6 

Bai 11. Tim m de phuang trinh sau co nghiem: >/ x 2 + x + l - y]x 2 -x +1 = m 


A. [—1;1] B. [—1;1) 

Giai 

Be phuang trinh da cho co nghiem thi 2 do thi: 

\y- \/x 2 +x+\-\lx 2 -x+l,xe R 
[y = m 

Xetham y = y/x 2 +x + l-ylx 2 -x+l;xeR 


C. (—1; l) 


D. H;l] 


phai cat nhau. 


Ta co: y' = 


2x +1 


2x~l 


x + - 


1 


x — 


2>/5iF"^^ 2 yjx 2 — x+1 If 1 \ 3 

* + 2 J + 


lY 3 
x— +- 

2 4 


Xetham /(/) = 


t 


f 


-j/ e R 


m- 


: > 0V/ 


4J,>4 


=> f(t) la ham <36ng bi6n ==> f \ jc + j >/f x-I jVx => y' > OVjc => y la ham <J6ng bien. 


lim y = lim i-Jx 1 + x + l --Jx 2 - x + \\= lim - - . - =rr = lim 

«« 1 MW lVr+A'+l + Vr-^ + l) 


i+I + J_+LI+-L 

X XT V XX 


lim y = lim ■ 

l'- 4 -oo x-»-oo j 


2x 


- = lim • 


: = -l 


°(Vx 2 +x + lWx 2 -x+l) + 

Do do ta co bang bien thien: 
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.Pt-BPT-HPt 


+ 00 


-1 


Tit bang bien thien suy ra gia tri can tim la -1 < m < 1 

Bai 12. Nghiem cua phuangtrinh: (x+2)(^jx 2 +4x+l +1 j +x|^/?+3 +1 j = 0 
A.O B.l C.2 


Gidi 


Phuang trinh <=> (x + 2)|^(jc + 2)" + 3 + 1 j = -x. ^(-x) 2 + 3 + 1 j (*) 
Xetham f(t) = t(^\[t 2 + 3 + 1 


Taco: /'(/) = l+^r +3+-pL==>0V/e R 

Vr + 3 

Vay f(t) la ham dong bien. Do do ta co (*) O f(x + 2) = f(-x) Ox + 2 = -xOx = *l 
Bapso:x = -l 

x + 3 


Bai 13. Nghiem cua phuang trinh >/4x + l - ^3x-2 = ; di£u kien: x >•— 


A.O 


o . i --- = ^^o5(x+3) = (x+3)(V4x+l+V3x~2) 

^/4^TT+^/3I^2 5 V ^ V ^ ' 

o(x + 3).^«s/4x+l + V3x-2-5j = 0 
O Hoac: x + 3 = 0Ox = -3 (loai) 

Hoac: >/4x+1 + >/3x - 2 = 5 <=> 4x+1 + 2^(4*+1) (3 jc - 2) + 3 x - 2 = 25 


B.l 


C.2 


A' + 3 


[26-7x> 0 


<=> 2%/l2x 2 -5x-2 = 26 - 7x o ^ x . « o 

[4(12x 2 -5x-2) = (26-7jc)‘' 


.26 


D.3 


D.3 


a<- 


x 2 -344a'+ 684 = 0 


<=>\ 1 


<=> x = 2 

x = 342;x = 2 
Dap so: x = 2 

Bai 14. S6 nghiem cua phuang trinli 3>(2 + <Jx-2^ = 2x+Jx+6 ; di£u kien: x>2 
o 3%/x^2 - yfx+6 = 2x ~ 6 

°3^+i^ =2( ' r_3)o4 h'' 3 i = ( 3 ^ + ^)h' _3 ) 
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PT-BFT-HPT Nguyen The Anh (Great Teacher) - Nguyen The Lure (Casio Expert) 


o (x-3)^3%/x--2 + V* + 6-4j = 0 
O Hoac: x = 3 

Hoac: ^3a/x-2 + >/x+6^ = 4<=>3>/x 2 + 4x+12 = 14-5x 

14 

|14-5x>0 

[9(x 2 + 4x -12) = (l 4 - 5x) 2 ^ 


x< 


5 ll->/45 

,— ox =- 

11 ± V 45 2 


Dap so: 


x = 3 


x = - 


11 -V 45 


Bai 15. Nghiem cua phuemg trinh%/lx+T-%/6-x + 3x 2 — 1 4x - 8 = 0; 
A.2 B.3 C.4 


D.5 


dieukien --< x < 6 
' 3 


O ^yj3x + \ -4j -yfS — X j + 3x 2 - 14x- 5 = 0 

- 3 (*~ 5 ) ' +(x-5)(3x+l) = 0 

v6-x 


%/3x + l +4 1 + 
1 


o (x 5) 


\ 


>/3x+l 4 - 4 1 + V6 —” 


r + 3x + l 


:0ox-5 = 0<=>x = 5 


1 


Vi: 


a/3x +1+4 
1 


>0 


1 + >/6 — x 
3x+l>0 


>0 


- H- , + 3x +1 | > 0 


a/3x+1+4 1 + a/6 —x 


Bai 16. a/x+1 + 1 = 4x 2 + a/3x ; di£u kien: x > 0 
<=>4x 2 -1 + a/3x->/x+1 = 0<=> (2x-l)(2x+l) + 


2x-l 


o(2x-l) 


' i 1 

2x+1 + 


V3x + a/x+T 
1 


-=—t= . = 0<=>(2x-l) = 0ox 
V3x + Vx + 1 J 2 


Vi: 2x +1 + - 


>0 


>/3x +Vx+T > 

Bai 17. S6 nghiem ciia phuang trinh : %/3x 2 -7x+3 - \jx 2 -2 = ^3x 2 -5x-l - >/x 2 - 3x+4 
A.O B.l C.2 D.3 
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PT-BPT-HPT 


3x 2 -7x + 3>0 
x 2 -2>0 

Dieukien: < 

3jc 2 — 5jc—1 > 0 
x 2 -3x+4> 0 

Phuang triiih: <=> \l?>x 2 - lx + 3 - -J^x 2 - 5x -1 = y/x 2 - 2 - V* 2 -3x+4 

-2(*-2) 3H 

\l?>x 2 - lx + 3 - \l?>x 2 - 5x -1 -Jx 2 -2 + \lx 2 -3x+4 
o(^2) " 2 3 


_ \/3x 2 - 7* + 3 - V3x 2 - 5x -1 V* 2 -2 + \fx 2 -3x + 4 


ox-2 = 0o jc = 2 

Vai x = 2 thu* vao dieu kien ta tMy thoa man. 
Vay nghiem cua plurang trinh la x = 2. 


Bai 18.Nghiem cua phuang tiinh : yjx 2 + 91 = a* 2 + \jx-2 , 
A.O B.l C.2 

Dieukien: x>2 

oV^+9 l-\0 = -Jx^2-l+x 2 -9 


x 2 -9 


x-3 


•Jx 2 + 91+10 Vx^2 + 1 

x+3 1 


+(x-3)(x + 3)=0 


o(jc-3) 

o(x-3) 


_-s/?+91 + 10 •v/x-2 + 1 
(x + 3) 


-x-3 


1 -.] 

1 

v a/x~ + 91+10 y 

>/x—2 +1 


= 0 


Do: 


(x + 3) 


1 


<OVx> 2 


D.3 


%/x 2 +91+10 J >/x^2 + l_ 

Nen phuang trinh ox-3 = 0ox=3 
Bai 19. Nghiem cua phuang trinh : >/x-l + ^3-x = 3x 2 - 4x-2 
A.O B.l C.2 

Giai 

Dieukien: 1 < x < 3 

Phuangtrinh: <=> yjx-l -1 + %/3-x-l = 3x 2 -4x-4 
0 T ~~. 2 .= 0,-2) (3*+ 2) 

Vx-1+1 V3^c + 1 V A 7 
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' : Pt-BPTrHPt 


<=>(^- 2 ) 


1 


1 


-3x-2 


= 0 


jx “1+1 ‘\j3~x +1 

Dl My voi 1 < x < 3 thi bieu thuc trong ngoac vuong la ham nghich bien va tai x = 1 thi bieu thuc 

do nhan gia tri la . . . < 0. Chung to voi moi 1 < x < 3 thi bieu thuc trong dau ngoac vuong 

1 + V2 

luon am. Do do phuong trinh co nghiem duy nhat la x = 2. 

Bai 20. Ti'ch cac nghiem cua phuong trinh: ^2x 2 + 5x +2 - Vx 2 + x - 2 = >/3x+6 

A.l B.13 C.26 D.-26 


Giai 

Bieukien: j = -2ui>1 

Phuong trinh: <=> ^{2x +1) (x+2) - ^{x - 1)(x+ 2) = ^3 (x+2) 
+) Voi x = -2 thi phuong trinh thoa man. 

+) Voi x > 1 thi phuong trinh: <=> >/2x + l ->/x-l = >/3 
<=>>/2x+l =-Jx-l + 'j3 

<=>2x+l = x+2 + 2^3(x-l) o 2^3(x-l) = x-l 

^ x — 1 

o4[3(x-l)] = (x-l)*Ox 2 -14x+13<» 


x=n 


Dap so: 


x = 1 
X = 13 : 
x = -2 




2)Jf(x)>g(x) 


<=> 


3)Jf(x)<g(x)t> 


> tich - -26 


Bat phmmg trinh co 1 ban 

g(*)<0 
/(*)> 0 
g(x)>0 
/(x)>g 2 (x) 

g(x)<0 
/(x)>0 
g(x)>0 
f(x) > g\x) 

g(x)>0 

/«>0 
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4)-jf(x)<g(x)< 


g(x) > 0 
f(.x)> 0 
f(x) < g\x) 


Bai 1. Tim giao 2 tap nghiem cua 2 bat phuong trinh sau: 

x + l>^2(x 2 -l) va 2x-5 < \l-x 2 + 4x -3 

B. [1;3) C. [-1;3) 




D. S-. 


_li T 


Gidi 
Ta co: 


x + l>^ 2 (x 2 -l) o 


hc + l >0 
\2 


(x + l ) 2 > 2 (x 2 -l )>0 


<=>« 


X>-1 

x 2 - 2x - 3 < 0 
x 2 “ 1 > 0 


x>-l 

-l<x<3<=> 

x<-l 

x>l 


X = -1 

l<x<3 


Vay tap nghiem S = [l; 3] u {-1} 


Ta co 


2x-5 < V-* 2 +4x-3 


<=> 


J2x~5<0 
[“X 2 +4x-3>0 
[2x-5>0 

[(2x - 5)" < -x 2 + 4x - 3 


(1) 

( 2 ) 


5 


r . 5 

x < — i 5 

(2)o- 

x>- 

2 <=> 1 < x < - 

2 

1 < x < 3 z 


5x 2 -24x + 28<0 


( 1 )« 

Tir do suy ra tap nghiem cua bat phirong trinh la S = 

Tir do suy ra giao 2 tap nghiem la S = 1; 


X ~2 5 14 

<=>-<x<— 
. 14 2 4 

2<x< — 

5 


14 


14 
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PT-BPT-HPT 


Trac nghiem: 

Doi vai dang cho dap so kieu nhu the nay thi cac em van dung CALC de thay cac dap an vao de 
xem dap an nao thoa man ca 2 bat phuang trinh, chu y tai sir kha nhau cua cac dap an nhe. 

Vi du d£ xem B va D co dung khong thi chi can thay x=0 , dung thi xet tiep 2 dap an do khong thi 
loai va xet A,B tuomg tu nhu cac bai khac. 


Bai 2. Tap nghiem cua bit phuang trinh 2\lx-3-~^9~2x > ~ (2) 


A. 


9l 


9 

c. 

9 

D. 

, 9 

4;- 

B. 

2;— 

4;- 

1;- 

4_ 


L 2J 


2 


2 


Gidi 


fx-3>0 9 

Bieu kien \ o 3 < x < - 

' |9-2*<0 2 


Vai dieu kien tren ta co 




1 0 

(2) <=> 2yfx-2>—\l9-2x + — 

o 4(x-3)>i(9-2x)+^+|^9-2x 
o 16x-48>18-2x+6V9-2x 

fl8x-64>0 


o 9 x-33>3n/9-2x <=>- 


(9x-33) 2 >9(9-2x) 


. 32 

x> — 

9 o 

81x 2 -576x + 1008>0 


x> 


32 


28 o x>4 

X <- 

9 

x> 4 


K£t hop vai di£u kien ta co tap nghiem cua bat phuang trinh la S' = 


A 


Bai 3: Giai bat phuang trinh: -j5x-\-jx-1 > yj2x-A 

A. T = [2;9) B. T = [l;10) C. T = (2;10) D 


Gidi: 
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PT-BPT-HPt 


Dieu kien: < 


5x-l >0 

x — 1 > 0 O x > 2 
2x-4>0 
Bat phuang trinh 
o V5x~l > Vx-1 +-Jlx-4 
o 5x -1 > x -1 + 2x - 4+2« s /(x - l)(2x - 4) 
o2x+4>2 yj(x- l)(2x-4) (x>2=>x+2>0) 
o (x + if > (x-l)(2x-4) <=> 0 < x < 10 
Ket hop dieu kien: T = [ 2; 10) 


_,. . ^.,., ' , . - *v“3x* + x + 4 + 2 _ 

Bai 4: Giai bat phirang trinh:-< 2 


A. ( 9 -A 
18 3 




v[- t 0) C. [|;| 


D-1 f;| 


u[-l;0) 


Giai: 
Dieu kien: 


4 

-i<x<- 

3 

x*0 


* Xet: 0 < x < — (1) 
3 


r-j a . i \ i V~3x 2 +x+4 + 2 A rr - ; - 7 _ 

Bat phuang trinh <=>-< 2 <=> V-3x + x+4 < 2x - 2 


( 2 x- 2>0 fx > 1 9 

<=> , ,c>i , ox>- 

[-3x^+x+4<(2x-2 ) 2 [7x 2 -9x>0 7 

, f Q 4 

Ket hop vai(l) taco: 7J=I— 

* Xet -1 < x < 0 => bat phuang trinh luon dung. 

Vay tap nghiem T 2 = [—1; 0) 

r (9 4~1 

Ket hap chung: I-;- u[-l;0) 


Bai 5: Nghiem cua bit phuang trinh : >/x 2 ~ 3x + 2 + >/x 2 -4x+3 > 2^x 2 -5x+4 
A. x>4ux = l B. x>4ux = l C. x>4 D. x>4 


Giai: 


Dieu kien: 


x"-3x+2>0 
x 2 -4x+3 > 0 <=> 
x 2 ~5x + 4>0 


x>4 

x<l 
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Truong hop 1 : x>4 

Bat phuang trinh o yj(x- l)(x-2) + yj(x-\)(x-3) > 2^(x-\)(x-4) (z) 

O y[x-l (yJx-2 + -Jx-3^ > 2y/x-l.'Jx-4 

o *Jx-2 + *Jx-3 > 2*Jx-4 
O y/x-2-\lx-4 > 'Jx-4-'Jx-~3 

Vi x > 4 nen v£ trai duang con ve phai am nen bat phuang trinh nghiem dung. 
Vay x>4 la nghiem. 

Truong hop 2 : x < 1 

Bat phuang trinh <=> ^(l-x)(2-x) + <J(l-x)(3-x) > 2yj(l-x)(4-x) (iz) 

o 7^+75=1) > 2 ^.^ 

x = 1 

72^7+T^x > 274=x (*) 

Dlth§y(*) o72-x-74-x >74-x-73-x 
Vi jc< 1 nen 0<2-x<4-x<=>72-x-74-x <0 
4-x>3-x>0o74-x-73-x > 0 
=> (*) vo nghiem. 

Ket luan : Bdt phuang trinh co nghiem x > 4 hoac x = 1. 

Bai 6 : Tap nghiem cua bat phuang trinh : 73x + 2-74x + l : 


o 


x-1 


A. [-l;+oo) 


B. [l;+oo) 


C. (-oo ? l] D. (-oo,-l] 


Giai: 


Bieukien: x>- 


Ro rang: 73x+2 + y/4x+l > 0 do do bat pliuong trinh tuang duang: 


-(x-1) 


< jc-1 ^/ _ 1 

73x+2 + 74x +1 5 * \ \f3x~\- 2 + 74x+1 5 


1 

+ - 


>0 


1 


+- > 0 nen bat phuang trinh tuang duang vai x-l>0<=>x>l 


Nhanthdy: . . — -- , - 

73x+2 + yj4x +1 5 

K4t hop vdi dieu kien ta co nghiem cua bat phuang trinh: T = [l;+oo) 

Bai 7: Nghiem cua b&t phuang trinh: (x 2 - 3x)^2x 2 - 3x - 2 > 0 
1 


A. x<— 


Giai: 


B. x<-—vx = 2 C. x<--vx = 2vx>3 
2 2 
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PT-.BPt-HPT 


Nguyen The Anh (Great Teacher) - Nguyen The Lire (Casio Expert) 


Bat phuong trinh <=> 

Twang hap 1: 


\fb?-3x-2=0 

|V2x 2 -3x-2>0 
1 jc 2 — 3x > 0 


\llx 2 -3x-2 = 0 o 2 x 2 - 3x - 2 = 0 o 


Twong hop 2: 

\Jix 2 -3jc-2 > 0 J2x 2 -3x-2 >0 
1 jc 2 — 3jc > 0 U 2 -3x>0 


x = 2 


x =— 


o 


i<--vi>2 1 

2 o x <—vx> 3 

jc<0vjc>3 2 


Tu hai truong hop tren suy radap so : x < --vx = 2vx > 3. 
Bat 8 : Nghiem cua bat phuong trinh: 9x 2 + 2yfx > Vx+1 +1 


A. x>- 
3 


B. x< 


C. x = - 
3 


Giai: 

Bieu kien:x>0 

Bat phuong trinh <=> 9x 2 -1 + 2y[x - sfx TT > 0 
3x- 


(3*-l)(3i+l)+^-^_, 


>0 


o (3x -1) 


1 


3X + 1 + r— - J== 

v 2vx + v^+l. 


>0 


<=>3x-l>0ox> 


1 


D. x>- 
3 


Bai 9: Nghiem cua bat phuong trinli: —— 2 > 3 

x+1 V x 


x > —1 
4 

x < — 


B. —<x<~l 
3 


Giai: 

Bieu kien : x e (- 00 ; -1) u (0; + 00 ) 
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Nguyen The Anh (Great Teacher) - Nguyen The Lire (Casio Expert) 


Pt-BPT-HPT 


Bat t = J— (t > 0) 

_L. = I 

x +1 t 2 


Ta duac : — - 2/ > 3 <=> 2r + 3r -1 < 0 (/ > 0) 
r 

<=> (/ + 1)(2/ 2 +/-1) <0(/>0)o0</<- 


x+1 1 4 

=>0< J-<- <=> — < x <—1. 

V x 2 3 

Bai 10: GiM bat phuang trinh : 5| >/x+—j <2x+—+ 4 (2) 

y 2 vxy 2 x 


A. (0;l-v/2)u(l + ^;+oo) 
C. (0;2->/2)u(2 + ^;+oo) 


B. (Q;->/5)u(>/2;-h») 


D.f 0 ;—--s/2 juf—+ >/2;+oo 


Giai: 

1 2 

Dat t = >/x +—= =>/>-=<=>/> >/2 (theo bit ding thuc cosi) 
2\Jx V 2 

=^>/ 2 =jc+—+ l=> 2 x+ —= 2/ 2 -2 
4x 2x 

Bat phuang trinh (2) tra thanh : 

"/> 2 

5/ < 2 / 2 -2 + 4 o i 

/ <- 

L 2 

+ Vai / >2 taco : >/x+— 7 = >2 
2 vx 


Vx: 


2 + >/2 


0 <>/x ■ 


l-yfl 


x > —+ >/2 
2 

0 <x< — V 2 
2 


+ Vai / < - (loai - khong thoa man dieu kien) 
Vaynghiem: r = juf^ + >/ 2 ;+oo 


Bai 11: Nghiem cua bat phuang trinh : yjlx 2 - 6 x + 8 ->/x <x-2 
A.x>4 B.x<4 C.x = 4 
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Nguyen The Anh (Great Teacher) - Nguy&n Th£ Lu*c (Casio Expert) 


PT-BPT-HPT 


Gidi: 

Bieu kien : x > 0 


Bien doi bat phuang trinh ve dang : ^2(x2) 2 + 2x < x - 2 +\fx 


u = yfx > 0 x 


Bat <T v ~ " khi do bat phuorng trinh tra tlianh : \j2u 2 + 2v 2 < u + v (*) 
\v = x-2 

[u + v> 0 fw + v >0 fx- 2>0 

(*)<=>i 0 , <=>i , <=>w = v<=>i ox = 4 

[ 2« 2 + 2 v 2 <(w+v) [(w-v )"<0 [*Jx =x-2 

Vay nghiem cua bat phuang trinh : x = 4. 

Bai 12: Tap nghiem cua bit phuang trinh : 2x 2 +7 * 2 -5x-6 >10x + 15 (1) 


A.(-oo;2)u(2;+oo) 

5-V531 1^5 + 753 

00 ;- vj -;+a> 


B.(“°°;l)u(l;+oo) 




2 

V / \ / 

Gidi: 

Dieu kien: x e (-00; - 1 ] u [ 6 ; +00) 

(1) o 2(x 2 - 5x - 6) + 4x 2 - 5x - 6 - 3 > 0 
Bat t = 7x 2 -5x-6 (/>0) 

Bat phuang trinh tra thanh : 2r +/ - 3 > 0 (/ > 0) => / > 1 
Tir do ta dugc: x 2 -5x- 7 > 0 

Giai ra va ket hop vcri dieu kien ta co tap nghiem cua bit phuang trinh : 


T = 


5—J53 


u 


5 + -J53 


:+oo 


Bai 13: Tap nghiem cua bit phuang trinh : -J(l-x 2 ) 5 + < 1 (2) 

A.[0;l] B.(0;l) C.(0;l] 

Gidi: 

Bieu kien de can thuc co nghla : x € [0; l] 

71 


D.[0;l) 


+ Bat x = cos/, vai /e 


0 ;- 


Ta co bat phuang trinh : sin 5 /+cos 5/2 / < 1 

Bo sin 5 / < sin 2 1 va cos 5 ' 2 / < cos 2 / nen sin 5 /+cos 5/2 / < sin 2 / + cos 2 / = 1 vdi / e 
Bo do bat phuang trinh co nghiem la : x € [0;l] 

Bai 14: Nghiem bat phuang trinh : VF+x + yjl-x >2- X 


B. 


vTfk 
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Nguy&n The Anh (Great Teacher) - Nguy&n The Lure (Casio Expert) 


PT-BPT-HPI 


A.O 
Giai: 


B.(0;1) 


C.(0;1] 


D.[0;1) 


> |1+X>0 

Bieu kien : < <=> -1 < x < 1 

‘ jl~x>0 


Khi do bat phuong trinh o 1 + x +1 -x + 2^\-x 2 > 4 - x 2 + 


16 


0 (VT7-i) ! + ^<o 

ink ^ J\-x 1 -lj + ■—>() Vx[-l;l] 

=> ^ Jl-x 2 -lj +~- = 0=>x = 0 

Vay nghiem cua bat pt la x=0 

Bai 15: Tim a de bat phuong trinh sau co nghiem : x 3 + 3x 2 -1 < a(yfx-y)x -\j (*) 

A.a>6 B.a>3 C.a< 4 D.ar <6 

Giai 

Dieu kien : x > 1, khi do (*)<=> x 3 + 3x 2 -1 < a . fo iL 

Vx+vx-1 

o (x 3 +3x 2 -l)^>/x + >/x“l ^<<7 
+ Xethamso: /(x) = (x 3 + 3x 2 -l^>/x + 

/'(x) = (3x 2 + 6 x)|>/x + j+(x 3 + 3x 2 ~l).^-^ + - ^= j>0 voi x>l 

(Vi x>l thi 3x 2 + 6x>0;>/x + >/x-l >0; x 3 + 3x 2 -T > 0 va —4= + —^=>0) 

2v* 2vx-l 

Suy ra : /(x) dong bien tren [l;+oo) 


=>/(x) >/(!) = 3 

j 

lim f(x) = 

X-±+cc 

lim [( 

x->+ooL 

x 3 + 3x 2 -l)(^ +-s/x-1 jj = +oo 

f(x) lien tuc tren [l;+oo] 

Lap bang bien thien : 


X 

1 +00 


y 



Vay bat phuong trinh co nghiem khi a > 3, 
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Nguyen Th£ Anh (Great Teacher) - Nguyen The Luc (Casio Expert) 


• PTrBPT-HPT 


He phirong trinh 

2 lx = 5y--4y 


Bai 1: So nghiem cua he phuomg phuong trinh: 

A.O B.l C. 2 

Gidi: 

'l ix = 5j J -4y (1) 

4 X + 2 x+i 


4 X + 2 X+ 


2 X + 2 
D.3 


=y 


2 X + 2 


■=y(2) 


7 2x +2 x 2 2 x (2 2 +2) 

Tir phuong trinh (2) o ———— = y<=> — ^ J = y <=> 2 X = y, y > 0 


2 * + 2 
..3 _ c 2 


2+2 


The vao (1) ta co: y 3 = 5 y 2 - Ay o y(y 2 - 5y + 4) = 0 <=> 
Vay nghiem cua he: (x;y) = (0;1), (2;4) 

(\\ 

=Ki) 


y =i 


J' = 4 


jc — 0 
J = 2 


log. O'-*)-log, 

4 

,2 , ,,2 


Bai 2: Cho he phuong trinh: 

[7+/= 25 (2) 
Goi (Xj, y l ) la nghiem cua he ,Tinli: y l - jc, = ? 
A.O B.l C. 2 


D.3 


Gidi: 


Bieu kien: 


y-x > 0 
y> 0 


PT (1)O-log 4 (j;-x) + log 4 y = lolog 4 -2— = 1 < 


- = 4 


y-X y-x 


4 j ^x 2 

o T = ~x the vao (2) ta co: x 2 +-= 25 

' 3 9 


or=9o 


x = 3 
x = -3~ 


J = 4 

y = -4 (7o<zz) 


Bap so: Vay nghiem cua he la: (x;y) = (3; 4) 


Bai 3: Cho he phuong trinli: 


x 2 +y = y 2 + x (1) 
2 x+ *-2 x - ] =x-y (2) 


Viet phuong trinh duong thang di qua 2 nghiem cua he: 

A.x+2y-l = 0 B.x—2y-l = 0 C.x+2y+l = 0 
Gidi: 


(!)<=> x 2 -y 2 =x-y O(jc-y)(x + y-l) = 0o 


y = x 
y = \-x 
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PT-BPT-HPT: 


• Vori y = x the vao (2)tac6: 2 2r -~- = 0o2 2l+l =2 X <$2x+l = xe>x = -l■=>y = -\ 

«Vai y = l-x th§ vao (2) ta co: 2-2* -1 =2x-l<=>3-2x = 2 x ~ l 

Ta thay x = \ la nghiem. Mat khac ve phai dong bien con ve trai nghich bien nen x = 1 la nghiem 
duy nhat. Vay vai x~l=>y = 0. 

Vay nghiem cua he la: (x;y) = (—1;— 1), (1;0) => pt : x-2y-l = 0 

fjt-4H + 3 = 0(l) 


Bai 4: Cho he phirong trinh: 


- Jog~y =0 (2) 


Tinh do dai doan noi 2 diem co toa do la nghiem cua he: 
A.-M B.>/58 C .>/68 

Giai: 

fjc > 1 


Dieu kien: 


y -1 


d.-M 


( 2 ) <=> log 4 x = log, y o - log 2 x = log, y <=> log 2 x = 2 log, >’ 

<=> log 2 x = log, y 2 ox = y 2 
The vao (1) ta co: y 2 — 4|>»|-f-3 = 0 


Ket hop dieu kien: 


y = i 

T = 3 : 


X = 1 
* = 9 


Vay nghiem cua he la: (x; y) = (1; 1), (9; 3). 


Bai 5: Nghiem cua he phuong trinh: 

\ 1 


A. (3; 9) 

Giai: 

Dieu kien: x>j;>0 


B. 


9 3 


x ,og 3 j '+ 2 y og3i ' = 27 (1) 
log, J-log 3 x = l ( 2 ) 

i r 


C.(3;9), 


9 3 


D-(3;9),|i;i |,(2;6) 


(2) <=> log 3 — = lo — = 3o>> = 3x 


Thi vao (1) ta co: (3x) 831 +2(3x ) 0831 = 27 


o (3x) log>r = 9 o log,(3x) logjI = log, 9 o log, x(log, 3 + log, x) = 2 


<=> log, x+log, x - 2 = 0 <=> 


log 3 X - 1 

< 

log 3 x = -2 


jc = 3 

1 => 
X — — 

9 


T = 9 


Vay nghiem cua he la: (x; j;) = (3; 9), | ^ 
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PT-BPT-HPT 


Nguyen The Anh (Great Teacher) - Nguyen The Luc (Casio Expert) 


Bai 6 : Cho he phuang trinh: 


j3~ x .2 3 ’ =1152 (1) 
|log^(x + ^) = 2 ( 2 ) 


Bai 7: Cho he phuang trinh: 


Goi (XpYj) langhiemcuahe ,Tmh : y x -x x =l 

A.l B .8 C.9 D.10 

Giai: 

Bieukien: x+y>0 

PT (2)ox+y = 5oy = 5-x th£ vao ( 1 ) taco: 

T x 2 5 ~ x = 1152 <=> 6“ x .32 = 1152 <=> 6 ~ x = 36 o x = -2 => 3 ; = 7 
Vay nghiem cua he phuang trinh la: (x; y) = (-2; 7) 

jV.2 3 ' =972 (1) 

[log^(x- 2 ) = 2 ( 2 ) 

Goi (Xj,y,) la nghiem cua he ,Tmh : y x + x x =? 

A.l B .8 C.9 D. 10 

Giai: 

Bieukien: x>2 

972 972 

PT (2) <=> x-2 = 3 o x = 5, the vao ( 1 ) ta duac: 2 3 ' = —— =-= 4 o y = 2 

* 3 5 243 y 

Vay nghiem cua he: (x; v) = (5;2) 

'1 

Bai 8: Cho he phuang trinh: 


log 3 X 2 - log 3 = 0 (1) 


x 3 +y- 2 > = 0 ( 2 ) 


Viet phuang trinli qua 2 diem c 6 toa do la nghiem cua he: 
A.y = 2 B .y = x+5 C.y = 1 

Giai: 

Bieu kien: x ^ 0, y > 0 

PT (1) o log 3 |x| = log 3 yo\x\ = y the vao (2) ta co: 

y 3 + y 2 - 2y = 0 O y = 1 <=> x = ± 1 

Vay nghiem cua he: (x; >>) =(1; 1), (-1; 1) => pt: y = 1 

f2x 2 j+y=2x 4 +x 6 (1) 


Bai 9: Giai he phuang trinh: 


\og y (y-2x)Aog 3 y = l(2) 


Goi (x^yj) la nghiem cua he ,Tmh : y l .x l = ? 


A. 27 


B.26 


C.52 


Giai: 


Bieu kien: 


j;- 2 x >0 

0 < j >*1 


B.48 


B..y = 2 x -1 





Web: Alika 


The Lire - fbxmi/Adtheluv TM Anh - fb.com/nguyentheanh.teacher 






Nguyen The Anh (Great Teacher) - Nguyen The Luc (Casio Expert) 


Pt-BPTfHpf 


PT (1) o 2x 4 -2 x 2 y+(x 2 f -/ = 0 
<=> 2x 2 (x 2 - y) +(x 2 - ,y)(x 4 + x 2 y+y 2 ) = 0 
<=> (x 2 - j>)(2x 2 + x 4 + x 2 y + y 1 ) = 0 
<=> y = x 2 


The vao (2) ta co: log 2 (x 2 - 2x) - 


log 3 x 2 


= log j 3 <=> x 2 - 2x = 3 <=> 


Vdi x = -1 => y = 1 (khong thoa man dieu kien nen loai). 


x = —\ 
x = 3 


Voi jc = 3=>j = 9 

Vay nghiem cua he la: (x;y) = (3; 9) 


Bai 10: So nghiem cua he phuong trinh: 


Ux 2 -8^ + 15+^//+2|x|-15 = ^4x 2 -18j; + 18 (1) 
(3 l ° g 49 (49x 2 ) - log, j 3 =3 ( 2 ) 


A. 1 B.2 C.3 D.4 


Giai: 

, . fx^O 

Dieu kien: < 

■ b>o 

i i |7x| 17x1 , , 

Xet phucmgtrinh (2) o log 7 7x -log 7 y- lo log 7 J —- = 1 o -—- = 1 <t>\x\ = y 

y y 

The vao (1) taco: <Jy 2 -Sy+lS + ^jy 2 +2y-\5 = yj^y 2 -18y+18 

«- ■J(y~i)(y-5)+-J(y-3)(y+5) = V(^-3)(4^-6) (*) 

Dieu kien (*) la: y = 3; y > 5 

4- Vdi y = 3 thi (*) thoa man: => \x\ = y = 3 <=> x = ±3 


+ Vdi >»>5 thi (*)<?> yjy-5 + yJy + S =yj4y-6 o_y = “(loai) 
Vay nghiem cua he phuong trinh: (x; y) = (3; 3), (-3; 3), 


iz.izl fiz.izl 

3 9 3J\3'3) 


Vay chon 4 nghiem 


Bai 11: Nghiem cua he phuong trinli: 


\x\+y = 4+Jp~+2 (1) 
Ilgx 2 - 21 g 2 = lg^l + £j(2) 


A. 




D. 





















Nguyen The Anh (Great Teacher) - Nguyen The Luc (Casio Expert) 


PT-BPT-HPT 


PT (2) <=> lg|x| = lg(4+ 2y) <=> |x| = 4+2y the vao (1) ta co: 
rr - fj >£0 1 

^ =3 ^{ /+2=9/ ^=i^= ±5 

Vay nghiem cua he phuang trinli la: (x;y) = f 5;~ j; ( -5;- 


Bai 12: Cho he phuang trinh: 


( x ~ 4)(*+ 1 ) = y(y +5) ( 1 ) 

lg(i-2) O' + 2) = —j- (2) 


Goi (XpYj) la nghiem cua he ,Tinh : — = ? 


A.l 

Gidi: 

Bieukien: « 


B.2 


C.3 


D.O 


0 <x- 2 *l 

y + 2 > 0 

y* o 

/T (1) o x 2 - 3x - 4 = y 1 + 5y o x 2 - 3x+— = y 2 + 5 y +— 

4 4 


° X 2 


>,+ 2 ' ° 


3 5 

x — = y+- 
2 2 

3 ( 5 

“T - >+ 2 


x = j>+ 4 
x = -y -1 


• Vai x = - j; - j (loai)vi x = -j;-l=^x-2 = -y-3>0=>y’<-3 


■ Vai x = j;+4 th& vao (2) ta co: log v+2 (y + 2) = 


y + 2 


<=> 1 = ?-T2a <=> y 2 _ y _ 2 = 0 O 


>=-l 

, = 2 : 


Vay nghiem cua he la: (x;y) = ( 6 ; 2). 

Bai 13: So nghiem cua he phuang trinh: 

A.l B.2 C.3 

Gidi: 

Bieukien: x\y^ 0 


PT (l)o JC -j; = I-i = X_Z <=> ( JC _ J ,)f 1 + . 1 

x y xy 


>x = 6 


1 1 /n 

x — = y — (l) 

x y 
2y = x 3 -f 1 ( 2 ) 
D.O 


= 0 
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PT-BPX-HPT 


y = x 

—=-i° 
xy 


y = x 

, 1 

xy = -\o y = — 


+ Vai y = x the vao (2) ta co: 2x = x 3 + \ 
x — 1 [y = l 


x 3 -2x + \ = 0<=> 


—1 ih-v/s : 




-l±>/5 


+ Vai = — the vao (2) ta co: 
x 

2 i i 3 

— = jc 3 +1<=> jc 4 +jc + 2 = 0<=> jc 4 -x 2 + “- + x 2 + jc+- + - = 0 


4 2 


lY 3 


<=> x 2 — + x + - +->0=> phuang trinh vo nghiem. 


2 2 


Kit luan: Vay he co 3 nghiem la: 


x = \ 


-\±J5 : 


y =i 


-\±S 


Bai 14: S6 nghiem cua he phuang trinh: 


A.l 

Giai: 

Dieu kien: 


B.2 


[ 0 ) 
\x + y = /x+y+2 (2) 
C.3 D.O 


x-y>0 


x+y+2>0 
Mu 6 hai vl phuomg trinh (1) ta dugc: 

(x-yf =(x-yf o(x-yf(\~x + y) = Q 
y = x 
y = x-1 


o 


f2x>0 


+ Vai y = x the vao (2) ta co: \l2x + 2 = 2x<=> 

4- Vai y = x -1 the vao (2) ta co: *j2x+l = 2x-l o 


(2x + 2 — 4x 
2x -\> 0 


o x = 1 = > ; 


3 1 

<=>x = — =>y = - 
2x+l = (2x-l) 2 2 2 


3 1 

Kit luan: Vay nghiem cua he la: (x;y) = (1;1),| 


Bai 15: Cho he phuang trinh: 


\x-y = 2y 2 +l (1) 


[yfxTy + yjx-2y = 3 y (2) 

Goi (Xpy,) la nghiem cua he ,Tinli: y ] + x, = ? 

A. 20 B.22 C.18 D.25 

Giai: 
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Nguyen The Anh (Great Teacher) - Nguyen The Luc {Casio Expert) 


' [jr - 2 >- > 0 

PT (1) o x = 2y 2 + y+\ the vao (2) ta co: 

yjly 2 -\-2y-bl-¥^2y 2 -y+\ = (2j> 2 + 2>’ + l)--(2y 2 -y+l) 

0 1 + 2 y +1 + yj2y 2 - y +1 j |l - yj2y 2 + 2y +1 + 42 y 2 - y +1J = 0 

<?> ^2y 2 + 2y + \ = l + ^2>> 2 ->> + l 

<^> 2y 2 + 2 y + 1 = 1 + 2‘\j2y~ — y +1 + 2_y - — y +1 


> 2^2 


l.y -y+\ =3y-lo 


3j;-l>0 

4(2y 2 -y+l) = (3y-l) 2 


o y = 3 X = 22 

Vay nghiem cua he: (x;}>) = (22; 3). 

[x 2 +2x+y 2 +y = 3-xy ( 1 ) 


Bai 16: Cho he phuang trhih: 


xy+x+2y = \ ( 2 ) 


Viet phirang trinh qua 2 diem co toa do la nghiem cua he: 

A.x + .y + ^O B.x++-1 = 0 C.x-j^-1 = 0 

Giai: 

Ldy (1) + (2), taco (x+y ) 2 + 3(x+>0-4 = 0 
x+y = 1 

thay vao ( 2 ) ta duac nghiem cua he: (x; y) = ( 1 ; 0 ), (- 1 ; 2 ) 

x + y = -4 

Bai 17: So nghiem cua he phuang trinh: j 
B.2 C.3 


2x 2 y+y 3 = 2 x 4 +x 6 ( 1 ) 

(-*+ 2)-Jy+i =(x+ 1) 2 ( 2 ) 

D.O 


D.x + y-2 = 0 


A.l 
Giai: 

Bieukien: >>>-1 
PT (1) o 2x 2 (y-x 2 ) + i y 3 -x 6 =0 
<=> (> , -x 2 )(2x 2 +>> 2 +yx 2 +x 4 ) = 0 

<$y = x 2 thi vao (2) ta dugc: (x+ 2)4x 2 +1 = x 2 + 2x+1 
ox>/x 2 + 1 + 2 Vx 2 +1 =x 2 + 2 x +1 
o [x4x 2 y 1 - 2xj+(2^x 2 +l - (x 2 +1) j = 0 

o x | +1 “ 2 j + >/x 2 +1 ^2 *- Vx 2 +1 j = 0 o | V^‘ 2 +1 “ 2 j |x 4x 2 +1 j = 0 

V* 2 + l - a (vo nghiem) 

4x 2 +1 = 2ox 2 =3ox = ±\J3 => y = X 2 = 3 
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FT-BFT-HFT 


Vay nghiem cua he: (x;.y) = ^-V3;3^, ^V3;3^ 

x 3 +4y = y 3 +I6x 


Bai 18: So nghiem he phuong trinh: 

B. 2 


l + / = 5(l+x 2 ) 


A.l 

Giai: 

He phuong trinh: o 


C.3 


D.4 


x 3 -16x = y 3 -4j; fx(x 2 -16) = y(y 2 - 4) (1) 
y 2 - 4 = 5x 2 ° 


[y 2 ~ 4 = 5x 2 (2) 
Th& (2) vao ( 1 ) ta co: x(x 2 - 16 ) = 5x 2 j; o x(x 2 - 16 - 5xy) = 0 
x = 0 
x 2 -16 
5x 

• Voi x = 0 the vao (2) ta co: y = ±2 
x 2 -16 


■Vai y = : 


the vao (2) ta co: 124x +132x - 256 = 0 


5x 

x = 1 => y = -3 
x = -1 => y = 3 
Vay nghiem cua he: (x;>>) = (0; 2), (0;-2), (l;-3), (-1; 3). 


o x" = 1 <=> 


Bai 19: Vai gia trj nao cua m de he sau co nghiem: 

A. m = 0 B.m<0 

Giai: 

fx 2 + 2x+y 2 + 2y = 2 
HPTol , , 

{xy(x + 2)(y + 2) = 2 2m+, -2 m 

\x 1 +2x = u, u>-\ , , „ - , 

Bat \ (y = x‘+2x = (x + l)~-l>-l) 

[y 2 +2y = v, v>-l 


x 2 +y 2 + 2(x+y) = 2 
xy(x + 2)(y + 2) = T (2 m+1 -1) 

C. m <0 D. m > 0 


Khi do he phuong trinh <=> 


y+ v = 2 (1) 
yy = 2 2w+1 - 2 m (2) 
y >-l; v>-l 


Tir (1) =>v = 2-y (dov>-\ =>2-y>-l =>y<3) 
The vao (2) ta co: y(2 - u) = 2 2w+1 - T\ -1 < u < 3 
o-y 2 + 2y = 2 2m+1 -2 m (*), -1 <u <3 


B£ he da cho co nghiem thi phuong trinli (*) phai co nghiem thoa man: -1 < u 


, f/(y) = -y 2 + 2y,-l<y<3 , 

<=> 2 do thi < phai cat nhau. 

* \ f (m) = 2 2m+l - 2 m 


Web: AHka.vn 


The Lire -fb*com/A£theluc The A nh - fbxom/nguyenthemhMacher 













Nguyen Th£ Anh (Great Teacher) - Nguy&n The Luc (Casio Expert) 


PT-BPT-HPT 


Xet ham: /(w) = -a 1 + 2w, -1 < u < 3 
Taco: f' = -2u+2; /' = 0o« = l 
Bang bien thien: 


u 

-1 

1 


3 

f 

+ 

0 

- 


f 

-3 

> 1 


~—*--3 

l, suy ra: ■ 

_3 ^ ^2m+i 2, m < 1 





| 2 2 " + 1 - 2*<1 
o <=> 

2 2w+ i - 2 ", > -3 


2 .2 2w -2 m -l<0 


2.2 -2 m +3>0 


0 < 2 W < 1 

<=>w <0 

I V 777 


Bai 20: Voi gia tri nao cua m thi he phuong trinh sau co nghiem: 


\*Jx+ 4 y = i 

[X'Jx + y.Jy = 1-3aw 


B.0<w<- 

4 


A.w<- B. 0 < w < — C.0<ro 

4 4 

Gidi: 

Bieukien: x,j>0 

I *Jx =u:u> 0 
r 

^ = v, v >0 

u+v = 1 ( 1 ) 

Khi do he <=> - w 3 + v 3 = 1 - 3m (2) 
u > 0 ; v > 0 

Tir(l) suy ra v = l-u (do v>0=^l-w>0=>w<1) 

ThS vao (2) ta co: u 3 + (1 - iif = 1 - 3w? } 0 < n < 1 
<=>-if +u = m (*), 0 < u < 1 

Be he da cho co nghiem thi phuong trinh (*) phai co nghiem thoa man: 0 < u < 1 

_ *. \f(u) = -u 1 + u, §<u<\ , , , 

o 2 do thi < phai cat nhau. 

lf(m) = m 

Xet ham: f(u) = -ir + w, 0< u<\ 

Taco: f' = -2u+\;f' = 0ou = ^ 

Bang bien thien: 
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PT-BPT-HPT 


u 

0 1/2 1 

f 

+ 0 

f 

1/4 


Tir bang biin thien suy ra gia tri can tim la: 0 < m < 


Bai 21: Tim m de he phuang trinh sau co nghiem: 


A. = 3 B.m<3 

Gidi: 

Bi$u kien: xy & 0. He phuang trinh <=> 


l 

4 

(x+y) 


. *y. 


= 4 


(* 2 +y 2 ) 


C.m>3 


xy~ 


= 10m+ 6 


D. 


m - — 
5 

m>3 


1 1 „ 
x+-+y+—=4 
x y 


r o 

2 

r n 

X H— 

+ 

1 

+ 

\ 


l yj 


= 10772 + 10 


Bat 


x+ — = u,u<-2kju>2 
x 

y + —= v, v<-2uv>2 

y 


w + v = 4 (1) 

u 2 +v 2 = 10 tt 2 + 10 (2) 

u<-2kju>2 

v<-2uv>2 



f 

"v<-2 

4-w<-2 

u> 6^ 

A-u 

do 

=> 

<=> 

u<2 y 


\ 

_v>2 

_4-w >2 


Klii do he o 


Tu(l)suyra v = 4-w 

Kethgpvoi: m<-2um>2^m<~2um = 2um> 6 
The vao (2) ta co: u 2 -4u + 3 = 5m (*), u < -2u u = 2u« > 6 

Be he da cho co nghiem thi phuang trinh (*) phai co nghiem thoa man: m<-2um = 2um>6 

' f/(w) = w 2 -4w + 3,w<~2uw = 2uz/>6 * 

o 2 do thi: < phai cat nliau. 

\f(m) = 5m 

Xetham f(u) = u 2 -4w + 3, m<-2u« = 2u«> 6 
Taco: /' = 2«-4 i / , = 0=>« = 2 
Bang bien thien: 
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.■PT-BPT-HPT 



Tir bang bien thien suy ra gia tri can tim la: 


5m 1 
5m > 15 


m-- 


m> 3 


Bai 22: So nghiem cua he phuang trinh 


A.l 

Giai: 

Bieukien: - 


B. 2 

x^O; y ^-1 
x+y+\>0 
x-.y + 10>0 


C .3 


„Z±!_2,U- = 1 

c y y +1 
yjx + y + l+^jx-v + lO = 5 
DA 




l 


^ + l t 


Khi do phuang trinh (1) tra thanh: /-2- = lor-/-2 = 0o 

1 


t = -1 
/ = 2 


/ y 1 y + 1 / 

+ Vdi t = -1 ta co: * -= -1 <=>-= -1 <=>y = -x-1 the vao (2) ta duac: 

V x x 

yllx+ll = 5o2x = 14oi = y=^y = -8 


+ Vai t = 2, ta co: 3/Zii = 2 <=> = 8 <=> y = 8x-1 the vao (2) ta duac: 

V x x 

x = 1 => y = 7 

49 41 

x = — => v- — 

64 8 

f49 41 

Bap so: (*;*) = (7;-8); (l;7);Mpy 


Bai 23: Nghiem cua he phuang trinh: 


(2x+ y) 1 - 5(4x 2 - y 2 ) +6(2x -y) 2 = 0 


2x + y + 


2x-y 


A. 


3 

8*4 


B. 


2.j_ 

4*2 


4HXH 


D. 


3 13 1 


8 5 4 |L V 4 ’ 2 


41 


(fc'2) 


Giai: 
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PT-BPT-HPt 


Bieukien: 2x-y^0 


Phuang trinh (1) o 


2 x + y 
2 x-y 


V 


.5*±> + « = 0H 

2 x-y 


Bat - = t khi do phuang trinh (*) tra thanh: t 2 - 5t + 6 = 0 o 
2 x-y 


t-2 
t = 3 


+ Vai t = 2, ta co: — - 2o 2x+y = 2{2x-y) o y ~—x the vao (2) ta co: 

2x-y 3 


3 1 

x = - => v = - 
8 4 

3 1 

4^2 


+ Vai t = 3, ta co: - X+ - =3<=>2x+y = 3(2x-y)c>y = x the vao (2) ta co phuang trinh vo 
2 x-y 

nghiem. 


r x 3 -3jc 2 =/-3y-2 


Bai 24: Cho he phuang trinh: 


log,, 


f x-l' 




+ lo gl |^| = (*-3) 3 


Bieukien: < o 

• 1 (*- 2 ) 0 >- 1)>0 


Goi (x 3 ,y 3 ) la nghiem cua he ,Tmh : x ] ~y { = 2 

A.O B. 1 C.2 D.3 

Giai: 

x>2,y>\ 

0 < x < 2, 0 < y < 1 

Phuang trinh (1) o(x~ l) 3 - 3(x - 1) = y 3 - 3 y 

Xet ham: /(/) = / 3 -3/ 5 de thay ham nay dong bien tren (-oo;-l)u(l;+oo) va nghjch bien tren 
klioang (-1; 1) 

Bat *-1 = /,; y = t 2 

+ Vai x>2, y >1 thi / 3 >1, t 2 >1, khi do (l)o = /(/ 2 )<=>/ 3 = t 2 ox-l = y 
+ Vai 0<x<2; 0<y<\ thi -1 </ 3 <1; 0</ 2 <1, khi do (l)o/(* 3 ) = /(/ 2 )<=>/ 3 =t 2 ox-l = y 
Vay vai y = x -1 the vao (2) taco: (x-3) 3 =0oi = 3^>l = 2 
Bap so: (x;y) = ( 3; 2) 

, , I x 3 = y 2 + lx 1 - mx 

Bai 25: Tim m de he sau co nghiem duy nhat: < 

[y = x 2 + ly 2 - my 


A.m>\6 B.m<\6 

Giai: 

Lay (1)-(2) ta co: x 3 -y 3 = 6(x 2 -y 2 )~m(x-y) 
<=> (x-y)[x 2 + xy + y 2 -6(x+y) + m^ = 0 


C. m > 20 


B. m < 20 
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O (x - j) [x 2 + (y- 6)x + y 2 - 6 y + w] = 0 


;p = x 

x 3 =8jc 2 -mx (/) 


(//) 


fx 2 + (y-6)x + j; 2 ~6 i y + m = 0 
jx 3 = y 2 + 7x 2 - mx 
+ Xet he (I): so nghiem cua he (I) dung bang so nghiem cua phuomg trinh: 
x 3 = 8x 2 — mx o x(x 2 —8x+w?) = 0 (3) 

- Nlu : A’ = 16“Aw>0 thi phuang trinh: x 2 -8x+w = 0 co 2 nghiem vai tong b&ng 8 

=> x 2 -8x + m = 0 co it nhat 1 nghiem khac 0 => (3) co it nhat 2 nghiem khac nhau => he (I) co > 
2 nghiem. 

-Neu A'< 0 => m> 16 thi x 2 -8x + /?? = 0 vonghiem. 

=> (3) co nghiem duy nhat => he (I) co nghiem duy nhdt. 

+ Vai m > 16 xet phuomg trinh dau cua he (II): x 2 + (y- 6)x+ y 2 -6y+m = 0 
A = (y- 6) 2 - 4(y 2 -6y + m) = -3 y 2 + l2y+36-4m 
= -3(y-2) 2 + 4(12- m) = ~3(> J -2) 2 - 4(m -12)<0, Vy, Vm>16 
=> vdi m > 16 thi (II) vo nghiem => khi do he da cho co dung 1 nghiem. 

Ket luan: m > 16 thi he co nghiem duy nhat, 

|Vx+l +^jy-2 = yfm 


Bai 26: Tim m de he sau co nghiem: 


y]y +1 + y/x-2 = Vm 


A. m = 3 


B.m<3 


C. m > 3 


D. 


m- 


m> 3 


Giai: 


Bieu kien: 


x> 2 

j;>2 

m>0 


He o 


\x+\ + 2 % ](x + \)(y-2)+y-2 = m (1) 


[>' + 1 + 2^ + 1)(x-2)+x-2 = »j (2) 

LSy(1)-(2)taco: -J(x+ 1)( y-2)=^{y+ 1)(jc-2) 

o(*+lXy-2) = 0;+lX*-2) 

oxy-2x+j;-2 = jx-2v+x-2<^> 2x-2y + x-y = 0 
<=> x = y 

The vao phuang trinh dau cua he ta co: *Jx+\ + >fx-2 = *Jm (*) 

Be he da cho co nghiem thi phuang trinh (*) phai co nghiem thoa man x > 2 <=> 2 d6 thi: 


41 
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PT-8PT-HPT 


j/M = \/x + \ + *Jx-2 , x > 2 
{ = 

Xetham: /(jc) = yfx+l + -Jx-l, x>2 


phai cat nliau. 


Taco: f'(x) = 


1 1 
r + - 


2 'sfx+i 2*Jx-2 


> 0, Vjc > 2 




Bang bien thien: 


X 

2 +oo 

f\x) 

II 

fix) 

75 -—- 


Tit bang bien thien suy ra gia tri can tim la: \fm >yj3om>3. 
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CHUYEN BE HINH HOC TOA DO TRONG KHONG GIAN 
1. Kien thiic co’ ban 
1.1. Mot so phep toan vecto 1 


1 . 

AB 

=(*«■ 

- x A>y B -yA 

J Z B Z A ) 

2 . 

AB 

=|!Zb| 

\ = >I( x b-Xa 

) 2+ (y B - 

3. 

a± 

b = (a 

\ ±b l ,a 2 ±b 2 

5 ^3 — ^ 3 ) 1 

4. 

k.a 

= (ka ] 

,ka 2 ,ka 3 ) 


5. 

jaj = 

=,/? 

2 2 
+• a 2 + a 3 





a t =b t 


6. 

a = 

b<=>< 

a 2 








7. a .b = a x .h x + a 2 h 2 + a y b 3 

8. acpiOfl = lio- = ~ = - 

b x b 2 b 3 

9. a Lb <=> ai = 0 <=> a x .b x + a 2 .b 2 + a y b 3 = 0 


10. [a M = 


f a i 

<h 


a 3 




a 2 ' 


h 

3 

*3 


3 

b t 

0 


11. M la trung diem AB 


M 


X A+ X B y A ±Ib Z A +Z B 
2 ’ 2 ’ 2 J 

12. G la trong tam tarn giac ABC 

( x A +x B +x c y A + + y c z^+z^+z c 

l 3 ’ 3 ’ 3 , 

1.2. Phtrong trinh mat phang 

*) Phirong trinh mp(a) qua M(x 0 ; y 0 ; z 0 ) co vtpt n = (A;B;C) 


A(x - x 0 ) + B(y - y 0 ) + C(z - z Q ) = 0 


(a): Ax + By + Cz + D = 0 thi ta co vtpt n = (A; B; C) 

*) Phuomg trinh mat phang theo doan chan di qua A(a,0,0) B(0,b,0); C(0,0,c) la 

xyz i 
-+-+-=1 
a b c 

Chu v : Muon viet phuong trinh mat phang ta can xac dinh toa do diem di qua va 1 vectff phap tuyetu 
*) Vi tri tuomg doi cua hai mp (aj) va ( 0 ( 2 ): 

0 (a) ck(j3)<=>A l :B i :C l ^A 2 :B 2 :C 2 

° (a)l/(/3)^—= — = — ^ — 

A A C 2 A 
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Toa do Gxyz 


o (aW)0 A = A = ^ = A 

A A C i A 

0 ( cc ) _L (/?) + $ji?2 + ^ 0 

*) Khoang each tu M(x 0 ,yo,zo) d&n (a): Ax + By + Cz + D = 0 

d(M. tt )= 1^. - By. - - P| 

V A 2 +B 2 +C 2 

\}% .11 \ 

*) Goc giua hai mat phang : COS ((#),(/?)) = --t 

1.3. Phuong trinh duong thing 


1 U U 11 l If Ml 11 O KJ CWU i AlAKSlirfy 11 li 


** M wu x \ o tj o ^ 

x = x 0 +a 1 t 


d:< 

y = y 0 +a 2 t (teR) 
z = z„+a 3 t 


*) Phuom trinh chink tac cua d : 


d: 


*-Xq m y-v 0 _ z - z Q 

3. 3o 3o 


*) Vi tri tuong doi cua 2 dudng thangd, d : Ta thuc hien hai bude 
+ Tim quan he giua 2 vtcp a d , a rf , 

Xo+ajt^x’o+a'jt' 

+ Tim di&m chung cua d, d bang each xet he: \ y 0 + a 2 t = y' 0 + a' 2 t' (I) 

z 0 +a 3 t = z' 0 +a’ 3 t’ 


He (I) 

Quan he giua a d , a , 

Vi tri giua d , d 

Vo so nghiem 

Cung phuong 

>3 

iii 

^3 

Vo nghiem 

d! Id' 

Co 1 nghiem 

Khong cung phuong 

d cat d 

Vo nghiem 

d, d cheo nhau 


*). Goc giua 2 dudng thang : Goi (p la goc giua d va d 




/T>° < m < 00° ) 

UUo ip — 

A ■ 

■ A 

\\J is (j/ is y\J j 


Phuong phap toa do trong khong gian 

u(x;y;i) 

v(x';y';z') 

Tich co hudng hai vecto:j^z/,vJ = (yz'-z)?';zx -xz';xy’-yx') 

Cac ung dung: 

u,v cung phuong: o J^,vj = 0 
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w,v, w dongphing: o Jw 5 vjw = 0 

Cong thuc tinh dien tich, the tich: 

Tinh dien ti'ch tam giac ABC: S MC = 

,=-^ab,1c\ad\ 


Tinh the tich tu dien ABCD: V A1 


Goc gifi’a hai mat phang (Pi) va (P 2 ): 


cos a = (Voi n s ; n 2 la vecto phap tuyen cua 2 mat phang) 

l«ll -l«2 I 

Goc gifra hai duong thang di; d 2 : 


cos a =. 


U..W, 


(Vai u/,u 2 la vecto chi phirong ciia 2 duong thang) 


Goc giCra duong thang va mat phing: 

I ft JU I —► , , _. 

sin P = =r^=U (Vdi n x la vecto phap tuyen cua mat phang (PI) va u, la vecto chi phuong cua 
I «i N u, | 
duong thang dl. 

Khoang each giCra diem M(x 0 ;y 0 ;~ 0 ) va mat phing Ax + Z?y + Cz + Z) = 0: 

d(M,(P))J^^ +Cs o + D ^ 

Khoang each giCra diem A den duong d qua diem M: 


i p.A^] 1 


rf(d„d 2 ) = 


d(A,d) = 

\U\ 

Khoang each gifira 2 duong thang cheo nhau 
Duong dl co vecto chi phuong u va di qua M 
Duong d2 co vecto chi phuong v va di qua N 
|[«.v]MV| 

iHi 

1.4. Mot so dang toan thuong gap 

> Dang 1: Cac bai toan co ban( cac yeu to da cho san) 

© Viet phuong trinh mat phang di qua ba diem, di qua mot diem va song song voi mat phang cho 
truoc... 

• Vi4t phuong trinh duong thang di qua hai dilm, song song voi duong thing cho truoc... 

* Chung minh ABCD la mot tu dien, tinh dien tich tam giac bia toa do ba diem... 

@ Tim toa do hinh chieu cua diem tren duong thang, mat phing... 

® Via phuong trinh mat cau biit tam va ban kinh, di qua 4 diim da cho... 

> Dang 2: Bai toan ve phuong trinh mat phang va cac vin di lien quan 
© Via phuong trinh mat phang bang each xac dinh VTPT 
© Via phuong trinh mat phang lien quan den khoang each 
© Via phuong trinh mat phang dang doan chin 
© Vilt phuong trinh mat phang lien quan din goc 
© Via phuong trinh mat phang lien quan den mat ciu 
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Toa cid0xy2 


• Cac dang toan khac ve mat phang 

> Dang 3: Bai toan ve phuang trinh dudng thang va cac van de lien quan 

• Vi4t phuang trinh dudng thang bang each xac dinh VTCP 

• Viet phuang trinh dudng thang lien quan den dudng thang khac 

• Vi4t phuang trinh dudng thang lien quan den khoang each 

• Vi§t phuang trinh dudng thang lien quan den goc 

® Viet phuang trinh dudng thang lien quan den dien tich tam giac 

> Dpg 4 Cac bai toan tong hop 
1.5. Ph wrong trinh mat can 

1.5.1. Phuong trinh mat cau tarn l(a ; b ; cT ban kinh R 

(S): (x-a) 2 +(y-b) 2 +(z-c) 2 =r 2 (l) 

+/(S): x 2 +y 2 +z 2 -2ax-2by-2cz+d = 0 (2) (vfli a 2 +b 2 +c 2 -d>0) 

+/Ta co: Tam I(a; b ; c) va r = ^3 2 + b 2 + C 2 -d 

1.5.2 . Vi tri tiron 2 doi cua mat vhans va mat cau 

Cho (S): (x-a) 2 +(y-b) 2 +(z-c) 2 = r 2 va (a): Ax + By + Cz + D = 0 

Goi d = d(I,(a)): khoang each tu tam mat cau (S) den mp(a). 

0 d > r : (S) n (a) = 0 

0 d = r : (a) ti£p xuc (S) tai H (H: tiep diem, (a): ti4p dien) 

* Tim tiev diim H (la hinh chiiu vudne soc cua tam 1 tren mv(a)) 

+ Vi4t phuang trinh dudng thang d qua I va vuong goc mp(a): ta co a d = n^a) 


+ H = d n (a) 

S Goi H (theo t) e d 
^H€(a) ==> t = ? => toa do H 


d <r : (a) cit(S) theo dudngtron (C): 


(S): (x-a) 2 +(y-b) 2 +(z-c) 2 
(a): Ax + By+Cz + D = 0 


= r 


2 


* Tim ban kinh R va tam H cua rfirims tron siao tuven: 

+ Ban kinh R = yjr 2 -d 2 (/,(#)) 


+ Tim tam H (la hinh chiiu vuong goc cua tam I tren mp(a)) 

1.5.3. Cac dang toan ca ban ve mat cau 

© Vi4t phuang trinh mat cau bang each xac dinh tam va ban kinh. 

® Viet phuang trinh mat cku bing each xac djnh he so cua phuang trinh tong quat. 
® Bai toan khac lien quan den mat cau. 


2. VI DU MINH HOA 


Vi du 1. Trong khong gian vdi he toa do Oxyz, cho hai dudng thang 

x-t 

, x-2_y-2_z-2 


d - Sid ; 

2 4 2 2 


y = \ + 2t(teR) 
z-t 

Chung minh hai dudng thing song song. ViSt phuang trinh mp(P) chua 2 dudng thang tren 
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© Ta co u x = (2; 4; 2); u 2 = (l; 2; l) suy ra hai vec to cung phuang. 

© Taco M(2\2\2)ed l vaM(2;2;2)^ d 2 
© Suy ra hai duang thang song song 

© Taco u x =(2;4;2);MV = (-2;-l;-2)=>^w 1? MvJ = (6;0;6)vdiN(0;l;0) 

© Phuang trinh mp(P): x+z-4=0 

j Vidu 2. Trong khong gian vai he toa do Oxyz, cho mat phang (P): 3x-2y-3z+l=0 va mat phing (Q): j 
j 5x+2y+5z-l=0. Viet phuang trinh mat phang (R) vuong goc vai mp(P) va mp(Q) dong thdi bik j 
| khoang each tu goc toa do den mp(R) bang 1. 

9 Taco « R =[« P ,n e ] = (-4;-30;16) 


© Suy ra phuang trinh (R) la: -4x-30y+16z+D=0 



© Vay phuang trinh mp(R) la: -2 jc -15 y + 8z ± v 293 = 0 
Vi du i: Trong khong gian vai he toa do Oxyz, cho ba diem A(0,i,2), B(2,-2,ij } C(-2;0;l) 

L Viet phuang trinh mat phang di qua ba diSm A, B, C 
2 Tim toa do diem M thuoc mat phang 2x+2y+z-3=0 sao cho MA=MB=MC 
1. Viet phuang trinh mat phang di qua ba di£m A, B, C 

• Ta co AB = (2;-3;-l );AC = (-2;-l;-l) n = [lB,5c] - (2;4;-8) 

© Phuang trinh mat phang(ABC): x+2y-4z+6=0 
2 Tim toa do diem M thuoc mat phang 2x+2y+z-3=0 sao cho MA=MB=MC 

© Ta co ABAC = 0 nen M thuoc duang thang vuong goc vai (ABC) tai trung diem I(0;-1;1) cua 


doan BC 

© Toa do diem M thoa man he phuang trinh 
2jr + 2j + z-3 = 0 
* x _ y +1 _ z-1 


Suy ra toa do M(2;3;-7) 


Vi du 4: Trong khong gian toa do Oxyz, cho A(1 ;2;3) B(2;2;2) C(1 ;2;0) Viet phuang trinh mat phang j 
di qua A, B sao cho khoang each tu C den mat phang do ban g*j3. 


© Goi n = (a; b\ c) => nAB = 0=> tf-c = 0 
© Phuang trinh mp co dang ax+by+cz-a-2b-3c=0 

• Ta co j(C;(P)) = -=== = 

da l + b+c~ 

* Suy ra a=b=c=l hoac a=c=T, b=-l 

@ Phuang trinh mp(P) la x+y+z-6=0 hoac x-y+z-2=0 
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Vi du 5: Trong khong gian toa do Oxyz, cho cac dilm A(1;0;0), B(0;b;0), C( 0;0;cj, trong do b,c 
duong va mat ph4ng (P): y-z+l=0. Xac dinh b va c, bi4t mat ph§ng (ABC) vuong goc vdi mat phing 

(P) va khoang each tu O den (ABC) bang 

® Ta co phirong trinh (ABC) la — + — + — = 1 

1 b c 

• Taco n^.rip =0<^>b = c 

• Tlc6 d{a ’ {ABC)) lW§77 ‘\ 


i _ _1 

* Suy ra ® ~ C ~ 2 
Vi du 6 Trong khong gian toa do Oxyz, cho 2 dudng thSng 

x = 2 + / 


£ +l =Z± l = Z-l & 
-13 2 


y = l-2t(t eR) 
z = -t 

Vi4t phuong trinh dudng thang d cit ca 2 dudng th&ngva d 2 ddng thdi vuong goc vdi mp(P): 2x+y- 
5=0 

® Ta co 




dn d ] = A=$ A{-\-u\-\ + 'Sir,\ + 2ii) 
dnd 2 = B=> B(2 + t;l-2t;-t) 

=> AB- (/ + u + 3;-2/-3m + 2\-t-2u -l) 


Tac 6d±(P)oAB = kn P 



(x = l + 2V 


© Suy ra phuomg trinh dudng thang d la 


< y = -l+t'(t'eR) 
Z = ~ 5 


Vi du7: Trong khong gian Oxyz cho A(0;l;2), B(~3; 1 ;4), C(l;-2;-l). Viet phuong trinh than sd cua 
dudng thang d biet: 

a) d qua diem A va trung di£m I cua doan th§ng BC. 

b) d qua C va vuong goc vdi mp(ABC). 


a) I la trung diem BC nen I 
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VTCP: AI : 


’ 1; 2 ’ 2 


.Phuang trinh tham so duang thang d: 


X = X Q + tfj/ 

^ = j ; 0 + a 2 /« 
Z = 2 0 + a 3 / 


J = -/ 




z = 2—/ 
2 


b) 45 = (-3; 0; 2), BC = (4; -3; -5) 

VTCP: n = ~AB aBC = (6;-7;9) 

Phuang trinh duang thang d can tim: 

x = x 0 + a l t (x = l + 61 
< y = y 0 + a 2 t<$-y = -2-7t 
z = z 0 + a 3 / [z = -1 + 9/ 


F/ du 8: Xet vi tri tuomg doi cua d 


x = —1 +/ 

y = 3 -1 vai cac duang thang: 
z = 3/ 



x=1+2t 


X 

II 

to 

+ 


'* = -1-2 1 

a) A,:- 

y = -2t 

b) A 2 : • 

V 

li 

oo 

1 

C) Aj : < 

+ 

II 


z = 3 + 6/ 


z = 1 + At 


z = -l+3/ 


a) d co VTCP 5 = (1;-1;3). 

Aj co VTCP u x = (2;-2; 6). 

1 + 2/ = -l + /’ f 2/—/ * = —2 

Xet he phuang trinh: < -2/ = 3 -/ ’ <=> < -2/ +/' = 3 vo nghiem. 

3 + 6/ = 3/’ [6/ — 3/ 1 = —3 

Va Wj =(2;~2;6) = 2w 

Suy ra: d // Aj. 

b) Thuc hien tuong tu: d va A 2 cat nhau. 

c) Thuc hien tuong tu: d va A 3 clieo nhau. 

Vi du 9. Trong khong gian vai he toa do Oxyz, cho mat phSng (P): x-2y-3z+5=0. ViSt phuang trinh 
mat phang vuong goc vai (P) dong thai chua Oy 


Taco w a =[w / ,j]=>H a =(:3;0;l) 
Phuang trinh mat phang la: 3x+z=0 


Vi du 10. Trong khong gian vai he toa do Oxyz , cho hai duang thdng 
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x = l + t 

x = 2+/' 

d:< 

y = \-2t d'\< 

y = -l + t' 


z — 2 + / 

z = 3 + t' 

Viet phuang trinh mat phang chua hai duang thang tren 


® Ta co he phuang trinh co nghiem duy nhat ( ^ suy ra d cat d’ tai I(2;-l;3) 

® Ta co n p = [w 5 w’J => n p - (-3;0;3) 

® Phuang trinh mat phang la: -x+z-l=0 


Vi dull: Cho A( 1 ;3; 1), B(2; 1 ;2), C(0;2;-6) va mp(P) x-2y + 2z + l = 0 

a) Viet phuomg trinh mat cau tarn B qua A. 

b) Viet phuang trinh mat cau duang kinh BC. 

c) Vi4t phuang trinh mat cau tarn C, tiep xuc mp(P). 

a) Mat cau tarn B, qua A nen co ban kinli r = AB. 

AB = -J\ + 4+l = j6 

Phuang trinh mat cau can tim: (x - 1) 2 + (y - 3) 2 + (z -1) 2 = 6. 

b) Goi I la trung diem BC 


Khi do, 1 



i-BC.M 
2 2 


Mat cau dudng kinh BC co tarn 7| 1;—;-2 

2 j 


, ban kinh r = 


^69 


co phuang trinh: 


(x-1) 2 +(>’--) 2 +(z + 2) 2 - — 


c) Mat cau tarn C tiep xuc vai (P) nen co ban kinh 


d(C,(P)) 


|0—4 — 12+l| 
>/l+4 + 4 


Phuang trinh mat cau can tim: x 2 + (y — 2) 2 + (z + 6) 2 = 25 


Vi du 12: Cho mat ciu (S): x 2 +/+z 2 -2x + 6^-8z + l = 0. 

a) Xac dinh toa do tam I va ban kinh r cua mat cau (S). 

b) Vilt phuang trinli mp(P) ti&pxuc vai mat cau tai M(l;l;l). 


a) Tir phuang trinh mat cau ta co: 


-2a = -2 
-2b = 6 
-2c = -8 


d = 1 


Toa do tam 1(1;-3; 4). 

Ban kinh: v — \J\ + 9 T16 — 1 = 5 
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Toa do Oxyz 

b) Mat phang tiep xuc mat can tai M nen IM vuong vai mp. 
lM = ( 0;4;-3) 

Mp(P) qua M(l;l;l), co VTPT IM = (0;4;-3) co phucmg trinh: 

0(x-l)+4(y-l)-3(z-l)=:0o4y-3z-l = 0 


" CASIO HINH OXYZ, OXY ^ 
a. Tfnh khoang each tu* 1 diem toi 1 dirdug thang, 1 mat phang: 


Vai Oxy 


MvL%+£I 


, vai Oxyz : d A 


_ 1 A^ + ff^+C^ + Z)! 


^-ka) /7—“T » * ™a-*(p) ~ r~- y —-7—-r 

y}A^ + B 2 sIA 2 + B j '+C 2 

b. Tmh goc tao boi 2 dirotig thang (2 vecto chi phirong), 2 mat piling (2 vecto phap tuyen) 


cosa = - 


Fl^2 + ^1^2 + 1 

_2 
-2 


vai Oxy thi cac em bo z di la dugc 


/ o 1 7 / 0 T 2 

+^1 +-1 V ' Y 2 + ^+-2 

c. Tmh tich co huong, vo huong cua 2 vecto,tieh hon tap- Ung dung tmh V bSng tich hdn 
tap 

Cac em vao tinb nang vecto 


MODE .8 


Vector? 

1:VctA 2:VctB 
3"VCtC 

Sau do nhe nhap du lieu cho tung vecto: Chon 1 de nhap cho VectoA 

VctA Cm3 m? 
i:3 2:£ 


Chon 1 de chon he true Oxyz 
veils 

ft Q n] 


Sau do cac em nhap du lieu cho no 
^ V0S 


De nhap tiep du lieu cho vectoB cac em biin 


SHIFT 5 2 2 1 


vena 

F Q 


Q] 


Lai nhap du lieu cho no: 

(DU] HI 
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Toa do Oxyz 


VCTB 

[ 3 3 


Tinh tich co huong cua vecto A va B ta bam nhu sau: 


3 SHIFT 5 4 


An 


VCTB 


-Ml 


-4 


Ta dirge vecto mod vuong goc voi 2 vecto A va B la tich co huong cua chung 
Be tinh tich vo huorng ta bam nhu sau: 

ac) HD GO ( 3 ] dif) (D 0 (shift) [U [ 4 ] (=) 


VCTB 

VctA-VctB 


10 


Be tinh tich hon tap cua 3 vecto thi ta se nhap them du lieu cho vectoC 

^ Iwti iti [ti i3i rn iti f=i fsi [=i fei f=i 


VCTB 

U 5 


m 


acI [shIftI fsl (~ 3 l (sin) fil [ 4~1 (shotI fsl f 7 l [sHirfl (~ 5 l [s] (=) 


VCTB 

VctAVctB-VctC 


0 


BAI TAP TRAC NGHIEM 

Cau 1: Trong khong gian toa do Oxyz, cho mp(P): x + y + z - 3 = 0 va hai duong thang 
d x + l _y + 2 _z-\ x-2 _ y -1 _ £+1 

Viet phuong trinh mat can co tarn thuoc dj, tiep xuc voi d 2 va cat mp(P) theoo mot duong tron co ban 
kinh r = ,bi£t ring tarn mat cau co cao do duong 

A. (jc- 1) + ^y+lj + z" ~ 6 

B. (x + l) 2 +(>>+l) 2 + r 2 =6 

C. (x-lf +(y-\f + z 2 =6 

D. (x-l) 2 + (y+lf + z 2 =16 

Cau 2: Trong khong gian voi he toa do Oxyz, cho diem M( 2:3: ~l^ va duong thang 
x — 4 v-1 z-5 


d> 


-9 
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Tim toa do hinh chieu vuong goc cua M tren d. Tim tarn cua mat cau (5) tarn M cit duong thing d tai 
hai diem A, B sao cho dien tich tam giac MAB bang 2*s fl . 

A. H (—2;5;—l) B. //(2;5;l) C. H( 2;-5;l) D. H( 2;5;-l) 

Cau 3: Trong khong gian Oxyz ,cho diSm M(0;2;0) va hai duong thang d ] \d 2 co phuong trinh: 


d,: 


x — 1 


y- 


- +1 


x-3 y+\ 


Y. Viet phirang trinh mat phang (P) di qua M , 


2 -2 12 -2 
song song voi true Ox , sao cho (P) cat hai duong thang d x ; d 2 lan luot tai A, B sao cho AB = 1 . 

A. - 4 y - z + 8 = 0 

B. -4y + z- 8 = 0 

C. -4y + z + 8 = 0 

D. 4y-z + 8 = 0 

Cau 4: Trong khong gian voi he toa do Oxyz cho hai di&m ^(l;-l;2),Z?(3;0;^-) va mat phing 
(P):x-2y+2z-5 = 0. Viet phuong trinh mat phang chua duong thang AB va vuong goc voi mat 
phing (P). 

A. 2x-h2y-z-2 = 0 

B. 2x-2y+ z-2 = 0 

C. 2x-2y-z-2-0 

D. 2x + 2 y +2—2 = 0 

Cau 5: Trong khong gian voi he toa do Oxyz, cho mat cau (S): x 2 + y 2 + r 2 -2x+4y-6z-2 = 0 va 
mat phang (P): x + y + z + 2015 = 0 

Viit phuong trinh mat phang (Q) song song mat phing (P) va ti4p xuc (S) 

A. x - y - z -2 ± 4 a/3 = 0 

B. x + y- z -2±4>/3 = 0 

C. x-y + z -2±4%/3 =0 

D. x + y+ z -2±4^ = 0 

Cau 6: Trong khong gian voi he toa do Oxyz cho hai diim ^(l;-l;2) 9J 5(3;0;-4) va mat phing 
(P): x- 2 y+ 2 z- 5 = 0. Tim toa do giao diem cua duong thang AB va mat phang (P) 


A ' MI T +- 1 


B. M\- 

V 3 6 


C. m[ A -A 

13 6 


D ' M ' T ;_ 6 ;1 


Cau 7: Trong khong gian voi he toa do Oxyz , cho didn ^(-4;l;3)va duong thing 


d: 


x +1 y -1 2+3 


2 y 3 * phuong trinh mat phang ( P ) di qua A va vuong goc voi duong thang d 

A. -2x-y+3z-\% = 0 B. -2*+y-32-18 = 0 

C. -2x-j- 32-18 = 0 D. -2x+y+3z-18 = 0 

Cau 8 : Trong khong gian voi he toa do Oxyz, cho /(7;4;6) va mp( J P):x+2y-2z+3 = 0. Lap 
phuong trinh cua mat cau ( S ) co tam I va tiep xuc voi mp(P). 

A. (x-7) 2 +(j;-4) 2 +(;-6) J =4 

B. (x+7) 2 +(j-4) 2 +(r-6) 2 =4 
€• (x-7) 2 +(>>+4) 2 +(z-6 ) 2 =4 

D. («-7)- + (,-4)‘ + (l + 6)’.4 
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Toa doOxyz 


Cau 9: Trong khong gian vdi he toa do Oxyz , cho diem A(—1; 3; 2), 5(1; —1; 4). Vilt phirong trinh mat 
cau co duong kinh AB 


A. x 1 -f y + 1 2 + z-3 2 =6 

B. x 2 + y — 1 4" z — 3 =6 

C. x 2 y — 1 -|- z - j— 3 =6 

D. x 2 + y + 1 2 + z + 3 2 =6 


Cau 10 : Trong khong gian vdi he toa do Oxyz , cho diem ^(1;3;2), duong thang 


d: 


x + ] y-4 


va mat phang ( P ) :2x-2y + z-6 = 0. Tim toa do giao diem cua d vdi ( P ) 


A. (—7; 0; — 8 ) B. (7;0;8) C. (7;0;-8) D. (7;l;-8) 

Cau 11: Trong khong gian voi he toa do Oxyz, cho mat phang (P): x+ y+z+\=0. Viet phuong trinh 
mat cau co tarn 1(1 ;1;0) va tiep xuc voi mp(P). 


A. (x-\f +(y+lf +z 2 =3 

B. (x + l ) 2 +(j/-l)‘ +z 2 =3 

C. (x + l ) 2 +(y + lf +z 2 =3 

D. (x-\y +(y-lf +z 2 =3 

Cau 12: Viet phuong trinh mat phang chua true Ox va vuong goc voi mp(P): x+ y+z+l=0. 

A. y-2z =0 B. y-z =0 C. 2y-z=0 D. 2y-3z = 0 

Cau 13: Trong khong gian O.xyz cho A(l;2;3), B(-3; -3;2 ) Tim diem M nam tren true hoanh sao cho 

M each deu hai diem A, B 

A. M(1;0;0) B.M(-1;0;0) C. M(2;0;0) D. M(-2;0;0) 

Cau 14: Trong khong gian Oxyz cho (P):x-2y + 2z + 3 = 0, duong thang 


4: 


x-3_y+4_z-2 A x-3_y-6_ z 

• , d 2 : 


, Tim M € d 1? N e d 2 sao cho MN song song voi 


2 -3 2 6 4 -5 

(P) va khoang each tu MN den (P) bang 2 

A.M(l;-l;0), N(-3;2;5) B. M(~l;2;-2), N(-3;6;0) 

C. M(-l;2;-2), N(3;-6;0) D. M(-l;2;2), N(3;6;0) 

Cau 15: Trong khong gian vdi he true toa do Oxyz viet phuong trinh mat phang (P) chua duong thang 

fx = 1 — t 

, x — 1 y-2 z-3 , . , .. i A 

d: —— = ^— = —— va song song voi duong thang A: * 


y=t • 

z = 1 + t 


A. x-4y-3z = 0 B. -x + 4y - 3z = 0 C. x + 4y-3z = 0 D. x + 
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Cau 16: Trong khong gian voi he true toa do Oxyz , cho mat ph&ng (p): x - y - 2z - 1 = 0 va hai 

diem A^2;0;0),£(3;-l;2^. Viet phuang trinh mat cau (S') tam I thuoc mat phang (p) va di qua cac 
diem A ) B va diem g 6 c toa do 0. 

A. (a:-l ) 2 +(y-2) 2 +(^-l ) 2 =6 

B. (a: — 1^ + (y + 2^ + (z + l^ =6 

C. {x +1 4- (y + 2) + ^z — 1)- = 6 

D. (a;-l) 2 +(y + 2) 2 +(^-l) 2 =6 

Cau 17: Trong khong gian Oxyz , cho hai diem A(l; 5; 0), B(3; 3; 6 ) va duong thdng A: 
x + l y — 1 z 

—— _ —_ __ Viet phuremg trinli mat phang (P) qua A va vuong goc voi duong thang A 

A.2x-y+2z +3 = 0 B.2x + y+2z +3 = 0 C. 2x-y-2z -3 = 0 D.2x-y+2z -3 = 0 

x — 2 v +1 z 

Cau 18: Trong khong gian (Oxyz), cho duong thang (d): —-— = ■ ^ = — va mp(P):x+y+z-3=0. 

Tim toa do diem A tren duong thang d sao cho khoang each tu A den mat phang (P) bdng 2^/3 
A.(4;-5;2) B.(-2;-7;4) C.(4;-5;-2) D.(-2;7;-4). 

Cau 19: Trong khong gian Oxyz cho ba di$m A(l; -2; 3), B(2; 0; 1), C(3; - 1 ; 5). Tinh dien tich tam 
giac ABC 


A.- 


bA 

2 


C. 


dT 

2 



x = -t 


x = t 


X = t 


A. < 

y = -3+2t 

B. « 

y — —3 + 2t 

c. • 

y =-3-2t 

D. < 


z = Q 


z = 0 


0 

11 



x — 1 v +1 z 

Cau 20: Trong khong gian toa do Oxyz, cho duong th4ng A :-=-= —. viet phuong 

1 2 1 

trinh duong thang A 1 la hinh chieu vuong goc cua A len mat phdng (Oxy). 

x = -t 
y = -3-2t 
z = 0 

Cau 21: Trong khong gian voi he toa do Oxyz, cho hai diSm M(3;5;l), N(-l;l;3) va dilm A tren 
duong thang ( d): ^ sao cho AMN la tam giac can tai A. Tim toa do diem A 

A.(l2;-5;8) B.(l2;5;8) C.(2;-5;8) D.(l2;-5;-8) 

i| Jj 

Cau 22: Trong khong gian voi he toa do Oxyz , cho hai di£m A(- 3;0;4), £(l;0;0). tim dilm M tren 
tia Oy sao cho MA = 

A. (0;1;0) B. (0;2;0) C. (0;-2;0) D. (0;3;0) 
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x = t 


' A = 1 


A = 1 

■ 

A.- 

y = 2t 

B. < 

y - ” 2 / 

c. 

y = 2t 

D. ■ 


2 = 3/ 


2 = 3/ 


2 = 3/ 



Cau 23: Trong khong gian vdi he toa do Oxyz, cho mat cau (S'): 
(x-l ) 2 +(j-l ) 2 +(z + 2 ) 2 =9 va mat piling (P): x + 2y-z-ll = 0. Tim toa do tarn H cua 
duang tron giao tuyen cua (P) va (s). 

A. (2; 3;-3). B.(2;3;-3). C.(2;3;-3). D.(2;3;-3). 

Cau 24: Trong khong gian vai he toa do Oxyz, cho hai mp (P): x + y - 2z - 1 = 0, (Q): 2x - y + z - 
5 = 0 va di&m A(2; 1; 1). Viit phuang trinh duang thang di qua diem A va vuong goc vai mat 
phing (P) 

x = 2 + / fjc = 2 -/ fx = 2 + / fx = 2 + / 

A.<y = l + t B.<p = l + / C. <y = l-t D.< y = l + t 

1 = 1 + 2/ [2 = 1-2/ [z = 1-2/ [2 = 1-2/ 

Cau 25: Trong khong gian vai he toa do Oxyz cho hai diem A( 1; 0; 0) va B( 1; 2; 3) . Lap phuang 

trinh tham s 6 cua duang thang AB va phuang trinh mat cau co tarn /(1; 1; l) , tiep xuc vdi duang 

thang AB 

' A' = 1 

p = 2/ 

2 = -3/ 

Cau 26:Viit phuang trinh duang thing d’ la hinh chiiu vuong goc cua duang thang (d) 

X V +1 2 — 1 , - , - 

— =-=-tren mat phang (P): x + y-z +1 =0 

2 1 3 

fx = K + 2t 
z= % +3t 

Cau 27 :Trong kliong gian vai he toa do Oxyz , cho hai diem A(2; 1; 5), B(3; 4; 1). Viet phuang trinh 
mat phang (P) vuong goc vai AB tai B 

A. x + 3y - 4z - 11 = 0 B. x - 3y-4z-11 = 0 C. x + 3y + 4z-11 =0 D. x + 3y-4z + 11 = 0 
Cau 28 :Trong khong gian vai he toa do Oxyz , cho hai diem A(2; 1; 5), B(3; 4; l).Tim toa do diem M 
thuoc true Oz sao cho M each deu A va mat phang (Oxy) 

A. M(0; 0 ; 2) B. M(0 ; 0; 1) C. M(0 ; 0; 3) D. M(0 ; 0 ; 4) 

Cau 29 Trong khong gian Oxyz ,cho diim M(0;2;0) va hai duang thing d x \d 2 co phuang trinh: 

7 x — 1 v-2 2 + 1 . x-3 y + l 2 , xi „ .. 

d, :-= --=-; :-=-= —. Viet phuang trinh mat phang (P) di qua M 

1 2 -2 1 2 -2 1 

song song vai true Ox , sao cho (P) cat hai duang thang d ] \d 2 lan luot tai A, B sao cho AB - 1 

A. - 4y + z + 8 = 0 B. - 4x + z -8 = 0 C.-4y-z + 8 = 0 D.-4y + z -8 = 0 



x= X- 2t 

x = y 3 + 2 t 

x = + 2t 

A. d’:< 

n 

i 

Lk)\ 

+ 

r-+ 

5d 

°z 

y = -2^ + t c. d’:- 

y___2/ + t d. d’:< 


z = % + 3t 

z = y 3 + 3t 

z=2 A~ 3t 
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Tea cto Qxyz 


Cau 30 Trong khong gian Oxyz, cho cac diem A(0;1;0); B(2;2;2); C(-2;3;4) va dirong thing d co 


phuang trinh 


jc — 1 
~ 2 ~ 


y+2 

-1 


£+3 

2 


Tim M thuoc d sao cho the tich khoi tu dien MABC bing 3. 


A.(l; 2; -3) 


B.(l; -2; -3) C.(l;-2;3) D.(l;2;3) 


BAP AN 


1A 

2B 

3C 

4D 

5D 

6 B 

7D 

8 A 

9B 

IOC 

1 ID 

12B 

13A 

14A 

15C 

16D 

17A 

18C 

19A 

20B 

21A 

22A 

23C 

24D 

25C 

26B 

27A 

28D 

29A 

3 OB 
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mmoxY 


CHUYEN BE fflNH HOC OXY 

Vi di phuc vu cho muc dich Trie nghiem nen phin nay da de di kha nhieu so voi thi Tu* luan 
2014,2015, 2016. Thay se chi tap trung vao gioi thieu cac van de co 1 ban con Cac bai toan nang 
cao va he thong tmh chat - tarn phap Oxy thi cac em hay doc trong cuon Tam phap Oxy hoac 
se dutfc update o’ cac Quyen sach phien ban sau. 

A. BlfcM 


A.1 Xac djnh toa do cua mot diem. 

Bai toan 1: Tim toa do diem doi xung Mi voi M(x;y) qua I(a;b) 

(Hay la tim dilm A khi biet diem B va trung diem M cua A,B) 

Cach lam: Goi Mi(xi;yi). Vi Mi d6i xung vai M qua l(a;b)=> I(a;b) la trung diem cua MMj 


jX ] =2a-x 

[V^ 2 b-y 

VD1: Tim Mj d6i xumg vai M(l;2) qua I(2;0) 

Vi Ml doi xung vdi M qua I=> I la trung diem cua MM 1. 


(X l =2a-x =2.2-1 = 3 
\y ] = 2 b-y =2.0-2 =-2 

Cac em tMy bai toan nay vo cung dl dung khong? Nhin chung la moi cai kho deu bat nguon tu cai 
de ma. 

Bai toan 2: Tim toa do Ml la hinh chieu cua M(x;y) tren durong thang cua di 

Cach 1: ViSt phuang trinh dudng tliang 62 qua M(x;y) va vuong goc vdi dudng thang dj da cho. 
Sau do tim giao diem Dudng thang d 2 vdi di ta se tim ra hinh chieu. 

Cach 2: Vilt phuang trinh dang tham sd cua dj. Sau do goi Mi(xj;yi) thuoc di viet theo toa do 
tham sd. Sau do dung MM { x u dl =0. ( u dx :1a vecto chi phuang cua di) 


Cac em co thk doc trude phdn dudng thing di xem dang phuang trinh dudng thang tong quat, tham 
so, chinh tac la gi nhe 

j VD2: Tim toa do diim H la hinh chiiu cua M(-l;4) tren dudng tliang d:2x-3y+l=0 


Cach 1: d:2x-3y+l=0=> vecto phap tuyen: /7^,(2;-3); vecto chi phuang: Wj,(3;2). Phan nay thay 
se noi k! hon d dudng thang. 

Dudng thing di qua M(-l;4) va vuong goc vdi d cd phuang trinh dang: 
dj: 3x+2y+c=0 
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MNEQXY 


M(-l;4) thuoc di=> 3(4)+2.4+cK)=>c=-5=>di: 3x+2y-5=0 
Toa do giao diem I=d cat di: 

2x-3y + l = 0 [x = 1 


, - - A <=>i o//(l;l) 

3x + 2y-5 = 0 [y = 1 

Cach 2: Goi H la hinh chi£u vuong goc cua M len duong thing d; 

2 / + 1 -* 2/-11 

Vi H thuoc d nen H(t; .-. ) => MH(t +1; —-—) la duong thang d co vecto chi phuong u(3 ; 2) 

MH±d<=>MH m <=>3(t+1 )+2(^lil)=0<j/ = l o//(l;l) 

Bai toan 3: Tim toa do diem Ml biet Ml doi xirng voi M(x;y) qua duong thang da cho. 

Cach giai bai toan 3 don gian la quy ve bai toan 2 ta tim diem la hinh chiSu va suy ra Ml do H la 
trung diem cua MM1. 


VD3: Tim toa do diem Mj doi xung voi M(-l ;4) qua duong thang d:2x-3y+l=0 


Cach 1: Duong thang di qua M(-l;4) va vuong goc voi d co phuong trinh dang: 
dj: 3x+2y+c=0 

M(-l;4) thuoc d,=> 3(-l)+2.4+ c =0=>c=-5=>di: 3x+2y-5=0 
Toa do giao diem I=d cat dy 
2x-3y+l = 0 fx = 1 


, ~ « A°1 i 0 ^ 1 ) 

3x+2y-5 = 0 [y = 1 


Mj la doi xung cuaM(-l;4) quaH(l;l)=>Mi(3;-2) 

Cach 2: Goi H la hinh chieu vuong goc cua M len duong thang d: 

2 / + 1 —• 2/-11 

Vi H thuoc d nen H(t;-) => MH(t + 1;--) la duong thang d co vecto chi phuong «(3;2) 


-. _ 2/-11 

MH ± d <=> MH.u O 3(t+1 )+2( --)=0 


0 / = l<=>//(l;l) 

Mi laddi xung cua M(-l;4) qua H(l;l)=> Mj(3;-2) 

Bai toan 4: Tim toa do diem khi biet moi quan he vecto. 




Cach lam dung cac tinh chat cong, tru, nhan vecto de tim diem M. Lam cac vi du cho hinli dung d! 
dang. 
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mImioxy 


YD 4: Cho A(l; -2); B(0; 4); C(3; 2). Tim D sao cho: 

a. CD = 2^45 - 3AC 

b. AD+2BD-4CD = 0 
Giai: Goi D(x\y) 

a) Ta co: CD = 2AB - 3AC <=> (x -3;y-2) = 2(-2; 6) - 3(2; 4) =) - 2; 1 2) - (6; 12) 

. . |a-3 = -8 [a = -5 

o(*-3;>-2) = (-8;0)o^ 2 = 0 

Vay D(-5; 2) 

b) Ta co: AD+2BD-4CD = 0<z>(x-l;y+2)+2(x;y-4)-4(x~3;y-2) = 0 
o (x-\;y+2) + (2x;2y-2,) + (l2-4x;&-4y) = 0 

- fjc = 11 

o(ll-x;2->’) = 0o^ 

[y = 2 


Vay D(11; 2). 

YD 5: Cho A(l; -2), B(2; 1), C(-3; 5). Tim D dk tu giac ABCD la hinh binh hanh. 
Giai: Goi D(x\y ). Bieu kien de ABCD la hinh binh hanh la: 

—. —- [jc- 1 = -5 fjr = —4 

AD = BC<^{x-\\y+2) = (-5-,4)<^\ „ 

b+2 = 4 [y = 2 


Vay D(-4; 2) 

VD 6: Cho A(1; -2). Tim tren Ox di£m M d£ ducmg trung true cua AM di qua goc toa do O. 
Giai: Goi M(x\ 0) e Ox va I la trung dilm cua AM => j 

Vi ducmg trung true cua AM di qua goc toa do O nen: 

oi i am <=> oiam =o <=> I+^;-i It*—1;2)=0 


•» 


(x-lf 

2 


-2 = 0o(t-l) ! =4o 


a = 3 

A' — ~1 


Vay co hai diemMthoa man: Mi(3; 0) vaM 2 (-l; 0) 

VD 7: Cho A(-l; -3), B(3; 3). Tim M, N de chia AB thanh 3 doan co do dai bang nhau. 
Giai: Theo gia thiet ta co: AM = MN = NB suy ra: 


MA = —MB => toa do M la: 
2 * ' 


1 


1 

x a + 2 X b ^ 


1 + 


1 


1 + 


1 



NA = -2NB => toa do N la: N 


x a+ 2x b . yc^yA J 

1 + 2 ’ 1 + 2 J \3 5 


va N\ -;1 


Vay mQ;-1 

VD 8: Gia sir M(1; 2), N(0; 4) chia AB thanh 3 doan co do dai bang nhau. Tim toa do A, B. 
Giai: Theo gia thiet ta co: AM = MN = NB suy ra: 




.w 
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AM - — AN =>toa do A la 
2 ' • 


BN = — BM => toa do A la 
2 * ‘ 


x m 2 Xn 2 

Tr ; Ti _ 

2 2 

1 1 A 
X N 2 ^ ?N 2 

2 2 


= (2;0) 




VayA(2; 0) va B(-l; 6) 

VP 9: Cho A(-2; -6), B(10; 6); C(-l 1; 0). Goi M la diem chia AB theo ti so (-3) va N la diim chia 
AC theo ti so -2. Tim 1 = BNnCM. 

Giai: M la diem chia AB theo ti so (-3) 

\ 1+3 1+3 ) 

N la diem chia AC theo ti s6 (-2) 

=> NA = -INC =>n{ ^ +2 x c ; . ^ +2 ^c ) 0 tv(-8 ;-2) 

l 1+2 1+2 ) K ’ 


Giasu /(x;j)=> 


\IBIIIN 
— — <=> 
\JCII1M 


10-x 


x+8 
x + 11 


1-x 


6-y_ 

y + 2 (4x-9y+14 = 0 [x = l 

y \x—6_y + 11 = 0 \y = 2 

3 -y 


Vay 1(1; 2) 


B. BlTONG THANG 

I 1.2 Viet phwmg trinh duong thang 

Noi den duang thang la noi den Vecto chi phuang va vecto phap tuyen. 

Hoc sinh: Lam the nao de viet dugc phuang trinh duang thang? 

Thay: Muon viet dugc phuomg trinh duang thang cac em can tim 1 diem di qua va vecto phap 
tuyen hoac vecto chi phuang. Bay la man chot cua mgi bai toan tim phuang trinh duang thang. 


Hoc sinh: Thay oi Vecto phap tuyen la gi? Vecto chi phuong la gi? Lam the nao di chuyen 
hoa tu* vecto phap tuyin thanh vecto chi phuorng? 


Vecta u la VTCP cua duang thang (d) neu u ^ 0 va gia cua u song song hoac tinng vai (d) 
Vecto wla VTPT cua duang thang (d) neu 0 va gia ciia wvuong goc vai (d) 
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v HiNHOXY 

Hoc sinh: Lam the nao de chuyen hoa tir vecto phap tuyen thanh vecto chi phmmg? 

Chuyen tu* VTCP sang VTPT va nguoc lai: 

Neu (d) co VTCP u = (a; b) thi (d) co VTPT la n = (- b;a ) 

Nlu (d) co VTPT la n = (A;B) thi (d) co VTCP u = (-B;A) 

Hoc sinh: Neu co duo*c VTPT hoac VTCP va mot diem di qua thi vilt duong thang nhu the 
nao a? 


- Neu duong thang (d) biet 


j vtcp u = (a;b ) 

[qua M(x 0 ;y 0 ) 


Phuong trinli tham so cua (d) la: 


x = x 0 + at 
\y = y 0 + bt 




, % — i; — t; 

Phuong trinh chfnh tac cua (d) la-- =-— Trong truang hap a~0 hoac b=0 duong thang 

a h 


khong co phuong trinh chinh tac) 

\vtpt n = (a;b ) 


Neu duong thang (d) biet 


qua M(x 0 ;y 0 ) 


( 


> Phuong trinh tong quat cua (d) la: 


a(x-x 0 )+b(y-y 0 ) = 0 


Noi den phuong trinh tong quat la noi den vecto phap tuyen, noi den phuong trinh chinh tac va 
tham so la noi den vecto chi phuong. 

Hoc sinh: Vay lam the nao de tim duoc Vecto chi phuong hoac phap tuyen va mot diem di qua. 
Thay: Cac em xem qua mot so bai toan quen thuoc sau va doc vi du de hieu them chi tiet. 


S Bai toan 1: Viet phuong trinh duong thang di qua 2 diem A(xa;ya), B(xb;yb)=> Vecto AB 
chinh la vecto chi phuong va co 1 diem di qua la A hoac B. Tu do de dang viet duoc phuong 
trinh duong thang. 

/ Bai toan 2: Viet phuong trinh duong thang di qua 1 diem va biet vecto phap tuyen hoac chi 
phuong=> thay da tra loi 6 tren. 

S Bai toan 3: Viet phuong trinh doan chan di qua 2 diem A(a;0), B(0;b) 


, 'XV 

O Cac em viet phuong trinh doan chan luon: — + — = 1 hoac khong nho thi viet phu< 

a b 

trinh AB khi bi k hai diem kit qua vdn khong thay doi. 
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J Bai toan 4: Viet phuang trlnh duang thang di qua mot diem Song song hoac Vuong goc vdi 
mot duang thang cho trirac.=> thi cac em cung se bi4t dugc Vecto chi phuang va vecto phap 
tuyen cua no va mot diem di qua ve ve. 


Hay nho Phiromg trinh duong thing co 3 loai chinh va mot truong hop dac biet. 


Phuong trinh tong quat 

Ax+By+C = 0 

Tu phuang trinh nay => VTPT 
(A;B), VTCP (B;-A) 

Mot diem di qua A(0;-C/B) vai 

B khac khong. 

Phuong trinh tham s6 

^ >5 

+ + 

ii ii 

* 

VTCP (a;b) vd VTPT(bra) 

Mot diem di qua la M(x0;y0) 

Phuong trinh chinh tac 

x-XQ_y-y<> 

a b 

VTCP (a;b) vd VTPT(b;-a) 

Mot diem di qua la M(x0;y0) 

Phuong trinh doan chin 

a b 

VTCP (a;-b) vd VTPT(b;a) 

Mot diem di qua la A(a;0) hoac 
B(0;b) 


Tu phuang trinh tong quat co the suy ra phuang trinh tham so, phuang trinh chinh tac va ngugc lai. 
Tai sao lai vay??? vi tir vecto phap tuyen se di dang suy ra chi phuang va ngugc lai nen khi co 1 
diem di qua va vecto phap tuyen hoac 1 diem di qua thi cac em di dang lam dugc. 


f...-..**■■■;*”...-v.....* 

■ 1.3 Vi tri tuung doi cua hai duong thang: \ 


Cho (dj): ape + b x y + c x = 0 


(d 2 ): a 2 x J rb 2 y J rc 1 =0 

Toa do giao diem cua (dj) va (d 2 ) la nghiem he phuang trinh: 

fa l x+b 1 v+c 1 =0 

; 1 1 (/) 

[a 2 x+b 2 y+c 2 =0 


- He (I) co 1 nghiem (x 0 ;yo) O (di)cit (d 2 ) tai diim M(x 0 ;yo) 

- He (I) vo so nghiem O (di) trung (d 2 ) 

- He (I) vo nghiem O (dj)// (d 2 ). ((di) va (d 2 ) khong co diem chung) 

Bai toan 1: Viet phuong trinh duong thing di qua 2 diem 


Phuang trinli duang thing qua 2 diim M ] (jq \y x ) va M 2 (x 2 ; y 2 ) 
(quaM x (x l ;y l ) 


Phuang phap: (d)< 




[ VTCP M,M 2 = (x 2 - x t ; y 2 - v,) 

VD10: Vi6t phuang trinh duang thang d biSt: Qua A(1 ;2); B(3;4) 


quaM x (x,\y,) 

VTPT n = (y l -y 2 ,x 2 -x l ) 
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BINfiOXY 


Lai giai: Do (d) di qua A va B nen (d): 


[qua A(l;2) 
\vtcp AB(2;2) 


:=> Phuong trinh tham so cua (d) la 


(x = l + 2t 
[ y — 2 -f- 2/ 


[qua K{\\2) 

(d): < _ =>Phuong trinh tong quat cua (d): 2(x-l)-2(y-2)=0<^>2x-2 > y + 2 = 0 

[vtpt n( 2;-2) 

<^>x-y + 1 = 0 

Bai toan 2: Viet phuong trinh duong thang di qua 1 diem va biet vecto phap tuyen hoac chi 

phuong 

Gia su bai toan no cho phuong trinh duong thang: Ax+By+C=0=> cac em phai suy ra ngay Vecto 
phap tuy£n la n = (A;B) va vecto chi phuong la: u = 


Gia su bai toan no cho phuong trinh duong thang dang tham so: 


ix = x^ + at 


\y=y 0 +bt 


i 

II 

1 

* 


a b 


thi cac em phai suy ra ngay: Vecto chi phuong la u = (a;b) va vecto phap tuyen la n = (-b;a) 


qua M n {x n \y n ) 

Phuong phap: (d) < 

VTPT rt = (A;B) 


YTC?u = (B;-A) 


VD11: Viet phuong trinh duong thang d qua A(-3;2) va song song voi (A): 2x - y -1 = 0 


Lai giai: A co VTPT la n = (2;-l) 


[qua A(-7>\2) 

d//A nen d co VTPT la n = (2;-l) => (d)\ 

[VTPT 7? = (2-1) 

d co phuong trinh tong quat la: 2(x+3)-l(y-2)=0<=> 2x-y+8=0 

VD12: Vi6t phuong trinh t6ng quat, phuong trinh tham s6, phuong trinh chin] 
duong thang (d) trong cac trubng hop sau: 

a) (d) di qua diem M(l;-2) va co vtcp «=(2;-l). 


eu co) cua 





w 
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HfNH 0X¥ 


b) (d) di qua di&n A(3;2) va vuong goc voi (di):5x+2y-l=0 
Lai giai: 

[qua M(l;-2) , (x = l + 21 

a) Taco: (d):^ _ => Phuangtrinhtham socua(d) la: \ 

{vtcp u( 2; -1) [y = -2 -1 

[qua M(l;-2) 

(d): \ _ => Phuang trinh tong quat cua (d): l(x-l)+2(y+2)=0<-> (d): x+2y+3=0 

[vtpt n( 1;2) 


Phuang trinh chi'nh tac cua (d) la: 


x — 1 


P+2 

-1 


b) (d): 


A(3;2) 

It/, 


fgwa A(3;2) 
jv^P n d (5;2) 


phuang trinh tham so cua (d): 


x = 3 + 5/ 
y = 2 + 2t 


[qua A(3;2) 

(dH _ => Phuang trinh tong quat cua (d): 2(x-3)-5(y-2)=0 <=> 2x - 5 y + 4 = 0 

[vtpt w(2;-5) 


Phuang trinh chi'nh tac cua (d):-= —- 

5 2 

f B “....■■■—■........ 

1.4. Cac bai loan lien quan den goc va khoang each \ 

1.3.1. Kien thuc lien quan 

a. Gocgiiea hai dieting thang; 

*Dinh nghia : Hai duang thang (dj), (d 2 ) ck nhau tao thanh 4 goc. S6 do nho nhlt cua cac goc do la 
goc giua 2 duang thkig (di) va (d 2 ). Ki hieu (dj, d 2 ) 

Suy ra, goc giua hai duang thang luon bang hoac kh bu voi goc giua hai VTPT (hoac goc giua hai 
VTCP). 

Neu (di): a { x + b Y y + c x = 0, (d 2 ): a 2 x + b 2 y+c 2 = 0 thi 


cos {d x ,d 2 )= cos( n v n 2 )\ 


n v n 2 


\ a i a 2+ b A\ 


\nA.\n - 


faf^./a/Tb/ 


Chuy: 

* (di)l(d 2 )<=> _L n 2 o a x a 2 + b { b 2 = 0 

* NSu (di) va (d 2 ) lin iuort co dang y = k x x + n\ va y = k 2 x + m 2 thi (di) 1 (d 2 ) <=> k x k 2 = -1 

K Khoang each tie mot diem ttii mot dieting thkng _ 
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Cho (d): ax+by+c=0 va diem M(x 0 ;y 0 ). Khi do khoang each tir diem M toi dudng thang (d): 

K +b y<, +c l 


d(M,d) = '- 


■Ja 2 + b 2 


Chuy: * Khoang each tu diem M den duong thang (d) la: 

- La khoang each tu M den M’ la hinh chieu cua M len (d) 

- La khoang each ngdn nhat tu M den 1 diem bat ky thuoc (d) 


* Cho (d):ax+by+c=0 vahai diem M(x 0 ;y 0 ),N(x ] ;y ] ). 


Bat t = (ax 0 +by 0 +c)(aXj +by, +c) 

- Ndu t < 0 thi M, N nam ve hai phia cua (d). 

- N6u t>0 thi M, N nam cung mot phia voi (d). 

Mot so bai toan lien quan den viet phuomg trinh duoug thang khi biet he so goc, goc, khoang 
each nh it sail: 


S Bai toan 5: Viet phuong trinh di qua 1 diem va co he so goc k => cac e can biet he s6 goc la gi? 
Neu duong thang duoc viet co dangy = kx + m thi k la he so goc. Tu do de dang biet dugc 
phuomg trinh duong thang. 

V Bai toan 6: Viet phuong trinh duong thang biet di qua mot diem va tao voi mot duong thang 
khac mot goc=> nhiem vu cua chung ta la tim Vecto phap tuyen hoac chi phuong. Dung cong 
thuc goc giua 2 duong thang de lam. 

S Bai toan 7: Vidt phuong trinh duong thang di qua mot diem A va biet khoang each tu mot 
didm B da cho den duong thang do.=> Dung cong thuc khoang each tu 1 diem den duong thang 
de lam. 

V Bai toan 8: Vidt phuomg trinh duong thang doi xung qua mot dubng=> Cach lam ta lay 2 diem 
d6i xung qua duong thang da cho va viet duong thang can tim di qua 2 diem vua tim duoc. 


Cac em hieu duoc each 1dm rdi thi doc va thu lam vi du de THlfC CHIEN nhe! 


x = 3t 

VD 13: a) Tim goc giua 2 duong thang a { : < va : x-2y-A = 0 

[y = 2-t 


b) Tinh khoang each tu M(-2;3) den d : 


j jc = 3 — 2/ 

\y=i+* 


Day la bai toan dp dung cong thuc ve goc va khoang cdch=> de dang giai quye, 
nhe! 


Hu&ng dan giai: a) d x co VTCP u = (3;-l) => VTPT p = (1;3) 


ic em lam 
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d 2 VTPT n 2 =(l;-2) 


cos(d p d 2 ) : 


Vfrl |l.l+3.(-2)| 5 _ 1 


n,|.|n 2 | VF+9.7i+4 -M -Jl 
(d 1 ,d 2 ) = 45° 


[qua A(3;l) 

b) d _ => d : 1(jc — 3) + 2 (v — 1) = 0 •» x + 2 v — 5 = 0 

IbTPJ « = (1;2) 


d(M,d) = 


|-2 + 2.3-5| 1 

<Jl +4 ~ V? 


VD 14: Viet phirang trinh dudng thang d qua M(0;1) va tao vdi d: x + 2y + 3 = 0 mot goc 45° 


Bai nay mot bai torn ma cac em can phdi tim vecto phap tuyen hoac vecto chi phirang thi moi lam 
diroc tiep. Bai nay cac em chuy each lam nhe! 


Hir&ng dan giai: A la dudng thang 


d co VTPT la n x = (1;2) 


^qua M( 0;1) 

I VTPT «=(A;B), A 2 +B 2 * 0 


1N „ \A.\ + B.2\ „ \A + 2B\ 1 

cos(A, d) = cos45 <=> . jJ== . - — = cos45 <=> . r l- 1 - = —= 

VZ7F.7TT4 ^/J7i ^ ^/5 V 2 

O 5 (A 2 +B 2 ) = 2(A + 2Bf o 3 A 2 - 8AB - 3B 2 = 0 o (A - 3B)(3A + B) = 0 

A = 3 B 
3 A = -B 

*) A=3B: chon A=3 => B= 1 => A: 3(x - 0) +1 (y - 1) = 0 <=> 3x+ y - 1 = 0 
*) 3A=-B: chon A=1 =>B=-3 => A: l(x - 0) - 3(y -1) = 0 <=> x-- 3y +3 = 0 


Vay co 2 dudng thang: 


3x + v -1 = 0 
x-3.y + 3 = 0 


VD 15: Cho hai dudng thang d l \ 2x-y + 5 = 0;d 2 :3x + 6jp~l = 0. Lap phuong trinh dudng 
thang qua P(2;-l) } d cat d x \d 2 tao thanh 1 tam giac can tai giao diem d x va d 2 . 
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Bai loan nay cac em phai viet duac dang tong quat cua dieting thang va dung tinh chat cua tam giac 
can -la 2 goc tiday bang nhau. 

Hating dan gidi: Gia six d co VTPT «=(A;B), A 2 +B 2 ^ 0 


d la duang thang 



=>d:A(x-2) + B(y + l)=0 


Tam giac can tai giao di&m cua d ] va d 2 nen (d\d x ) = (d\d 2 ) 
cos(d,d x ) = co$(d,d 2 ) 



o 3\2A- B\ = |3 A + 6B\ o \2A - JS| = \A + 2B\ 


2A-B = A + 2B A = 3B 

°|_ 2A-B = -(A + 2B) 3A = -B 

*) A=3B ChonA=3thiB=l=>rf:3(x-2) + l(>' + l) = Oo3x + j;-5 = 0 

*) 3A=-B chon A= 1 thi B=-3 => d : l(x- 2)- 3(y + 1) = 0 <=> x- 3y - 5 = 0 

VD 16: Cho hinh vuong, 1 dinh co toa do (-4; 5) va duang cheo co phuang trinh 7x-y+8=0. Lap 
phuong trinh cac canh. 

Bai nay tuang tu each lam bai tren - cac em thuc hanh chuy nhe 

Hating dan gidi: Goi A(~4; 5) va d: 7x-y+8=0 , do A <£d=> BD : lx-y + S = 0 

Lap phuang trinh duang thang A qua A tao voi BD 1 goc 45 0 
Gia six A co VTPT n = (A; B) vai A 2 +B 2 ^ 0 


0 \1.A-B\ 1 \1A-B\ 

1 ' — -- j 1 1 


Cos45 = . ... ±^— ^ — = — 1 - i— 

4a 2 + B 2 .B9 + \ V2 ylA 2 + B 2 .J 50 

<=> (1A - B) 2 = 25 (A 2 +B 2 )<$\2A 2 -1AB-12B 2 =0 
o(3A-4B)(4A+3B) = 0 


3A = 4B 


*) 3A=4B, chon A=4 thi B=3 => A: 4(x + 4) + 3 (j—5) = 0<=>4x + 3y + l = 0 
*) 4A=-3B, chon A=3 thi B=-4=> A :3(x + 4) — 4(y — 5) = 0 <=> 3x—4j + 32 = 
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ChonAB: 4x-f3y+l = 0 
AD: 3x-4y + 32 = 0 
B = ABr\BD=>B(-l;l) 

D = AD n BD => D(0; 8) => Tam I( - i; |) 


I latrung diem cua AC nen: 


x c ~ 2-| “|-(-4)»3 


}» c = 2.—-5 = 4 

2 


^C(3;4) 


CD^^CD: r C( ^ 4) 

[// AB [FTiT n = (4; 3) 

CD: 4(x-3) + 3(j-4) = 0o4x+3y-24 = 0 

BC: 3x-4y+7=0 

Vay phuang trinh cac canh: 4x+3y+l=0 3x-4y+32=0 

4x+3y-24=0 3x-4y+7=0 


VD 17: Cho tam giac ABC, A(3;2), B(l;6), C(-5;3). Tinh chieu cao h a 


Hu&ng dan gidi: h a = d(A,BC ) 

(qua B(l;6) (quaB(l;6) 

BC : < — => BC : s 

\VTCP BC = (-6;-3) [F77T h = (1;-2) 

=>£C:l(x-l)-2(j-6) = 0<=>x-2j+ll = 0 

vl+4 

fje = l . 

VD 18: Tim M thuoc A: < de d(M, A ) = v2 vcri A : x + v +1 = 0 

b=3+/ 


Hu&ng dan gidi: MeA=>M(l]3+t) 
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d(M,A) = 72 o = -Jl o \t + 5| = 2< 

•) r = -3oM(l;0) 

*)t = -7=>M(l;-4) 


t + 5 — 2 
/ + 5 = -2 


<=> 


f = -. 3 

t = -l 



Hurting dan gidi: Vi G e A => G (a; 3a - 8) 
G la trong tam tam giac ABC 


I y c = 3 yG-yA-y B =90-24+3+2 


J x a +x b +x c = 3x G \x c = 3x a -x a -x b = 3a-2-3 

1^+3 ; b+Jc= 3 J ; g 
C(3a-5;9a-19) 

= | o ~.CH.AB = | o d(C,AB).AB = 3 (1) 

^=(U) 0,45=71+1=72 

faua A(2;-3) A(2;-3) 

,45:) _ o,45x 

[FTCP >45 = (1;1) [jTPr « = (1;-1) 

AB:l(x-2)-l(y + 3) = 0<^x-y-5 = 0 


d(C,AB) = 


|3a-5-(9o-19)-S| |-6a+9| 


7T+I 


72 


( 1)0 J — t = —1.72 = 3o|6a-9| = 3o|2(3-3| = lo 
v 2 

Vayco2diem: C 1 (l;-l);C 2 (-2;--10) 


242-3 = 1 
2a-3 = -l 


<=> 


a = 2 
a = 1 


Sau khi da luyen tap cac bai toan 6 tren, cac em luyen tap den nhung bai toan tiep theo. 
toan trong Be thi dai hoc d muc do de dang cac em co the lam duoc neu cac em hoc 
atren. 
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Tuy nhien kien thuc the vin chua du neu cac em khong biet Tam giac la gi? Cac tinh chit cua cac 
ducrng phan giac, dircmg trung tuyen, duang cao, dudng trung true, duang trung binh,.... 

Thoi dai dong qua, thay bat dau vao KIEN THU*C TAM GIAC 

C KltN THlJC TAM GlXc 

Tam giac: tam theo tieng Tau kliura la ba co nghTa la hinh co 3 canh, 3 dinli, 3 goc. 


B 



T6ng3 goebing 180°: A + B + C = \%(f 

Tong 2 canh lorn horn canh con lai: AB+BC>AC; AC+BC>AB; AC+AB>BC 

Cl Phan loai tam giac 

+ Tam giac vuong: tam giac la tam giac co 1 goc vuong 
+ Tam giac can: la tam giac co hai canh bang nliau hoac 2 goc bang nhau 
+ Tam giac deu: la tam giac co 3 canh bang nhau hoac 3 goc bang nhau 
+ Tam giac nlion: la tam giac co 3 goc nlio hon 90° 

+ Tam giac tu: la tam giac co 1 goc ldn han 90° 

C.1.1 Tam giac vuong 
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HINBOXY 


Tain giac vuong la tam giac co 1 goc vuong. 

Voti tam giac ABC vuong tai A=> MA =MB=MC=BC/2=R 
(R : la ban kinh duong tron ngoai tiep tam giac ABC). 

Neu tam giac ABC co tinh chit MA =MB=MC=BC/2=R=> tam giac ABC vuong tai A. 

Mot loat tinh chit khac co the suy ra: ABAC = 0 

He thuc luong trong tam giac vuong de tinh toan cac doan thang sau nay: 

/ Pitago: AB 2 + AC 2 = BC 2 (binh phuomg canh huyen bang tong binh phucrng 2 canh ben) 
A Trung tuyen AM: MA =MB=MC=BC/2=R 

1 1 ABAC 

S Dien tich tam giac vuong: S = — ABAC = - AH.BC => AH = — 

2 2 BC 

/ Ouang cao AH bang each: ~ 


S Co AH thi ta dl dang tinh dugc HB,HC dua vao Pitago. 
S Phan giac AD cua tam giac vuong: 


hb 2 ^ab 2 -ah 2 
hc 2 = ac 2 -ah 2 



✓ Ta co = ——— => tinh duac DC, DB. Va tinh duoc HD, HC, HB. 

AC AB AC+AB 

y Ta tinh dugc phan giac AD tu AD 2 = HD 2 + AH 2 

Nhin chung la cho bit ky du kien nao khi biit 2 canh cua tam giac vuong ta se suy ra cac du kien 
con lai de tinh toan sau nay. 

Hoc sinh: Muon chung minh tam giac do la tam giac vuong thi lam the nao? 

Thiy: Thi co thi dua vao Pitago, tinh chit trung tuyin, tinh chit tich 2 vecto bang 0.. ..doc kT mot 
s6 tinh chit va each tinh cac khoang each trong tam giac vuong nhe. Day la kiin thuc tir nhung nam 
cip 2 nhung se rit huu ich cho cac em do trong viec ap dung khoang each de tim diem sau nay. 


Web: AHka.vn 


The Lite -fh>com/Adthefuc The Anh - fb>com/nguyentheanh.teacher 


h 308 









mm oxy 


Nguyen The Anh (Great Teacher) - Nguyen The Luc {Casio Expert) 


... ........................ 

* C.1.2 Tam giac can 


A 



Tinh ch&t tam giac can ABC tai A=> AB=AC ; ABC = ACB 

M la trung diem BC => AM vua la duang cao, vua la duang trung tuyen, vura la duang phan giac va 
vira la duang trung true cua canh BC. 

Hoc sinh: Muon chung minli tam giac vuong ta phai lam th£ nao? 

Thay: Ngoai chung minh 2 canh bang nliau hoac 2 goc bang nliau tlii can chu y duoi day. 

Chu y: Neu tam giac ABC co AM vua la dudng cao, vua la duang trung tuyen hoac vua duang 
phan giac , duang trung true cua canh BC thl do la tam giac can. 


C.1.3 Tam giac deii 


Tam giac deu la tam giac dac biet nhat: co 3 goc bang nhau = 60°, co 3 canh bang nhau. 

Cac duang trung tuyen , duang cao, duang phan giac, duang trung true, dudng phan giac trong 
TRUNG nhau. 

Cac diem dac biet: trong tam, true tam, tam dudng tron noi tiep, tam dudng trdn ngoai tiip 
TRUNG nhau. 

Ta de dang tinh duac dien tich va chu vi tam giac deu khi biet canh cua tam giac deu. Dien tich 
S = — a 1 , Chu vi C-3a (a: la do dai canh cua tam giac deu). 


C.1.4 Tam giac niton 
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MINHGXY 


B 



Tam giac nlion: la tarn giac c6 3 goc nho hem 90°' 


C.1.5 Tam giac tu 


Tam giac tu: la tarn giac co 1 goc Ion hon 90° 


A 


B 


C 



Chung ta da biet ve tarn giac deu, tam giac can, tam giac vuong tuy nhien bai toan lai roi vao 
tarn giac thuong nhieu hon © 

C.2 Cac duong dac biet trong tam giac: 

C.2.1 Duong cao 


A 



Dirong cao AH la duomg cao ha tu A 
Duong cao BN la duong cao ha tu B 
Duong cao CK la duong cao ha tu C 
AM n BN n BK = H=> H la true tam ciia Tam giac ABC. 
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Hay nho True tain la giao diem cua cac Duong cao. 

Chi can 2 duong cao la ta ve duoc true tam roi nen khong can phai ve du 3 duong cao. 
Tinh chat rat quail trong cua true tam: 

+Neu Duong cao AH la duong cao ha tu A 
+Duong cao BN la duong cao ha tic B 


+ AMnBN = H 

^ CH (CK) chinh la duong cao ha tic C va CK1AB 

^ Day la mot trong nhung each chung minh Tinh chat VUONG GOC quan trong sau nay 



Cdch ve ducmg trung tuyen Id ke tit DINH den Trung diem cqnh doi diem Tam giac co 3 dinh=> 
cd 3 ducmg trung tuyen . 

Duong AMla duong trung tuyen ha tu A 

Duong BN la duong trung tuyen ha tu B 

Duong CK la duong trung tuyen ha tu C 


AM n BN nCK = G=> G la trong tam - giao diem cac duong trung tuyen. 

Cac em hay nho: G la trong tam la giao diem cac duong trung tuy4n. 

Chi can 2 duong trung tuyen la ta ve duoc trong tam roi nen khong can phai ve du 3 duong trung 
tuyen. 


Tinh chat rat quan trong cua trong tam: 

- Duong AM la duong trung tuySn ha tu A 

- Duong BN la dudmg trung tuyen ha tu B 

- AMnBN = G 
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nim dxY: 


^ CG (CK) chink la dudng trung tuyen ha tuCvaK chink la trung diem ciia AB. Day la 
mot trong nhiing each chung minh Tinh chat trung diem quan trong sau nay 

Tinh chat co ban ve dudng trung tuyen 


AG = -AM = 2GM 
3 

BG = -BN = 2GN 
3 

CG = -CK = 2CK 
3 



Duong trung binh la ndi trung diem 2 canh vdi nhau. Tam giac co 3 canh nen se tao thanh 3 dudng 
trung binh. 

Tinh chat duong trung binh: 

MN= AK=KB=AB/2 va MN song song AB. 

MK=AN=CN=AC/2 va MK song song vdi AC 
NK=BM=CM=BC/2 va NK song song vdi BC 

Nhin vao hinh ve cac em se suy luan ra r§t nhieu tinh chat cm dudng trung binh. 

Dien tich tam giac: S^,, = ^ S^ BC 


Cach hoc nhanh nhdt cua viec NHO TINH CHAT la ve hinh va Tu duy => dung nha may moc kho 
nha lam. 
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HfNHGXY 

A 


C 

Dudng trung true cua canh BC la dudng vuong goc vdi canh BC tai diem M 
Duong trung true cua canh AC la dudng vuong goc vdi canh AC tai di&m N 
Duong trung true cua canh AB la dudng vuong goc vdi canh AB tai dilm K 
Giao diem cua cac dudng trung true la diem I - tarn dudng tron ngoai tidp tarn giac. 
Hoc sink: Dieting tron ngoai tiep Id gi? 

NGOAI co nghia la ngoai © nhd the cho nhanh nhung chu y no di qua 3 dinli. 

Dudng tron ngoai tidp la dudng tron n&m ngoai tarn giac va di qua 3 dinh cua tarn giac. 


C 

ia=ib=ic=r 

R: la ban kinh dudng tron ngoai tiep tarn giac ABC. 

Tinh ban kinh R nhu the nao? Ta dung cong thuc S = vdi S la dien tich tarn giac ABC; con 

AR 

a;b;c la do dai cac canh. 

Hoc sink: Phan biet dieting tron ngoai tiep vdi dieting tron noi tiep torn giac ABC & dutii day. 

Dudng tron noi tiip tarn giac la dudng tron NAM BEN TRONG tarn giac va ti4p xuc vdi 3 cmh cua 
tarn giac. 
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Khoang each tir J den duang AB,BC,BC la bang nhau va bang ban kinh r. 
r: la ban kinh duang tron noi tiep tam giac ABC 

Tinh ban kinh r nhu the nao? Ta dung cong thuc S=pr vai S la dien tich tam giac ABC; con a;b;c la 
do dai cac canli. 

, ' . . C a+b-\-c 

P:nuachuvi tinh bang chu vi chia 2: /> = - = —-— 

Chu y: Tam duong tron noi tiep J la giao diem cac duotig phan giac trong. Bay h chung ta hoc 
combo ve duang Phan giac. 

p*'............. s 

• C.2.5 Duong phan giac j 

L..........-.>*>■•«-.... 

Duang phan giac la duang chia goc do lam 2 phan bang nhau. 

Duong phan giac chia lam 2 loai: Phan giac trong va phan giac ngoai 

Nao cac em cung thay phan biet dau la phan giac trong phan giac ngoai nhe! 

Nhin goc A ta de dang thay: AJ chfnh la phan giac trong cua goc A 
AJb, AJ C chinh la phan giac ngoai cua goc A. 
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Giao diem cua 3 dirdng phan giac trong la Tam dudng ton noi ti£p tarn giac (J) 

Giao diem cua 1 dirdng phan giac trong va 2 dirdng phan giac ngoai la tarn dudng tron bang tiep. 

Ta d! dang nhan thay co 3 tam dudng tron bang tiep tarn giac ABC la dudng tron nim ngoai tarn 
giac va tiep xuc vdi cac canh cua tarn giac (nhu hinh ve). 

Chuy duang phan giac trong vuong goc vai dudng phan giac ngoai. 

AJ1AJ, 


tuong tu the BJ1 Bl a , BJ C va CJ1 CJ a5 C J A 


AJIAJ^ 

Tmh chat thang hang: 

A, J,Ja thang hang 

B, J, Jb thang hang 

C, J,Jc thang hang 


Tmh r, ra, rb, rc nhu the nao? 


5 , A 

-= p. tan — 

p-a 2 

S B 

*i =-“ = /?. tan — 

p-b 2 

S C 

r c = - = 

p-c 2 


Tinh chat rat quan trong cua tain duong tron bang tiep va tarn dudng tron noi tiep: 

- Dudng AJ a dudng phan giac trong cua goc A 

- Dudng BJ la dudng phan giac trong cua goc B 

^ CJ chinh la duang phan giac trong C. Day la mot trong nhung each chung minh Tinh 
chat Phan giac quan trong sau nay 

Dudng AJ (Aja) la dudng phan giac tong cua goc A 

Dudng BJa la dudng phan giac ngoai cua goc B 


^ CJ la dudng phan giac ngoai cua goc C. Day la mot trong nhung each chung minh Tinh 
chat phan giac sau nay 


Hoc sink: Viet dudng phan giac trong va ngoai nhu the nao a??? 


I Aj \a x x+b l y+c l =0; n x = (a,;d,) 

Cho + ^ + c 2 “ w 2 ~ ( a 2 > h ) C at nhau thi phuong trinh 2 dudng phan giac 
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Hiwop 


a/x + b ] y+c ] _ a 2 x 4 b 2 y 4 c 2 
yjaf+bf yja 2 +bl 


D&u bleu 

Phan giac g*k nhon 

Phan giac* gtk lit 

a { a 2 +bp 2 >0 

a t x 4 b/y 4 Cj _ a 2 x 4 b 2 y 4 c 2 

a l x+b l y+c l _ a 2 x+h 2 y+c 2 

l a i +b i lal-rhl 

i/af * b ) l a 2 +b l 

a x a 2 <0 

a x x 4i? | y 4 q a 2 x 4 b 2 y 4 c 2 

a l jr + h l y + c l _a 2 x + b 2 y+c 2 

>sjaf 4 h{ ^jal 4&f 

•Ja{ +A| 2 yjai+hl 


Lam thi nao dephan blit chink xac do la phan gidc trong hodcphan gidc ngoai cua tam gidc? 


A 



Xem 2 di’nh no nSm ciing phia hay khac phia vai duang phan giac da cho. 

Neu nam khac phia: la phan giac tong 
N£u nkm ciing phia: la phan giac ngoai. 

Cho (d): ax+by+c=0 vahai diem M(x Q \y Q ) ,N{x/y x ). 

Bat t = (ax 0 +by 0 +c)(ax 1 +by, +c) 

- N&u t < 0 thi M, N nam ve hai phia cua (d). 

- N6u t>0 thi M, N nam ciing mot phia vdi (d). 

Hoc sink: Thay> oi the lam sao de tinh cac dudng cao , duang trung tuyen, duang phan gidc.... Tam 
duang trdn ngoai tiep , noi tiep . 

Tlthy: Cac em can nhd lai kien thuc cuoi cap 2 va dau cap 3 ma cu the la lap 9,10 ve he thuc luang 
trong tam giac thuang. 

4 

Quy uac the nay nhe cac em! Cho tam giac ABC co: 
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S Do dai cac canh: BC = a, CA = b, AB = c 
^ Do dai cac dudng trung tuySn ve tur cac dinh A, B, C: m a , nib, me 
S Do dai cac dudng cao ve tir cac dinli A, B, C: h a , hb, h c 
^ Ban kinh dudng tron ngoai tiep, noi tiep tarn giac: R, r 
S Nua chu vi tam giac: p 
S Dien tich tam giac: S 

a 2 = b 1 +c 2 -Ibc.cosA 


1. Dinh li Cosin: b 1 = a 2 + c 2 - lac. cosB 
c 1 = a 1 + b 1 - 2ab.cosC 


2. Dinh If Sin: 


- = 2 R 
sin A sin B sin C 

b 2 +c 2 a 2 

2 4 


m}=- 


3. Do dai trung tuyen: m b 2 = 


2,2 12 
a +c b 


«. J = 


/l . l 2 2 

+0 C 


iS = -a.h = -bA = -c.h 
2 2 2 c 

S = ~bc.sm A = ~ ac. sinB = - sinC 

2 2 2 


4. Dien tich tam giac: S = 


abc 


4 R 
S = pr 

s = yjp-(P~ a )(P~ b)(p— c) 


C.3 CAC DIEM BAC BIET TRONG TAM GL4C 

Hoc sinh : Trong tam la gi ? True tam la gi ? tam duang tron ngoai tiep la gi ? tam dudng iron noi 
tiep va dudng tron bang tiep la gi? 

^ True tam : la giao diem cac dudng cao 
S Trong tam : Giao diem cac dudng trung tuy&n 
^ Tam dudng tron ngoai tiep tam giac: giao diem cac dudng trung true 
S Tam dudng tron noi tiep tam giac: giao diem cac dudng phan giac trong 
'A 3 tam dudng tron bang tiep tam giac: giao diem 1 dudng phan giac trong va 2 phan giac 
ngoai. 


LY THUYET VE TAM GIAC VE CO BAN BA XONG, 
GIO CHUNG TA BAT BAU VAO THlTC CHIE 
Bai todn lien auan din TRlfC TAM - cac dufrns cao . 
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VD 1: Cho tam giac ABC, A(2;2), B(-1;6),C(5;5). ViSt phuong trinh cac duang cao va tim toa do 
true tam H. 

Binh luan: H la true tam - giao diim cac dudng cao . Mirth edn tim viet phuong trinh it nhdt 2 
dudng cao va cho chung cat nhau la ra H. 



Huong dan giai 

(qua A(2;2) 

+ AH'A —. 

[VTPT BC = ( 6;-l) 

=> AH: 6(x-2)-l(y-2) = 0<=>6x-y-10 = 0 

(qua B(-l;6) , N , , 

+ BH:\ _. => BH :3(x+l)+3(>>-6) = 0<=> x + j;-5 = 0 

[VTPT AC = (3;3) 


*)CH :-3x+4y-5 = 0 


*)H = AH nBH=>H 


15.20 
7 ’ 7 


VD 2: Tam giac ABC, A(4;l), 2 duang cao xu&t phat tir dinh B va C l&n luot co phuang trinh Ik 
-lx +^+8 = 0;2x + 3^”6 = 0. Vi&t phuang trinh duang cao AH, tim toa do B, C. 


Binh loan: Cac em chin kho doc binh loan nay nhe bed segoiy cho cac em nhieu tint. 

Doc di bai coi nhu ta da blit phuong trinh 2 dudng cao? Nhung no la dudng cao nao? Ta can phai 
xem co phai la dudng cao AM, hay BN hay CK 

Bl: ta thay toa do A vao phuong trinh cac dudng da cho nhan thay no khac 0 => 2 dudng cao do 
Id: BN,CK 

B2: Giao diem 2 dudng cao la true tam H. 

B3: Viit phuong trinh dudng thang AH di qua 2 diem A, H. KrMV:* 

B4: Ta co thi di dang viit duqc dudng AC, di qua diem A va vuong goc vdi BN 
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Viet dieting AB qua A va vuong goc vtii CK. 

Sau do B chink la giao diem giua BN va AB. 

Va C chinh la giao diem giua CK va AC. 

B6: Viet phuong trinh duting BC khi biit 2 diem B,C 

Hoac la viet phuang trinh duting BC qua B va vuong goc vtii duting AH. 

A 


C 



Buih loan: 

A(4;l) khong thuoc 2x+3y-6=0 do 2.4+3.1-6*0 
Goi BI: -2x+y+8=0; CK: 2x+3y-6=0 


H = Bln CK => H 



2 


\ 


AH: 


—- i 3 =$AH:\ — 

VTCP AH = [VTPT ^=( 6 ;-!) 


=> A/7: 6 (x-4)- 1 ( 7 - 1 ) = 0<=>6x-.y-23 = 0 


{qua A [qua A(4;l) 

*)AB:r =>AB:\ _ 

[1 CK [VTCP n CK = ( 2 ;3) 


=>AB: 


f qua A(4;l) 
[VTPT n = ( 3;-2) 


A J B:3(x-4)-2(^-l) = 0o3x-2>>-10 = 0 
B = ABnBI=>B(6;4) 


*)AC: 

[1 BI [VTCP n B] =(- 2 ; 1 ) [VTPT «,=(!; 

^J5:l(x-4)+2(y-l) = 0<^x+2>»-6 = 0 
C = ACnCK=>C(- 6 ; 6 ) 
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VD 3: Cho tam giac ABC co A(2;2), hai duang cao xu&t phat tu dinh B va C lan lirot co phuang 
trinh la: 9x-3y-4 = 0;x + y- 2 = 0. Viet phuang trinh duang cac canh va tinh dien tich cua 
tam giac. 

Blnh loan : Bai nay twang tu nhu bai tren nhung tang mite do kho ban vi ddi hoi them cac em tinh 
loan Dien tich Nhung nhin chung khi cac e tlm duac diem B y C thi viet phuang trinh cac canh ko 
con la chuyen kho khan nua © 

Lai giai: Phuang trinh cac canh AB: x-y=0, BC: 7x+5y-8=0, CA: x+3y-8=0 
S = i AC.d(B,AC ); B = AB n BH => ; |); C(-l ;3) 

AC(- 3;1) => AC = 3) 2 + l 2 - M 


d(B,AC) = 


2 2 
- + 3.—-S 
3 3 


16 


VTT9 3VTo 


S = ^AC.d(B,AC) = 


16 


Bai toan lien quan den Duong trung tuyen va trong tam 

VD 4: Cho tam giac ABC, C(-4;l), phuang trinh cac duang tmng tuySn AM: 2x-y+3=0; BN:x+y- 
6=0. Viet phuang trinh cac canh cua tam giac. 


A 



Blnh loan: Co rat nhieu each xu ly bai nay. Muon viet phuang trinh 3 canh tam giac thi ta can tlm 
3 dinh cua tam giac. 

Lai giai: B e BN => B(b\ -b + 6) 


M la trung diem ciia BC=> M(-— 


MeAM<=> 2.— ——+3 = 0o22>-8 + fc-7 + 6 = 0o3Z> = 9<=>6 = 3 


4 
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B(3;3) } A e AM => A(a;2a + 3) 
N la trung diem cua AC=$N (—— 


) 


n — A 9/7 4 - 4 

NeBNco -+-6 = 0<=>a-4 + 2tf + 4-12 = 0<=>3a = 12<=>a = 4 

2 2 

A(4; 11) 

Cach 2: tir toa do cua G va M ta c6 toa do cua A 

AB: 8x-_y-21 = 0;BC: 2x-7j + 15 = 0; CA: 5x-4j + 24 = 0 

j VD 5: Cho tam giac ABC, phuong trinh canh AB:x-2y+7=0, phuong trinh cac ducmg trung tuyGi 
j AM: x+y-5=0; BN:2x+y-l 1=0. Viet phuong trinh cac canh AC,BC cua tam giac. 


A 



Binh loan: Bai nay kha de dang 
A = AMnAB; B=BNnAB; G=AMnBN 
G la trong tam tam giac ABC=> diem C. 

Lei gidi: A = ABr\ AM =>A( 1;4) 

B = ABnBN => B(3>;5) 

G = AMnBN=$G(6;~ l) 

G la Pong tam tam giac ABC nen C(3.6-l-3;3.(-l)-4-5)=>C(14;-12) 
AC: 16x + 13y-68 = 0;BC: 17x + l 1^-106 = 0 


| VD 6: Cho tam giac ABC, Pong tam G, dinh A(3;9), hai during trung tuyen BM:3x-4y+9=0; CN: y- 
! 6=0. Vi4t phuong trinh trung tuyln AG, tim toa do B,C? 



Pr 


321 
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B 



Blnh loan: G=BMxCN .De dang viet AG khi biet di qua 2 dinh A,G. Tham so hoa diem C theo 
dudng CN=> Bien doiM theo diem A,C. 

Cho M thuoc dudng BM=> giai duac diem C. Tic G,A,C=> diem B. 

Ldigidi: G = BMnCN=>G(5; 6 ) 

[qua A(3;9) [qua A(3;9) 

AG: \ _ =>AG:\ 

[VTCP AG = (2;-3) [VTPT n = ( 3;2) 

AG:3(x-3) + 2(y-9) = 0<^3x+2y-27 = 0 

C eCN =>C(c;6) 


M la trung diem cua AC => M(- 


£+3,15 
2 ’ 2 


M€5Mo 3.—-4.-+9 = 0<=>3c + 9-60 + 18 = 0<=>3c = 33oc = ll 
2 2 

C( 11 ;6);B(3.5-3-11 ;3.6-9-6) => B(1 ;3) 

| VD 7. Cho tam giac A(4;3), duang cao BH:3x-y+l 1=0, dudng trung tuyen CM:x+y-l=0. Viet 
! phuang trinh cac canh cua tam giac. 


B 



Blnh loan: Tic dudng cao=> nghi ngay den canh vuonggoc vdi dudng cao do. 
Ta de dang viet duac dudng AC khi biet A va vuong gdc vdi BH. 
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C-ACxCM. Tham so hoa B theo BH-> M la irung diem ciia AB. 
M thuoc CM=> tim duqc B. 

{qua A [qua A(4;3) 

Led gidi: AC-] ==> AC < 

[1BH {VTPT » = (1;3) 

=> AC: l(jc-4) + 3(y-3) = 0ox + 3y-13 = 0 

C = AC n CM => C(-5; 6) 

B e BH => B(b;3b +11) => -- ) 


MeCM<=> —+^^-1 = 0<=>2>+4+3Z> + 14-2 = 0o4& = -16o& = -4 
2 2 

=>B(-4;-l)=>AB: x-2j> + 2 = 0; BC: 7x+j; + 29 = 0;CA: x + 3y-13 = 0 


VD 8 : Clio tam giac ABC, vuong tai A; BC:x-y-2=0, A, B thuoc Ox, ban kinh duong tron noi tiip 
tam giac r=3. Tim toa do trong tam G. 



B=ABx BC. 

Tham so hoa A theo Ox va C theo phuong trinh BC. => 2 an. Nhiem vu ciia ta la can tim 2 phuong 
trinh 2 an la xong. 


Phuong trinh 1: AB vuong goc AC-> CA _L AB <=> CA.AB = 0 
Phuong trinh 2: Bai nay mau chot cac em sic dung cong thicc S=pr. 
S: dien tich tam giac ABC. P: nica chu vi; Tic do se tim duqc 
Led gidi: AB: y=0 
B = ABnBC=>B( 2;0) 
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C e BC ^>C(c;c- 2); A eOx => A(a;0); 2 

CA _L AB o CAAB = 0 o (a-c)(a-2)+(2-c).0 = 0 <=> a = c => G(^Al ) 


S = p.r <?>^AC.AB = ^(AB+BC+CA).r (1) 


AC = \c-2\;AB = \c-2\;BC = yj(c - if + {c - if = \c - 2\M 

(l)o|c-2|.|c-2| = (|c-2| + |c-2|+|c-2|.^).3 

o t 2 = (2-+ y[2 )/.3 <=> t 2 -3(2-+ >/2)t = 0 o 

*)t=0 <=> |c — 2j = 0 <=s> c = 2 loai (do 0 = 8 ^ 2) 

*) / == 6 + 3^2 <=> \c-2\ = 6 + 3^2 <=> 


V = o 

f = 6+3-72 


c = S + 3*j2=$G(6 + 2-j2;2 + y/2) 

_c = -4- 3yf2 => G(-2 - 2 72; -2 - 75) 


I VD 9: Cho tam giac ABC, M(-l;3) la trung diem cua AB, trung tuyen BN: x-3y+5=0; duang cao 
I AH: 2x-y+5=0. Tim toa do A, B, C. 


A 









N 




X 


ir 




jBih/i /<?(/«: Tta so hoa diem A theo AH. 
Tham so hoa diem B theo Mva A. 

B thuoc NB=> tim duac B. 

Viet duang BC qua B va vuong goc voi AH. 
Tham so hoa C theo BC. 

Cho N la trung diem AC thuoc BN=> tim ra C. 
Lai giai: A e AH => A(a; 2a + 5) 
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M la trung diem cua AB nen B(2.(-l )-a;2.3-2a-5) => B(-a - 2; - 2a +1) 

B g NB <=> —a — 2 + 6a—3 + 5 = 0o5a = 0<=>a = 0^=> A(0\ 5); B(—2; 1) 
BC: \(x + 2) + 2(y -l) = 0ox+2y = 0 


C e BC => C(-2c;c) ; N la trung diem cua AC=$ N(-c ; 



JVeiVBo-c-3.'^— + 5 = 0o-2c-3c-5+10 = 0 
2 

<=> —5c = -5 <=> c = 1 => C(-2; 1) 

Buong phan giac va tam duong tron noi tiep tam giac 

*Bai loan phu : Cho tam giac ABC, BK la duang phan giac trong cua goc ABC, A l la diem ddi 
xung vai A qua BK. Chung minh rang: A i € BC 

Xet AABI = AA i Bl(C.G.C) => ZIBA = ZIBA l 

Ma ZIBA = ZIBC(gt) => ZIBA, = ZIBC =>A,eBC 

Hay nh& rang: Lay doi xung dinh ciia tam giac qua du&ngphan giac trong (ngoai) 

VD 10: Cho tam giac ABC, phuong trinh canh AB: 2x+y-5=0; BC: x+2y+2=0; CA: 2x-y+9=0.Vi£t 
phuong trinh cac duang phan giac trong cua A, B va tim tam, ban kinh dudng tron noi tiSp tam 
giac. 


A 



Binh loan: Bai nd}> la bai dan thuan sic dung cong thicc. 


Dau tien cac em tim duoc 3 dinh cua tam giac. Sau do viet dudng thang AB, AC, BC. Den huac viit 
phuong trinh dudng phan giac trong va ngoai 


Dung tinh chat cung phia, khac phia de xac dinh phan giac trong va phan 
Ldigidi: A- ABnAC=> ^(-1;7) 

B = ABr\BC=$B( 4;-3) 
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C = BCnAC=>C(- 4;1) 

*) Cac duong phan giac cua goc B 
\lx+y- 

ViTT 

Voi (/,): (—1 — 7 — 7)(—4 — 1 — 7)>0 

=> Duong phan giac trong cua goc B la (/ 2 ): x 4 - y -1 = 0 

*) Cac duong phan giac cua goc A: 


|x + 2j; + 2| 


2x+y-5 = x + 2y + 2 

■P +4 

0 

<^> 

2x + y-5~-x-2y-2 


x-y-7 = 0(/ 1 ) 
x+y-l = 0(/ 2 ) 


|2x + .y-5| |2x-y + 9| 

sfl+l ~ n/4+T 


o 


2x + y-5 = 2x-y + 9 
2x + y-5 = ~2x + y-9 


y- 7=o(4) 

x+1 = 0(/ 4 ) 


Voi (4): ( 3 7)(l 7)>0 

=> Duong phan giac trong cua goc A la (/ 4 ): x +1 = 0 

7 = (/ 2 )n(/ 4 )=>/(-l;2) 

VD 11: Cho tain giac ABC, phuong trinh canh BC: 4x-y-3=0; cac duong phan giac trong ke tur B,C 
lan lucrt co phuong trinh: d B :x-2y + l = 0;d c :x + y + 3 = 0. Viet phuong trinh canh AB, AC. 


Cl 



Binh loan: ta de dang fun duoc B = BC n DB 

Ta nha tmh chat cua phan giac. Neu lay ddi xung Bj cua B qua dC thl Bj se thuoc duong AC.=> 
khi do ta se fun duoc Bj va duong AC (qua BJ va C). 
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Neu lay doi xung Cj cua C qua dB thi Cj se thuoc AB. => khi do ta se tim duac Cj va duang AB 
(qua B va Cj). 

LMgiai: B = BCn(d B )=> jS(l;l) 

B = BCn(d c )=>C( 0;-3) 

Goi B x la diem doi xung voi B qua d c , E la trung diSm cua BB X 


BB, 


f qua B 

ll dr 


=>BB, 


lqua B(l;l) 

I VTPT = (!;-!) 


=> BB X : l(x — 1) — l(y — 1) = 0 <=> x— y = 0 


E = BB l n(d c )=>E\ 


, ( 3 * \ 

E la trung diem cua BB l => B { 2.(—) -1;2.(—) -1 => B { (-4; -4) 

V 2 2 ) 

[qua C(0;-3) ^ [qua C(0;-3) 

[qua B,(-4;-4) [VTCP C^ = (-4;-l) 

AC: 1 (x-0)-4(y+3)=0 O x-4y-l 2=0 

Goi C, la diem doi xung voi C qua d n , F la trung diim cua CC, 

=> CC,: 2 (x - 0) + 1 ( y + 3) = 0 <=> 2 x + y +3 = 0 
r 7 r 


F = CC i n(d B )=>F 


5 5 


Vi F la trung dilm cua CC, => C, ^2.(-|) -0;2.(-y) + 3 j => C, ^-y jy* 
AB: 8x+19y-27=0 


VD 12: Cho tam giac ABC, A(2;-4), cac dudng phan giac trong ke tir B,C lan Inert co phuong trinh: 
d B : x + y — 2 = Q;d c : x — 3y — 6 = 0. Viet phuang trinh canh BC. 
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B 


C 


A1 D A2 


Binh loan: Tinh chdt quen thuoc ciia duongphan giac. 
Lay A1 doi xung voi A qua dc tin A1 se thuoc BC 


Lay doi xung voi B qua db thl A2 se thuoc BC. 

Tit 2 diem A1 , A2 ta se viet duqc duong BC. 

Lfri gidi: Goi Goi A { la tiikm doi xung voi A qua d B , D la trung diem cua AAj 

=> AAj = 0 

D = AAj n(J^)=>Z)(4;-2)=^>4(^®) 

Goi A 2 la diSm d6i xung voi A qua d c , E la trung diem cua AA 2 
=> AA 2 : 3x + y-2 = 0 




qua C(6;0) 


BC\ (2 4 \=>BC* 
qmA 2 

v*> 


_, 28 4 

VTCP A 1 A 2 = (-j;-) 


BC: l(x- 6) + 7(y-0) = 0<=>x + 7y-6 = 0 

| VI) 13: Cho tarn giac ABC, A(-l;3), dudng cao BH: y=x,dudng phan giac trong CD co phuong 


j trinh: x + 3y + 2 = 0. ViSt phuong trinh canh BC. 
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C 


Blnh luan: Viet dudng AC qua A va vuong goc vpi BH. 

C-AC x CD. Dung tinh chat dudngphan giac: Lay doi xung A1 cua A quaphan giac CD thi A] se 
thuoc dudng BC. TirAlvaCta se de dang viet duoc dudng BC. 


Ldigidi: AC 


UoA(-l;3) 

[1BH 


(qua A(-l;3) 
{VTPT « = (!;!) 


=^^C:l(jf + l) + l(j>-3) = 0<=>Jc + j;-2 = 0 

C = CZ)n,4C=>C(4;-2) 

Goi Goi A, la diem doi xung voi A qua CD , D la trung diem cua AA, 


=> AA,: 3x-y+6 =0 


D = AA, n CD => D(- 2; 0) => A i (-3; -3) 


BC 


{qua C(4;-2) 
[qua A, (-3;-3) 


x-7y-18 = 0 


| VD 14: Cho tam giac ABC, B(3;5),C(4;-3),duong phan giac trong AD co phuong trinh: 
] x + 2y -8 = 0. Viet phuong trinh cac canli cua tam giac ABC. 
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HINBOXV: 


Bulk loan: Viet de dang duang BC (di qua 2 diem B,C) 

Day la mot bai Jchd de neu cac e biet each lam quen thude khi gap duang phan giac . Hay nhd la lay 
doi xung. 

B1 ddi xung voi B qua AD=> B1 thude AC-> tu Bl va C ta se viet duo'c duang AC. 

Cl doi xung voi C qua AD => Cl thude AB => Tu Cl va B ta se viet duo'c dudngAB. 


LM giai: BC 


jqua C(4;-3) 
|qua B(3;5) 


=5 >BC 


{qua B(3;5) 

[VTCP ItC = (1;—8) 


BC: 8(x-3) + l(j;-5) = 0»8x + j;-29 = 0 


Goi B } la diem doi xung voi B qua AD , D la trung diem cua BB ] 


=> BB l :2(x-~3)-i(y—5) = 0<=>2 x-y-l = 0 
D = BB } nAD=>D( 2;3) 

D la trung diem cua BB ] => B } (2.2-3; 2.3-5) => B } (l;l) 

[qua C(4;-3) ^ [qua B, (l;l) 

{qua B, (l;l) [VTCP CB, = (-3;4) 

AC: 4(x-1 )+3(y-1 )=0 O 4x+3y-7=0 

Goi C, la diem doi xung voi C qua AD , E la trung diem cua CC ] 

=>CCj :2 (x-4)-1(j j + 3) = 0o2x~> , -11 = 0 
E = CC 1 nAD=>E(6;l) 

E la trung diem cua CC } => C } (2.6 -4;2.14- 3) ==> C x (8;5) 

[qua B(3;5) [qua B(3;5) 

ABV \ => AB\ V _1 

[qua Cj (8;5) [VTCP 5C 1 =(5;0) 

AB: l(y-5)=0Oy-5=0 

VD 15: Cho tarn giac ABC, C(-3;l), duang phan giac trong AD: x+3j+12 = 0, duang cao AH: 
x + ly + 32 = 0. ViSt phuang trinh cac canh cua tarn giac ABC. 
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Built loan: De dang tlm dupe diem A- AHxAD. 

Viet duang BC qua C va vuong gdc v&i AH. 

Tim dupe diem Cl doi xung vai C qua AD => Cl thuoc AB. 
Ta se de dang viet dupe duang AB qua 2 diem A, Cl. 

Led gidi: A = AD n AH => A (3; -5) 


[ qua C(-3;l) 

BC{ t => BC : 7(x + 3) - \(y -1) = 0<=>7jc — j + 22 = 0 

1 AH 


[qua A [j TCP AC = (- 6; 6) 

=> AC: l(x + 3) + lO -1) = 0 <=> x + y + 2 - 0 

Goi C, la diem doi xung voi C qua AD, E la trung dilm cua CC, 

^CC,:3(jc + 3)-1(j/-1) = 0<»3x-j; + 10 = 0 


21 13 ^ 

E = CC,nAD=>E\ ----- 


E la trung diSm cua CC, => C, | 2.(-—) + 3;2.(~—)-l =>C,f-— 

5 5 J v 5 5 


AB 


qua A(3;-5) 

r _27 ,_31^ 

l 5 ’ 5 , 


qua C, 


• AB 


qua A (3;-5) 

VTCP CA = (-;-) 
1 5 5 


AB: l(x-3)-7O> + 5) = 0c>x-7j/-38 = 0 


% 


VD 16: Cho tam giac ABC, C(4;3), duang phan giac trong AD: xh-2j- 5 = 0, duang tmng 
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| tuyen AM: 4x 4 - 1 3y -10 = 0. Viet phirang trinh cac canh cua tam giac ABC. 

i 

A 

C 


Bbih loan: De dang fan dupe diem A =ADxAM 
Tim diem Cl doi xung v&i C qua AD=> Cl thuoc AB. 

Viet phuang trinh duang AB qua A va Cl. 

Tham so hda diem B theo AB. 

Tham so hda diem M theo B, C va cho M thuoc AM=> fim dupe B. 
Ldi giai: A = AD n AM => A( 9;-2) 



AC 


Jqua C(4;3) 

[VTCP AC = (- 5;5) 


AC: l(x - 4) + l(j; -- 3) = 0 <=> x + 7 = 0 

*) Goi Cj la diem doi xung vai C qua AD, D la trung diem cua CC } 


=> CCj: 2(x - 4) - \{y - 3) = 0 <=> 2x - y - 5 = 0 


D = CC l nAD=>D( 3;l) 

D la trung diem cua CC X => C } (2.3~4;2.1-3)=> Q (2;-l) 


[qua A(9;-2) f qua C(2;-l) 

ABC \ \=>AB{ V _/ 

[qua C, (2;— l) [VTCP C ] A = (T,-l) 

AB: l(x-2) + 7(jp + l) = 0<^x + 7> , + 5 = 0 
BeAB=>B(-lb-5;b) 
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M latrung diem cua BC => M(~^) 


M e AM ==>4. 


-7b-1 


+ 13.— -10 = 0 0-286-4 + 136+39-20 = 0 

2 


o6 = l=>13(-12;l) 

[quaC(A-,?>) ^ [qua C(4\l) 

\qua B(-12;l) \vTCP CB = (- 16;-2) 


BC: 1(jc-4)-80>-3) = 0ojc-8;j;+20 = 0 


TlTGIAC 


A Tu giac co the chia thanh tu* giac loi, tu giac lom. 

^ Tu giac co the chia thanh: hinh thang, hinh binli hanli, hinli chu nhat, hinh thoi, hinh vuong. 
A Tu giac chia lam tu giac noi tiep va khong noi tiep. 

Bac biet trong de thi chuyen cap lap 9 len 10 va 12 luyen thi dai hoc thi kien thuc ve tu giac noi tiep 
la vo cung quan trong. 


Cac em bat dau hoc ve Tu giac noi tiep nhe! 


2.2.1 Tu- giac noi tiep 


Dau hieu nhan biet tu* giac noi tiep: day chinh Sa each de chung minh tu* giac noi tiep. 


A Tu giac co tong hai goc d6i nhau bang 180 

A Tu giac co goc ngoai tai mot dinh bang goc trong tai dinh d6i cua dinh do. 

Tu giac co bon dinh each deu 1 diem. Diem do la tarn duang tron ngoai ti§p tu giac. 
A Tu giac co hai dinh ke nhau cung nhin canh chua hai dinh con lai duai 1 goc. 


ABCD la tu giac noi ti£p=> ABD = ACD ; ADB = ACB ... 
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BIN B OXY 



Nhung bai nhir tren rk hay ap dung trong de thi THPT quoc gia nen cac em nha ky: B = D = 90° => 
tu giac ABCD noi ti4p=> ABD = ACD ; ADB = ACB ... 

Tidp theo cac em c^n phai hoc them v£ cac loai hinh tu* giac: hinh thang, hinh binh hanh, hinh 
chtr nhat, hinh thoi va hinh vuong cho vung kien thiic. 

Cach hoc cac loai hinh nay=> cac can ve dugc hinh ve do va suy ra mot so tinh chat quen thuoc, 
each tinh dien tich+ chu vi+ mot s6 dai iugng quen thuoc. 

2.2.2 Hinh thang 



AB: day nho. 

CD: day Ion 
AD,BC la canh ben. 

Phan loai: Hinh thang can, Hinh thang vuong, hinh thang thudng 

Tinh chat hinh thang: 

AB//CD. (Tu* do se suy ra cac goc so le, goc dong vi bang nhau). 


Dien tich: S = - AH.(AB + CD) 

Chu vi: Tong 4 canh C=AB+BC+CD+AD 


% 


Hinh thang can 
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B 



Hinh thang can: la hinli thang co 2 canh ben bang nhau hoac 2 goc a day b&ng nliau. 
Tinh ch&t: AD=BC; A = B\C = D 


Hinh thang vuong 


B 



Hinh thang vuong: la hinh thang 2 goc vuong 
Tinh chat: ^ = £> = 90° 


2.2.3 Hinh binh hanh 



B 


ABCD la hinh binh hanh 
Tinh chat: AB song song va bang CD. 

AD song song va bang BC 
AC cat BD tai trung diem I cua m§i duomg. 

Cac goc sole, dong vi bang nliau tlii qua nhieu roi. 

Dien tich: S = AHAB . Cach nho* de do’ lan la dimg each ghep tam 
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Chu vi: C= 2(AB+BC) 

Vay lam the nao de chung minh la limit binh hank? Chung minh bang each dung tinh clt&L 

Vi du tu giac ABCD co AB song song va b§ng CD=> tu giac ABCD la hinh binh hanh. 

Vi du tu giac ABCD co AC va BD cat tai trung diem I cua moi duong=> tu giac ABCD la hinh 
binh hanh. 

2.2.4 Hinh chu* nhat 
A 


D 



ABCD la hinh chu nhat. 

Tinh chat: A = B = C = D = 90° 

AB song song va bang CD. 

AD song song va bang BC 

AC dt BD tai trung diem I cua moi duong. 

Phan biet hinh chu* nhat va hinh binh hanh=> do la cac goc a cac dinh bang 90 
Dien tich: S=AB.AD 
Chu vi: C= 2(AB+BC) 

Chu y: Hinh chu nhat la hinh noi tiep duong tron tarn I 

Cach chu-ng minh la hinh char nhat? thuong chung minh la hinli binh hanh co 1 goc vuong. (4 goc 
vuong). 

2.2.5 Hinh thoi 
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Hay nho hinh thoi ABCD la hinh c6 4 canh bang nhau va co 2 duang cheo vuong goc nliau. 

Tinh chat: AC ±BD 

AB=BC=CD=AD 

Con nhitng tinh chat nay cdc Hinh binh hdnh, hinh chit nhat deu co 
AB song song va bang CD. 

AD song song va bang BC 

AC cat BD tai trung diem I cua moi duong. 

Dien ti'ch: 5 = -/(C.BD Chu vi: C=4AB. 

2 

Muon Chung minh tir giac ABCD la hinh thoi? can chiing minh AC _L BD 
AB=BC=CD=AD 


2.2.6 Hinh vuons 



ABCD la hinh vuong 

Tinh chit: AC=BD ; AC _L BD ; AB=BC=CD=AD 

Phan biet hinh vuong voi hinh thoi? Hinh vuong co 2 dirong cheo bang nhau con hinh thoi khong 
co. 

Phan biet hinh vuong voi hinh chtr nhat? Hinh vuong co 4 cpih bang nhau, 

Dientich: S = AB 2 
Chu vi: C=4AB 
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; HiNHGXY 

D. BUTCING TRON, ELIP, HYPEBOL, PARABOL 

D.l - Dl 6 isg tr6n 

I. PHU'ONG TRINH: 

1. Dang chinh tic: (C): (x-af +{y-bf = R 2 Tam I(a; b); ban ldnh R. 

2. Dangkhai trien: (C):x 2 + y 2 -2ax-2by+c = 0 

=> TamI(a;b);bankinh R = -Ja 2 + b 2 -c vdi a 2 +b 2 -c >0 

II. TIEP TUYEN: 

1. (C ): (x - a) 2 + (y-b) 2 = R 2 => Tiip tuyln tai M 0 (x 0 ;y 0 )e(C): 

(x 0 - a)(x - x 0 ) • + Cv 0 - b)(y- y Q ) = 0 

2. (C): x 1 + y 2 - lax - 2by + c = 0 => Tiep tuyen tai A/ 0 (jc 0 ;j> 0 )e(C): 



x 0 x+y 0 y-a(x+x 0 )-b(y+y Q )+c = 0 

3. (D):Ax+By+C = 0 tifipxuc (I; R) o d(I,D) = R 

III. PHU’ONG TICH: 

(C): x 2 + y 2 -2ax-2by+ c = 0, diem M(m, n) 

=> P(M / (C))=m 2 + n 2 -2am-2bn + c 

+ P > 0: M nam ngoai. 

+ P < 0: M nam trong. 

+ P = 0: M e(C) 

IV. TRUC BANG PHU'ONG: 

f(C,): f(x; y) = x 2 +y 2 - 2 a x x- 2\y + c, = 0 
}(C,): g(x; y) = x 2 +y 2 - 2 a 2 x - 2 b 2 y +c, = 0 


P(M/C 1 )=P(M / C 2 )o f(x- y) = g(r,y)d>2(a i -a 2 )x+2(b ] -b 2 )y+(c 2 -c l ) = 0 

C. SI f TlTONG GIAO GIUA HAI DUONG TRON 


Web: AHka.vn The Lite -fb.com/Ad.theluc The Anh - flhCAym/nguyeniheatthMmM? 









Nguyen The Anh (Great Teacher) - Nguyen The Lux (Casio Expert) 


mmoxY 


f(C I ):(/ 1 ;tf 1 ) 

l(C 2 ):2(/ 2 ,i? 2 ) 


+ \R, -i? 2 | < d < R, + R 2 : (CO, (C 2 ) dt nhau. 


+ d = R) + R 2 : tiep xuc ngoai 
+ d = \R { -i? 2 |: tiep xuc trong 
+ d > Ri + R 2 : ngoai nhau 
+ d < |/?, -R 2 \: trong nhau 

MOT SO BAI TAP MAU MINE HOA VE PHlTONG TRINE BITING TRON 


| Bai 1: Viet phuong trinh duong tron (C) co tarn 1(3; 1) va chic tren duong thing A: jc-2j; + 4 = 0 I 
| mot doan co do dai bang 4. 

Euong dan giai: 

Gia su (C) chan tren A mot day cung co do dai bang 4. 

Tu I ke IH 1 AB tai H thi H la trung diem cua AB. 

AB 

Kliido: HA= — = 2 va IH = d(l;A) = ^5 

Goi R la ban kinh cua (C) ta co: R = *JlH 2 + HA 2 = y/s+4 

Phuong trinh cua (C) la: (x-3) 2 + (^-l) 2 =9 

Bai 2: Viet phuong trinh duong tron (C) di qua hai diim A(2; 3), B(-l; 1) va co tarn nim tren 
duong thang A:x-3 > y-ll = 0. 

Euong dan giai: 

Cdch 1: Goi I; R lan luot la tarn va ban kinh ciia (C). Ta co: 

Di&n I € A => 7(3/+ll;/). Di&n A, B e (Q=> IA = IB = R o IA 2 = IB 2 



o (3/ + 9) 2 + (3-0 2 = (3/+12) 2 +(1-/) 2 «/ = -- => / I, R = 


Phuong trinh cua (C) la: \ x- 


7 V 


2 12 2 


y + = ^<z> x 2 +y 2 -~lx+5y-14 = 0 


% 
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Cdch 2: Giasu (C): x 2 + y 2 -2ax-2by+c = 0. Tam I cua (C) la I(a;b)e A 


Suy ra: a- 3b- 11 =0 (1). Taco: A;Be(C)=> 


-4a-6b + c = -l3 (2) 
2a-2b+c^-2 (3) 


Tir(1); (2) &(3) taco: a = |; A = -|; c = -14. Vay (C):x 2 + y 2 -lx+5y-\A = Q 


I Bai 3: Trong mat phang Oxy cho hai diem A(0; 5), B(2; 3). Viet phuang trinh dirdng tron (C) di 
| qua hai diem A, B va co ban kinh R = yfl 0 . 

Huong dan giai: Goi I(a; b) la tarn cua (C). Tu gia thi&, ta co: 1A = IB =R = >/l0 

\IA 2 = 1B 2 \a 2 +(5~b) 2 =(2-a) 2 +(3-b) 2 \b = a+3 

[Z4 2 = 10 [a 2 +(5-b) 2 =\0 \a 2 -2a-3 = 0 

[a = ~ 1 \a = 3 

e> < v < . Vay co 2 duong tron can tim la: 

[6 = 2 [6 = 6 

(C,):(x + l) 2 +(y-2) 2 =10; (C 2 ):(x-3) 2 + (j;-6) 2 =10 


I Bai 4: Viet phuang trinh duong tron tarn thuoc A:x+y-5 = 0; R = jlO va tiep xuc voi 

i 

| d:3x+y-3 = 0. 


Huong dan giai: • Goi tarn I(a; 5-a) e A => ^/^Q = R = d(I,d) = ■ o \2a + 2| = 10 


a = 4;b = l 
a = -6;b = l\ < 


(CJ:(*-4) 2 +(jM) 2 = 10 
(C 2 ):(x + 6) 2 +(y-ll) 2 =10 


| Bai 5: Viet phuang trinh duong tron (C) co tarn I €A:2x+>> = 0 va tiep xuc voi duong thang 
| d:x-ly+10 = 0 tai dilm A(4; 2). 


Huong dan giai: 

Cdch 1: Ta co tarn I € A => I(t;—2t ) IA = %/5^+20. 

Duong tron (C) ti&p xuc voi d tai A <=> d(I, d) = lA<^> — ■ = >/5r + 20 

V2 

<=> (3/ + 2) 2 = 2(5/ 2 + 20) <=> t 2 - 1 21 + 36 = 0 « / = 6 => 7(6;-12); R = IQyfl 
Vay phuong trinh duong tron (C) la: (x-6) 2 +9y + 12) 2 = 200. 
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Cdch 2: Goi I, R lan lucrt la tam va ban kinh cua (C). 

Goi d’ la dudng thang vuong goevdidtai A =>d':7x+y+c = 0 
A € d'^c = --30=> d':7x+y--30 = 0 
Do (C) tiep xuc vdi d tai A nen / e d '. 


f7x+v-30 = 0 r- 

Mat khac I € A nen toa do I thoa man he => /(6;—12) =>1A = 10\J2 

[2x + j = 0 


Vay phiromg trinli cua (C) la: (x - 6f + 9 y +12) 2 = 200 

Bai 6: Viet phuang trinh dirdng tron (C) co ban kinh R = 5 va tiep xuc vdi dudng thang 
A:3x-4y~31 = 0 tai di&nA(l;-7). 


Huong dan giai: Dudng thang d _L A tai A(l; -7) co phuang trinh tham so (d): \ 

[y = -l-4i 

Do (C) ti4p xuc vdi A tai A nen co tam / e d => 7(1+3 t; -1 - At) 


Mat khac: d(l,A) = Ro 



5o|/| = lo 


/ = — 1 => / = (—2; —3) 
/ = 1=>7(4;-11) 


Vay co hai dudng tron cm tim la: 

(Cl): (x+2) 2 + (y+3,) 2 = 25; (C 2 ):(x-4) 2 +(y+ll) 2 = 25 

Bai 7: Viet phuang trinh duang tron (C) di qua diem A(6; 4) va tiep xuc vai duang thang 
A:x+2 < y-5 = 0 tai diem B(3; 1). 

Hirong dan giai: 

Goi I; R lan luot la tam va ban kinh cua (C); dudng thang d _L A tai B(3; 1) 

=> d : 2(x-3)-(j/--l) = 0 <=>(/: 2x~y-5 = 0 

Do (C) tiSp xuc vdi A tai B nen tam I e(d)=> l(t ; 2t -5) 


Mat khac: IA = IB <=> 1A 2 = IB 2 o (6 - if + (9 - 2/) 2 = (3 - if + (6 ■- 2/) 2 ot = 4 

=> 1(4; 3); R = L4 = *J5 . Phuang trinh dudng tron (C) la: (x - 4) 2 + (y - 3) 2 = 5. 

| Bai 8: ViSt phuang trinh dudng tron (C) co tam I € A: 4x+ 3y - 2 = 0; tidp xuc vdi hai dudng thSng j 
! d ] :x+j>+4 = 0; d 2 :7x- < y + 4 = 0, 


Web: Alika Am 


The Lire -fb.com/Adtheluc The A nh - fbxom/nguyektheanhteacher 


341 



















Nguyen The Anh (Great Teacher) - Nguyen The Lire (Casio Expert) 


HINHOXY 

„ , I vt - —X ~~ -~>l 

Huong dan giai: Phuang trinh tham so cua A: | ^ ^ 

Ta co: 7 e A => I(-l-3t;2+4t). Goi R la ban kinh cua (C), (C) ti£p xuc vdi di va d 2 : 


od(l,d,) = d(l,d^ = R 

|r+5| \5t + l\ . . . . 

°V2 ^2 'bl' 5/ + 1 l° 


/ = 1 => /(-4; 6), i? = 3 n^ 

/ = -!=> 7(2;2), R = 2'Jl 


Vay (C)\{x + 4f +(y-(s) 2 =18 hoac (C):(x-2) 2 + (y+2) 2 =S. 


Bai 9: Vi§t phuang trinh dudng tron (C) tiep xuc vod true hoanh tai A(2; 0) va khoang each tir tam 
cua (C) den diem B(6; 4) bang 5. 

Huong dan giai: Goi I(a; b) va R lan luort la ban kinh cua (C). 

Do (C) tiep xuc vdi true Ox tai A nen ta co: x } = x A = 2 :=> 7(2; b)\ R - |d| 

Mat khac: IB = 5 <=> IB 1 = 25<=>(6-2) 2 +(4 -b) 2 = 25o(Z>-4) 2 = 9 


<=> 


Z) = 7 => 7(2; 7),/? = 7 
7 = l=>7(2;l),tf = l 


Vay co hai dudng tron can tim la: 


(Cj):(x-2) 2 + (>>-7) 2 = 49; (C 2 ):(x-2) 2 + (^-l) 2 = 1 

Bai 10: Trong mat phang Oxy cho dudng thang d : x- ly +10 = 0 va dudng tron 

(C'):x 2 + y 2 -2x+4y-20 = 0. Viet phuang trinh dudng tron (C) di qua diem A(l; -2) va cac giao 
di&m cua dudng thang d va dudng tron (C’)- 

Huong dan giai: 

Dudng tron (C) qua giao diem cua d va (C’) nen phuang trinh co dang: 

xr +y-2x + 4j;-20+w(jc-7y+10) = 0 
A g (C) => m = 1 => (C): x 2 + y 2 - j - 3y -10 = 0 


Bai 11: Trong mat phang Cb^cho dudng tron (C):x 2 +y 2 -l2x-4y+ 36 = 0. Viet phuang trinh 
dudng tron (Ci) ti§p xuc vdi hai true Ox , Oy dong thdi tiep xuc ngoai vdi dudng tron (C). 


Huong dan giai: Dudng tron (C) co tam 1(6; 2), ban kinh R = 2. 
Goi Ij(a; b), Ri \m luort la tam va ban kinh cua (Cj). 



_ 
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MINIiOXY 


(Ci) ti£p xuc vai hai true Ox , Oy nen ta c6: d(I ,; Oy) = d(I { ; Qx) = R, 


o |oj = |6| = J? } o 


a = b;R l = \a\ 
a = ~b;R i = \a\ 


(Ci) ti4p xuc vai (C) <=>//,= 7?, + 7? <=> //, 2 = (^ + 7?) 2 <r> (a -6) 2 + (Z> -2) 2 = (7?, + 2) 2 (1) 


Tnwng hap 1: a = b\ R,~ |a| 


(1)<=>6) 2 + (a-2) 2 = (|a|-f 2) <=> a 1 -16^-4|tz| + 36 = 0 


{a> 0 Ja<0 

[a 2 -20^+36 = 0 V {a 2 »12a+36 = 0 


vo nghiem. 


fl = 18=>7 1 (18;18),J^=18 
a = 2=> 7 2 (2;2);7? 2 =2 


Trirdng hap 2: a = -6,7? } = |a| 

(l)o(^-6) 2 +(t7+2) 2 = (|tf| + 2)~ o<7 2 -8a~4|a| + 36 = 0 
o a = 6 => 7j (6;-6), 7^ = 6. Vay co 3 dircmg tron c&n tim la: 

(x ~ 18) 2 + (v-18) 2 = 324; (x-2) 2 +(;;-2) 2 =4; (x-6) 2 + (y+ 6) 2 =36. 


Bai 12: Trong mat phdng Oxy, cho ba diem A(-l; 7), B(4; -3), C(-4; 1). Hay vi$t phuomg trinh 
dudng tron (C) noi tiep tarn giac ABC. 


Huong dan giai: Goi I(a; b), R lan lirot la tarn va ban ki'nh cua (C). 

Goi M (x;y) la chan diromg phan giac trong cua goc A trong tarn giac ABC. 

Ta co: —- = => MB = --MC . Suy ra diem M chia do an BC theo ti s6 k-~- nen ta 

MC AC 3^/5 3 * 3 


co toa do diem M la: 


, _ X B K 


=-l 


y = 


1 k 

ys-tyc 1 V 2 
1 -k 2 


' 1A BA —* 

I la tarn dirdng tron noi tiep tarn giac ABC nen — =-= 2=>Z4 = -%IM 

1M BM 
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Suy ra diem I chia doan AM theo ti so k = -2 


x = 

y= 


±A . .M. — —| 

l-k 

y*-*y» = 2 

1-ifc 




Phuang trinh canh (AB) la: 2x + y-5 = 0=> R = d(l, AB ) = *75 . 


Vay phuang trinh duang tron (C) la: (x +1) 2 + (y - if = 5. 

Bai 13: Lap phuomg trinh duang thang A di qua goc toa do O va cat duang tron (C): 
(x - 1) 2 + ( y +3) 2 = 25 theo mot day cung co do dai bang 8. 

Huong dan giai: Duong tron (C) co tarn 1(1; 3) va ban kinh R = 5. 

Phuang trinh duang thang qua O la: ax+by = 0 ( a 2 + b 2 > 0) 

Gia su A cdt (C) theo day cung AB co do dai bang 8. 

AB 

Ke IH 1A tai H thi H la trung di^m cua AB => HA = — = 4. 

2 

Tam giac IHA vuong tai H, ta co: IH = yjlA 2 -HA 2 = 725-16 = 3. Mat khac: 

d(l, A) = IHo j a ~ 3 ^ = 3o (a-3bf = 9 (a 2 + b 2 ) <=>4a 2 +3ab = 0 
yja 2 +b 2 


<=> 


a = 0; b = 1 
a — 7)\b — —A 


. Suy ra: 


Aj :y = 0; A 2 :3x-4;; = 0. 


Bai 14: Trong mat piling vdi he toa do Decac vuong goc Oxy , cho duang tron (C): 
x 2 + y 2 + 2+x-4y-20 = 0 va diem A(3; 0). Vilt phuang trinh duang thang A di qua diem A va 
ckt duomg tron (C) theo mot day cung MN sao cho: 

a) MN co do dai lcm nliat. b)MN co do dai nho nlidt. 


Huong dan giai: a. Duong tron (C) co tam I(-l; 2), ban kinh R = 5. 
Day MN lcm nhat khi MN la duomg kinh cua (C). 

Do do A la dudng thang di qua hai diem A, I. 

x —3 v 

Phuang trinli cua A la: ——- = —o j+2^-3-0 
b. Ta co: L4 = (4;-2) =>L4 = 2-j5 
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Ke IH 1 MN tai H. Day MN nho nliat klii IH Ion nhdt. 

Ta c6: JH<1A = 2^5 => IHmax = 2y[5 klii H = A=> A±IA tai A. 

A qua A va nhan JA lam vecta phap tuyen co phuong trinh: 

4(x-3)~2(y-0) = 0<^>2x-y-6 = 0. 


TIEP TUYEN CHUNG CUA HAI Mr&NG TR6 n 
Cho (Cj) :(x-a j ) 2 + (> > -Z? J ) 2 = R? va (C 2 ) :(x-a 2 ) 2 + (y-b 2 ) 2 =%. 

Viet phuang trinh tiep tuyen chung cua hai duorng tron (Ci) va (C 2 ). 

1. Phuong phap tong quat: 

(Ci) co tam Ii(ai; bj) ban kinii Rj va (C 2 ) co tam b 2 ) ban kinli R 2 . 

Xet A: Ax+By+C = § (X 2 + 5 2 ^0) la tiep tuyln chung cua (Cj) va (C 2 ). 


_ frf(/ 1# A) = ^ _ |Aaj+Rij+Cl |Aa 2 +£6 2 + C| 

^V(/ 25 A)=i? 2 °' \/a 2 +b 2 \Ja 2 +b 2 

Tu do suy ra he 2 phuang trinh 3 an A, B, C. Giai 2 an theo mot an roi rut gon . 

(Vi du: giai A, C theo B) suy ra phuang trinh tiep tuyen chung cua (Ci) va (C 2 ). 

Vi du: Cho (C Y ):x 2 +y 2 =9 va (C 2 ): x 2 +y 2 -6jc+8 = 0. 

Viet phuang trinh tiep tuy£n chung cua (C\) va (C 2 ). 

Huong dan giai: (Q) co tam li(0; 0) ban kinh Ri = 3 va (C 2 ) co tam I 2 (3; 0) ban kinh R 2 = 1. 
Xet A: Ax + By+C = 0 (A 2 + B 2 * 0) la tiep tuyen chung cua (Ci)va(C 2 ). 


’flf(/ p A) = J R, _ |A.0 + R.0+C| |3A + R0 + C|_ i 

d(i 2 ,A)=R 2 ° yy+¥ 3> *ja 2 +b 2 


f|C| = 3>/Z+F(l) 

o =>|C| = 3|3^ + q : 

[\3A + C\ = ylA 2 + B 2 (2) 


9 a 

Xet C = ——. Tu he thuc (1) suy ra: 


C = 9A+3C 
C = -9 A - 3C 
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3 A 
’ 2 


n/5 


: V^ 2 + -B 2 o-A 2 =A 2 + B 2 o-A 2 = B 2 o B = ±—Ac$ a *0 
4 4 2 


A: Ax±—Ay— — A = 0 O x±—y—— = 0 <=> 2x±-j5y-9 = 0 


2 2 


9/4 


XetC = ——. Tir he thurc (1) suy ra: 


3A 
' 4 


= -J.4 2 + B 2 — A 2 = A 2 + B 2 <=> — .4 2 + B 2 =0oA = B = 0=>Wd ly. 

16 16 


2. Phirong trlnh tiep diem: 

Gia su ti4p tuyen chung tiep xuc vcri (Ci) tai M(x 0 ;y 0 ) e (C,), khi do 
(x 0 -a l ) 2 +(y 0 -b l ) 2 =R 2 (1) 


|(*o -q)(q> -x 0 ) + Q' 0 -/),)(6 2 - jy 0 )| _ 

sj( x o- a i) 2 + ()’(!-b,) 2 


( 2 ) 


Va tiep xuc (C 2 )o d(l 2 , A) = R 2 <x> 

Tir (1) & (2) 

^|(x 0 - a ,) 2 +(y 0 -i,) 2 = ^ 
ll(* 0 - a \ )( a i- x t,)+(y<>- h )(h - t 0 )|= R t r 2 

Giaihe => toado M(x 0 ;y 0 )=> Phuang trinh tiep tuyen. 
j Vi du: Cho (C 5 ): x 2 + y 2 = 4 va(C 2 ): jc 2 +y 2 -2x-2y+l = 0. 

i 

j Vi&t phuang trlnh tiep tuyen chung cua (Ci) va (C 2 ). 

Huong dan giai: (Ci) c6 tam lj(0; 0) ban kmh R] = 2 va (C 2 ) co tam I 2 (l; 1) ban kmh R 2 = 1. 
Gia sir tiep tuyen chung ti&p xuc vai (Cj) tai M(x 0 ;j 2 0 ) g (Cj) , khi do x 2 +y% =4(1) 

Va phuang trinh tiep tuyen co dang: A: x Q x + y 0 y -4 = 0. 

K+Xo-4| i 


Duong thang A tiep xuc vai (C 2 ) O d(l 2 , A) = R 2 


=> \ x 0 + To-■4| = J4 + A = 2 => 


x 0 +j 0 = 6 

< 

x 0 +y 0 = 2 


V*o+ To 

To = 6 ~ x o 
To = 2-x 0 
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HiNHOxy; 


K k hap vai x* +y] = 4 => 


^o = 2;j , 0 = 0 


=> 2 tiep tuyen chung la: x-2 va y = 2. 


x 0 =0-y 0 = 2 

3. Phirong phap xet cac tnrimg hop vi tri tuong d6i cua 2 dirimg tron. 

TH1: IJ 2 > R x + R 2 => (Cj) va (C 2 ) ngoai nhau => co 4 tiep tuyen chung. 

- Neu Ri - R 2 thi 2 tiep tuyen chung ngoai // Iil 2} 2 tiep tuyen chung trong cit nhau tai K la trung 
diem cua Ijl 2 


- NSu 2 thi tiep tuySn chung ngoai cat nhau tai J va 2 tiSp tuySn chung trong ck nhau tai K. 




TH2: IJ 2 = + R 2 =>(Ci) va (C 2 ) tiep xuc ngoai => co 3 tiep tuyen chung. 


- Neu Ri = R 2 thi 2 tiep tuyen chung ngoai // Iil 2 , 2 tiep tuyen chung trong di qua tiep diem K la 
trung diem cua Ijl 2 va vuong goc vai Ijl 2 . 


- Neu R^ * 7^ thi tiep tuyen chung ngoai cat nhau tai J va tiep tuyen chung trong di qua diem K. 




TH3: \R l -R 2 \<I ] I 2 <R ] +R 2 =>(Ci) va (C 2 ) cat nhau => co 2 tiep tuyen chung. 

- Neu Rj = R 2 thi 2 tiep tuyen chung ngoai // Iil 2 . 

- Neu * ft, thi tiep tuyen chung ngoai cat nhau tai J . 
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TH4: IJ 2 = |7?j -R 2 \ =>( Ci) va (C 2 ) tiep xuc nhau => co 1 tiep tuyen chung. 

- Neu ^ 7^ thi (C]) va (C 2 ) co 1 tiep tuyen chung tai tiep diem K cua 2 duong tron. 

- Neu Rj = R 2 thi 2 duong tron trung nhau => vo so tiep tuyen chung. 



TH5: IJ 2 < |7?j -R 2 1 => (Ci) va (C 2 ) nam trong nhau => khong co ti4p tuySn chung. 

Cadi xac dinh toa do diem J, K: 

Taco: J^l = A = = ^-kF 2 -, Toa do 2 dilm J, K. 


Kl 2 R 2 JI 2 


R 


R , 


Phuong trinh tiep tuyen chung cua (Ci) va (C 2 ) la phuong trinh tiep tuyen di qua J, K cua (Ci) va 

(C 2 ). 

6 Sau khi tim duoc toa do cua J, K ta vi4t phuong trinh tiep tuy£n chung theo 2 phuong phap sau: 
Cdch 7: Duong thang di qua J la: A:A(x-Xj)-¥B(y-yj)-0 (A 2 +B 2 >0) 

, , \A(a -x,) + B(b- v,)| 

Tiep xuc voi (C.) <=> d(L; A) = R } <=> - --‘ = R } 

dA 2 + B 2 

=> Tinh B theo A hoac tinh A theo B, rut gon A. 

Cdch 2: Gia su tiSp tuy$n chung tiep xuc voi (Ci) tai M(x 0 ;y 0 ), khi do 
( Xo -a l ) 2 + (y 0 -b l ) 2 =R? (1) 

Va phuong trinh A co dang: (x 0 -a J )(A'-A' 0 ) + (y 0 -5 J )(.y~j 0 ) = 0 (2) 

Bi&n J € A <=> (Xo-ctfXj-x 0 )+(y 0 -b ] )(y J -y 0 ) = 0 (3) 

Tir (1) & (3) toa do M(x 0 ;y 0 )=> Phuong trinh tiep tuyen. 

j Vidu 1: Cho (C } ):x 2 +y 2 +4x+3 = 0 va(C 2 ): x 2 + y 2 -8j£ + 12 = 0 
I Viet phuong trinh tiep tuyen chung cua (Cj) va (C 2 ). 
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Huong dan giai: (Ci) co tam Ii(-2; 0); Ri = 1; (C 2 ) co tam I 2 (4; 0); Ri = 2. 

Ta co: IJ 2 = 6> 7?j + 7^ => (Cj)va(C 2 ) ngoai nhau nen co 4 tiep tuyen chung. 

Hai tiep tuyen ngoai cat nhau tai J, 2 tiep tuyen chung trong cat nhau tai K 

jsj n rj __ i __ _ i __ 

TaC6: 7t = t = M~^ K1]= ~2 ^ J1] = 2 JIl=>K ^ 0(0;0 ) ;J( - 8; °) 

Duong thtag di qua J co phuong trinh A:/l(jc+8) + fiy = 0 (A 2 + B 2 >0) tiSpxucvoi (C,) 

oJ(j,;A)=lo^ ( ~f +8) ~ A() Li 

<^6\A\ = 4^+B 2 o35A 2 =B 2 <lB = ±JS5A^>A*0 


(A): A(x + 8) + By = 0 <=> A(x + 8) ± *j35Ay = 0 <=> x ± %f35y + 8 = 0 


Duong thang di qua K co phuong trinh: A :Ax + By = 0 (A 2 + B 2 > 0) ti£p xuc voi (Cj) 


a) = i< 


|v4(”2 + 0) + R0| 


47 


=i 


+ B 1 


<^2\A\ = ^A T +B I o3A 2 = B 1 oB = ±-j3A=>A^0 
A'.Ax + By = 0<Z>x± ~j3y = 0 


Vi du 2: Cho (Cj):(x-T) 2 + 0>“1) 2 =1 va (x + 2) 2 +(j;+3) 2 =16. Vilt phuong trinh ti£p tuy£n 
chung cua (Cj) va (C 2 ). 

Huong din giai: (Ci) co tam Ii(l; 1); Rj = 1; (C 2 ) co tam I 2 (-2; -3), ban kinh R 2 = 4. 

Ta co: JJ 2 = 5 = 7^+ 7^ ^(C^vaf^C,) tiep xuc ngoai tai K nen co 3 tiep tuyen chung. Hai ti£p 
tuyen chung nay c4t nhau tai J. 


Ta co: 


El 

KJ 


A 

*2 


— => A7, = -— Kl,; JL 
Jl 2 1 2 2 1 


—JU =>K 
2 - 






Duong thang di qua J la: A :A(x-2)+B\^y——j = 0 (A 2 + B 1 >0) 

41 - 2 ) + 5|l- 


Tiep xuc voi (Ci) o ^(7,; A) = 1 <=> 


La 2 +¥ 


=i 
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HfNHOXY 


4 

A+~B 

3 


7 o2 8 


= (/^+5 2 ) ojjB 2 +^AB = 0oB = 0vlB = 24A 


Vcri B 


24 


24 

>4 => A & 0 => A: A(x - 2) h -^ I y 


7 7 

VcfiB = 0 => y) ^ 0 => A: yt(x-2) - 0 <=> x- 2 
'2 1 


= 0«=>7x+24y-30 = 0 


Duong thang qua AT 


5 5 


co vecto phap tuyen / 2 /j = (3; 4) co phuong trinh : 3x+4y = 2 


[ Bai 1: Vi&t phuong trinh duong tron di qua 3 diem sau: A(2; 0), B(0; 1); C(-l; 2). 

L___ 

Huong dan giai: 

Cach 1: Goi di; d 2 ldn luot la trung diem cua AB va BC ta co: 


► Lap phuong trinh duong trung true cua AB: di qua trung diem M cua AB: M I 1;— I va 


co vtpt n d = AB = (-2; 1). Vay d } co phuong trinh: -2(x -1) + 



= 0<=> 4x-2y-3 


0 


Lap phuong trinh duong trung true cua BC: di qua trung diem N cua BC: N | —| va co vtpt 


n di =BC = (- 1;1). Vay d 2 co phuong trinh: y-- | = 0<=> x-y + 2 = 0 


• Toa do tarn 0 la nghiem cua he: 


4x - 2y - 3 = 0 
x~y+2 = 0 



=; >R 2 = OB 2 = 



65 

2 


Vay (C): 



65 

2 


Cach 2; Goi O la tarn duong tron ngoai ti£p tarn giac ABC ta co: 

jOA = OB (OA 2 =OB 2 Ux-2) 2 +y 2 =x 2 + (y-l) 2 
[OA = OC° [OA 1 = OC 2 ° \(x-2f + y 2 = (x +1) 2 + (y- 2) 2 


f-4x + 4 = -2y + l 
\-~4x + 4 = 2x +1 - 4y + 4 


|4x-2y = 3 
[6x-4y = -l 



Ban kinh: R 2 = OB 2 = — 
2 
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HINHOXY 


Vay(C): 



Cach 3: Goi PT khai trien cua dirong tron la: x 2 + y 2 + lax + Iby + c = 0 


Trong do tam l(-a; -b), ban kinh: R = ~Ja 2 + b 2 -c 

Thay toa do diem A, B, C vao phirang trinh duong tron ta dugc: 


2 2 + 0 2 +2a.2 + 2.6.0 + c = 0 
0 2 +1 2 + la.O +2 A1+c = 0 
(-1) 2 + 2 3 + 2.a.(-l) + 2.6.2 + c = 0 


4a+c--4 


o < 


2b + c = -1 


<=> 


-la + Ab + c = -S 



c = 10 



Vay (C):j^x-|j 



65 

2 


Bai 2: Viet phirang trinh duang tron di qua A( 1; 2) va ti4p xuc voi d : 3x - Ay + 2 = 0 tai B(-2; -1). 


Huong dan giai: 


a Goi I(a; b) => 


U = (l-«;2-6) Do: 

[BJ = 9-2-a;-l-6) 


Ul = Bl \a 1 2 = B1 2 
\BILu d [TlM d = 0 


j(l - a ) 2 +(2 - b) 2 = (-2 - a ) 2 +(-1 - b) 2 
O i o 

[-4(-2 - a) - 3(-l - 6) = 0 

R 2 = L4 2 =(-12) 2 +9 2 = 225 


fa = -11 
[6 = 11 


o/(-ll;ll) 


Vay (C): (x+11) 2 + (y-11) 2 = 225. 


Bai 3: Vi4t phuong trinh dirong tron tam thuoc A :4x+3y-2 = 0 vati£pxucvdi d l :x + y+4 = 0 
va d 2 : 7x-y+4 = 0. 


Huong dan giai: Ta co phuong trinh 2 phan giac tao boi d\ va d 2 la: 

|x+>>+4| _ |7x-j;+4| fAj :x-3y-8 = 0 
V2 y[5Q [A 2 :3x+y + 6 = 0 
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[ Jt”3v~8 = 0 j — 

Toa do tarn Ij la nghiem cua he: < <=> = (2;-2) R = d(l\d ,) = 2v2 

[4jc+3 > y-2 = 0 

=*(Q:(*-2) 2 +(y+2) 2 =8 
Tirong tir ta cung co: 

f 3 x+y + 6 := 0 i — 

Toa do tarn I 2 la nghiem cua he: < o L = (-4; 6) => R = d(I ; d 2 ) = 3>/2 

|4x+3j-2 = 0 

=>(C 2 ):(jc+4) 2 + (j-6) 2 =18 

I Bai 4: Viet phirang trinh tiep tuyen tai siao diem cua (C): x 2 + v~ -4x-4v-5 = 0 vcri Ox. 

L__1_J 

Huong dan giai: Hoanh do giao diem cua (C) vdi Ox la nghiem cua phurong trinh: 

* = 5 


jr - 4 jc - 5 = 0 o 


> (C) nOx = A } (5; 0) & A 2 (~ 1; 0) 


x = -l 

Ma (C): (x- 2) 2 + (y- 2) 2 = 0. Ap dung cong thuc phan doi toa do ta co: 

(*-5)(5-2) + y(0-2) = 0<=> : 3 jc— 2jv—15 = 0 

Va (x +1)(-1 - 2) + j;(0-2) = 0 <=> : 3x+2jf+3 = 0 

Vay dj; d 2 la 2 tiep tuyen can tim. 

Phan nay nhin chung la nhung nam tu 2014 khong co trong de thi nhung de mang tinh chat 
gioi thieu de phong nhung nam sau cac truong dai hoc co the thi rieng va nen cau true da 
dang hoa hon + kien thuc rong Ion hon. Nhung nhin chung thay chi mang tinh chat gioi thieu, 
cac em co the tham khao them. 


D.2 - ELIP 


CAC DANG ELIP VA BAC DIEM 
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HfNH'OXV 



.2 2 

Bai 1: (TSBH 2002 D) Trong mat phang he toa do Oxy , cho elip (E) co phuomg trinh: — + 2L = l. 

16 9 

Xet diem M chuyen dong tren Ox va diem N chuyen dong tren tia Oy sao cho dudng thang MN 
luon tiep xuc voi (E). Xac dinh M, N de doan MN co do dai nlio nhat. Tinh gia tri nlio nhat do. 


Giai: Gia su M(m; 0) va N(0; n) vdi m > 0, n > 0 la hai diem chuyen don; 


Birdng thang MN co phuang trinh: — + — = 1 <=> —-1 = 0 

m n m n 
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HINfiOXY 


Duong thang nay ti&p xuc voi (E) khi va chi klii: 



Theo BDT Cosi ta co: 

MN 2 = m 2 + n 1 = U + n 1 ) f 4 + V\ = 25 +16.-^+9 ^ > 25+2>/l6? = 49 => MN > 1 
v \mr n ) m n 


16 n 1 _ 9m 2 
~ _ — 


Dang thuc xay ra o * 


m 2 + n 2 = 49 <=> m = 2*Jl, n = yfl f • 


m > 0, n > 0 


Ket luan: Voi M^2>/7;0^, 7V^0;>/2T^ thi MN dat GTNN va GTNN (MN) - 7. 

| Bai 2: TSBH 2005 D Trong mat phang he toa do Decac vuong goc Oxy , cho diem C(2; 0) va elip 

r 2 v 2 , , , 

| (E); — +2L = i. Tim toa do cac diem A, B thuoc (E), biet rang hai diem A, B doi xung voi nhau 

i 4 i 

| qua true hoanh va tarn giac ABC la tarn giac deu. 

Giai: Gia sir A(x 0 ;y 0 ). Do A, B d6i xung nhau qua Ox nen B(x 0 ;-y 0 ) 

Ta co: AB 2 = 4y 2 va AC 2 = (x 0 - 2f + y ]. 

Vi A e(£) nen ^-+yl =1=> yl = (1). 

Lai co AB = AC nen (x 0 - 2) 2 + y\ = 4y 2 (2) 


Thay (1) vao (2) va nit gon ta duoc: lx] -1 6x 0 + 4 = 0 O 


A'o 


= 2 
_ 2 
”7 


• Voi x 0 = 2 thay vao (1) ta co: y Q = 0. Truong hop nay loai vi A = C. 


























limuoxY 


Nguyen The Anh (Great Teacher) - Nguyen The Lire (Casio Expert) 


Bai 3: TSDH A - 2008 Trong mat phang he toa do Oxy , hay viet phuong trinh chinh tac cua elip 
(E) biet rang (E) co tam sai bang va hinli chu nliat ca so cua (E) co chu vi b&ng 20. 


V 2 v 2 

Giai: Goi phuong trinh chinh tac cua elip (E) la: —+ ~- = l, a > b > 0 . 

a b~ 


Tu gia thiet ta co he phuong trinh: 


a 3 

2{2a + lb) = 20 

2 2 7 2 

c = a -b 


Giai he phuong trinh tren ta tim duoc: a = 3 va b = 2. 
Vay phuong trinh chinh tic cua elip (E) la: = 1. 


Bai 4: TSDH B - 2010 Trong mat phang he toa do Oxy , cho diem A ^2; ^3^ va elip (E): 

+ - 1 . Goi Fj va Ft la cac tieu diem cua (E) (Fi co hoanh do am), M la giao diem co tung do 

duong cua dudng thang AFj vdi (E); N la diem ddi xung cua F 2 qua M. Vilt phuong trinh dudng 
tron ngoai tiep tam giac ANF 2 . 

Giai: Nhan thay: Fi(-1; 6) va F 2 (l; 0). 

Dudng thang AFi co phuong trinh: = JL . 

3 V3 

M la giao diem co tung do duong cua AFi vdi (E), suy ra: 


( 


M = 


l; 


2V3' 

3 


>MA = MF 2 = 


2yf3 



Do N la diem doi xurng cua F 2 qua M nen MF 2 = MN, suy ra: MA = MF 2 = MN. 

Do do dudng tron (T) ngoai tiep tam giac ANF 2 la dudng tron tam M, ban kinh MF 2 . 

2 ^ 


Phuong trinh (T): (jc-l)" + 


y — 
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Bai 5: TSBH A - 2011 Trong mat phang toa do Oxy , cho elip (£);—+— = 1. Tim toa do cac 

4 1 

diem A va B thuoc (E), co hoanh do dirong sao cho tarn giac OAB can tai O va co dien tich Ion 
nhat. 

Giai: Goi A(x;y ). Do A, B thuoc (E) co hoanh do duong va tarn giac OAB can tai 0 nen: 

B(x;-y\ x > 0. Suy ra: AB = 2|y| = yl4-x 2 . 

Goi H la trung diem AB, ta co: OH _L AB va OH = x. 

Dien tich: S OAB = ~ x.yj4-x 2 = ~ ^x 2 (4-x 2 ) < 1 



Ddu' i= ” xay ra khi va chi khi x = yf2. 


Vay A 






va B 


| hoac A 


*-f 


va B 




S' 


Toan Trac nghiem - Hinh Oxy 

Bai 1: (DH-2009-A) Trong mat phing vai he toa do Oxy, cho tarn giac ABC co C(-l; -2), duomg 
trung tuyen ke tu A va duong cao ke tu B lan luot co phuorng trinh la 5x+y-9 = 0 va x + 3y - 5 = 0. 
Tim toa do cac dinh A va B. 

A. A(l; 4) B(0; 5) B. A(l; 4) B(5; 0) C. A(-l; 4) B(5; 0) D. A(-l; 4) B(-5; 0) 
Bai 2: (BH-2009-A)Trong mat phang vdi he toa do Oxy, cho cac duong thang A] : x - 2y - 3 = 0 
va A 2 : x + y +1 = 0. Tim toa do diem M thuoc duong thang Aj sao cho khoang each tu diem M den 


duong thang A 2 bang 


72 


A. M (1; -1) 


B. M (1; 2) 


C. M 

3 3 


D.M(hl) 
3 3 


Bai 3: (BH-20O9-D)Trong mat phang voi he toa do Oxy, cho tarn giac ABC co M (2; 0) la trung 
diem cua canh AB. Duong trung tuyen va duong cao qua dinh A lan luot co phuong trinh la 7x - 2y 
- 3 = 0 va 6x - y — 4 = 0. Viet phuong trinh duong thang AC. 


A. 3x - 4y + 5 = 0 


B. 3x + 4y + 5 = 0 


C. 4x + 3y + 5 = 0 


D. 4x -3y + 5 = 0 


Bai 4: (BH-2009-D)Trong mat phang vdi he toa do Oxy, cho duong tron (C): (x - l) 2 + y* 
I la tarn cua (C). Xac dinli toa do diem M thuoc (C) sao cho IMO= 30°. 
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A. ± 


3 -s/3 
’ 2 ’ 2 


B.M 

f 3 +^l 

C.M 

LA.s) 

B.M 

r + V 3 -3) 


l 2 ’~ 2 J 


r 2 ’ 2 J 


l" 2 ’ 2 j 


Bai 5: (f)H-2009-B)Trong mat phang vai 


he toa do Oxy, cho duang tron (C): (x-2) 2 + y 2 = 


4 , 
- va 

5 


hai duang thang A] : x - y = 0, A 2 : x - 7y = 0. Xac dinh toa do tam K va tinh ban kinh cua duang 
ti*on (Cj); biet duang trdn (Q) tiep xuc vai cac duang thang A i5 A 2 va tam K thuoc duang tron (C) 





D.K 




Bai 6: (BH-2009-B)Trong mat ph^ng vai he toa do Oxy, cho tam giac ABC can tai A co dinh A(- 
1;4) va cac dinh B, C thuoc dudng thang A:x-y-4 = 0. Xac dinh toa do cac diem B va C , biet 
dien tich tam giac ABC bang 18. 


B, 

A. 



"iff 


B, 


B. 


-11.3 
2 ’2 


aC, 


C. 


U -3 
2 ’ 2 




D. 


B i| j;||ac, 


Bai 7: (BH-2O10-A Trong mat phang toa do Oxy , cho hai duang thdng dj: >/ 3x + y = 0 va d 2 : 
^3x-y = 0. Goi (T) la duang tron ti4p xuc vai di tai A, ck d 2 tai hai diSm B va C sao cho tam giac 

R 

ABC vuong tai B. Viet phucmg trinh cua (T), biet tam giac ABC co dien tich bang va diem A 
co hoanh do duang. 


A. 


11 

2 f 3 Y 1 D 

r 1 ^ 

X + -= 

2V3 J 


* 

1 

to 1 

U 


+ 1^+1 


f 1 1 

2 f 3V 

r 1 ^ 

r 273 j 

+ N =1D - 

1 <N 

1 

H 

_ 0 


+ \y+\ 


=1 


= 4 


Bai 8: (BH-201O-A Trong mat phang toa do Oxy, cho tam giac ABC can tai A co dinh A(6; 6), 
duang thang di qua trung diem cua cac canh AB va AC co phuong trinh x Ay - 4 = 0. Tim toa do 
cac dinh B va C, biet diem E(1; -3) nam tren duang cao di qua dinh C cua tam giac da cho. 


A. B] (1; -4); Ci (-4; 1) hay B 2 (-6; 2); C 2 (2; -6) 

B. B\ (0; -4); C, (-4; 0) hay B 2 (-6; 2); C 2 (2; -6) 

C. B! (0; -4); C, (-4; 0) hay B 2 (6; 2); C 2 (2; 6) 

D. B! (0; 4); C, (4; 0) hay B 2 (-6; 2); C 2 (2; -6) 
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HINH OXY 


Bai 9: (BH-2010-D Trong mat phang toa do Oxy, cho tam giac ABC co dinh A(3;-7),trirc tto la 
H(3;-l), tam duong tron ngoai ti&p la I(-2;0). Xac dinh toa do dinli C, biet C co hoanli do duong. 

A.(V65-2; 3) B.(>/65+2; 3)) C.(>/65+2;-3) D.(V65+2; 13) 

Bai 10: (BH-2010-B Trong mat phang toa do Oxy, cho diem A(0;2) va A la dudng thing di qua O. 
Goi H la hinh chi$u vuong goc cua A tren A. Tim H 

A. (±VW5-8;-l+>^) 

C. 


b|±-\/ 4>/5-8;-1->/5 j 
d(±>/4V5+8;-1 + V5) 




Bai 11: (BH-2010-B) Trong mat piling toa do Oxy, cho AABC vuong tai A co dinh C(-4; 1), phan 
giac trong cua goc A co phuang trinh x + y - 5 = 0. Viet phuomg trinh dudng thang BC biet tam 
giac ABC co dien tich bing 24 va dito A co hotoi do duong. 


A. 3x + 4y + 16 = 0 B. 4x + 3y-16 = 0 C. 3x-4y-16 = 0 B. 3x + 4y-16 = 0 


Bai 12: (BH-2010-B) Trong mat phang toa do Oxy, cho diem A(2; -s/3 ); elip (E): x 2 / 3 + y 2 / 2 = 1. 
Goi F], F 2 la cac tieu diem cua E (Fj co hotoi do to); M la giao diem co tung do duong cua dudng 
thang AFi vdi (E); N la diem doi xung cua F 2 qua M. Viet phuong trinh dudng tron ngoai tiep 

aanf 2 . 


( 2 Y 

4 

B. (x +1)~ + 

f 2 \ 


”3 

h&J 

♦Hfr 

_4 

~3 

D. (x-l) 2 +| 



4 

3 

4 
3 


Bai 13: (BH-2G11-A) Trong mat phang toa do Oxy, cho dudng thang A: x + y + 2 = 0 va dudng 
tron (C): x 2 + y 2 - 4x - 2y = 0. Goi I la tam cua (C), M la diem thuoc A. Qua M ke cac tiep tuyen 
MA va MB den (C) (A va B la cac tiep diem). Tim toa do diem M, biet tu giac MAIB co dien tich 
bang 10. 


A. M(2; -4) B. M(3;-1) C. M(3; 1) D. M(2; 4) 

Bai 14: (BH-2Q11-A Trong mat phang toa do Oxy, cho elip (E): x 2 / 4 + y 2 /1 = 1. Tim toa do cac 
dito A va B thuoc (E), co hotoi do duong sao cho tam giac OAB can tai O va co dien tich Ion 
nhat. 


A. A(^;~),B(>/2;-4) 
C.A(V2;~),B(V2;j=) 
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HI N il OXY 


Bai 15: (BH-2011-B) Trong mat phang toa do Oxy, cho tam giac ABC co dinh B 



. Duong 


tron noi ti4p tam giac ABC tiSp xuc vdi cac canh BC, CA, AB tirang ung tai cac di£m D, E, F. Cho 
D (3; 1) va dirdng thang EF co phuomg trinh y - 3 = 0. Tim toa do dinh A, biet A co tung do 
duong. 


13 13 13 13 

A-(3;y) B.(-3;|) C.(3;-j) D.(4;^) 

Bai 16: (BH-2011-D) Trong mat phang toa do Oxy, cho tam giac ABC co dinh B(-4; 1), trong tam 
G(l; 1) va dirong thang chua phan giac trong cua goc A co phuong trinh x - y - 1 = 0. Tim toa do 
cac dinh C. 


A. (3;-l) B.(-3;l) C. (3; 2) D.(3;-2) 

Bai 17: (BH-2011-D) Trong mat phang toa do Oxy, cho diem A(1; 0) va dirong tron (C): x 2 + y 2 - 
2x + 4y - 5 = 0. Viet phuomg trinh duong thang A cat (C) tai diem M va N sao cho tam giac AMN 
vuong can tai A. 


A. y = 2;y = -3 B.y = -l;y = -3 C.y=l;y = -3 D.y=l;y = -2 
Bai 18: (BH-2012-A) Trong mat phang vdi he toa do Oxy, cho hinh vuong ABCD. Goi M la trang 
diem cua canh BC, N la diem tren canh CD sao cho CN = 2ND. Gia sir duong thang 

AN co phuong trinh 2x - y - 3 = 0. Tim toa do di£m A. 


A. A (-4; 5) A (-1; -1) B. A (4; -5) A (1; -1) 

C. A (4; 5) A (1; -1) D. A (-4; 5) A (1;-1) 


Bai 19: (BH-2012-A) Trong mat phang vdi he toa do Oxy, cho duong ti*on (C) : x 2 + y 2 = 8. Vi£t 
phuong trinh chinh tac elip (E), biet rang (E) co do dai true ldn b§ng 8 va (E) c&t (C) tai bdn dilm 
tao thanh bon dinh cua mot hinh vuong. 


a-+4‘1 

36 16 


B — + j-r = l 
16 16 


16 16 


2 2 

Di-fZ^i 

16 16 


Bai 20: (BH-2012-B) Trong mat phang co he toa do Oxy, cho cac duong tron ( Cj ) : x 2 + y 2 = 4, 
(C 2 ): x 2 + p 2 -12x+18 = 0 va duong thang d : x-y-4=0. Viet phuong trinh duong tron co tam 
thuoc (C 2 ), tiep xuc vdi d va c£t (Cy) tai hai diem phan biet A va B sao cho AB vuong goc vdi d. 


A. x 2 +y 2 -6x-6y + \0 = 0 
C. x 2 + y 2 + 6x+6 y +10 = 0 


B. xr +y +6x~6y-\0 -0 
D. x 2 +>> 2 -6x-6jy--T0 = 0 
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Bai 21: (BH-2012-B) Trong mat phang voi he toa do Oxy, cho hinh thoi ABCD c6 AC = 2BD va 
duong tron tiep xue voi cac canh cua hinh thoi co phircmg trinh x 2 +y 2 = 4. Viet phurong trinh 
chinh tic cua elip (E) di qua cac dinh A , B, C, D cua hinh thoi. Biet A thuoc Ox. 


k x ~ y i 

a —+—=1 

20 5 


B —+—= 1 
10 5 


2 2 2 2 

C —+—= 1 d^ + 2L 
20 15 20 4 


Bai 22: (BH-2012-D) Trong mat phang voi he toa do Oxy, cho hinh chu nhat ABCD. Cac duong 
thang AC va AD lan luot co phuong trinh la x + 3y = 0 va x - y + 4 = 0; duong thang BD di qua 

diem M 1). Tim toa do C 
3 


A. (3; -2) B. (3; 1) C.(3;-l) D.(-3;-l) 

Bai 23: (BH-2012-D) Trong mat phang voi he toa do Oxy, cho duong thang d: 2x - y + 3 = 0. Viet 
phuong trinh duong tron co tarn thuoc d, cat true Ox tai A va B, cat true Oy tai C va D sao cho AB 
= CD = 2. 

A. (x + 3) 2 + (y + 3) 2 = 10 

B. (x-3) 2 + (y - 3) 2 = 10 

C. (x-3) 2 + (y + 3) 2 =10 

D. (x + 3) 2 + (y- 3) 2 = 10 

Bai 24: (DH-2013-A) Trong mat phang voi he toa do Oxy, cho hinh chu nhat ABCD co diem C 
thuoc duong thing d:2x + y + 5 = 0 va A(-4;8). Goi M la diem d6i xung cua B qua C, N la hinli 
chilu vuong goc cua B tren duong thang MD. Tim toa do cac diem B, biet rang N(5;-4). 

A.(-4;-7) B.(-4; 7) C.(4;-7 D.(4;7) 

Bai 25: (BH-2013-A) Trong mat phang voi he toa do Oxy, cho duong (hang A:x-y = 0. Duong 

tron (C) co ban kinh R = \f\0 ck A tai hai diem A va B sao cho AB = 4>/2 . Ti4p tuyln cua (C) tai 
A va B ck nhau tai mot diem thuoc tia Oy. Tim tarn duong tron 

A. I (-5; 3); I (5;-3) B. I (5; 3); I (-5; -3) 

C. I (5; 0); I (-5; 0) D. I (15; 13); I (-5; -3) 

Bai 26: (BH-2013-B) Trong mat phang voi he toa do Oxy\ cho hinh thang can ABCD co hai duong 
cheo vuong goc voi nhau va AD = 3BC. Duong thang BD co phuong trinh x + 2y - 6 = 0 va tarn 
giac ABD co true tarn la H (-3; 2). Tim toa do cac dinh C 
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HINH OXY 


Bai 27: (BH-2013-B) Trong mat phang voi he toa do Oxy , cho tam giac ABC co chan dirdng cao ha 
f \7 l 

tu dinli A la H | |, chan duong phan giac trong cua goc A la D (5; 3) va trung diem cua 


5 5 

canh AB la M (0; 1). Tim toa do dinh C. 


A. (-9; 11) B. (-9; -11) C.(9;ll) D. (9; -11) 

Bai 28: (BH-2013-D) Trong mat phing vdi he toa do Oxy, cho tam giac ABC co di£m M 

la trung diem cua canh AB, diem H(-2; 4) va diem I(-l; 1) lan luot la chan duong cao kk tu B va 
tam duong tron ngoai ti4p tam giac ABC. Tim toa do di$m C. 

A. (4; 1) (-1; 6). B. (-4; -1) (-1; 6). C. (4; 1) (1; 6). D. (4; 1) (1; -6). 

Bai 29: (BH-2013-D) Trong mat phang voi he toa do Oxy, cho duong tron (C): 
(x-1) 2 + (y-l) 2 =4 va duong thang A: y - 3 = 0. Tam giac MNP co true tam trimg vori tam (C), 
cac dinh N va P thuoc duong thang A, dinli M va trung diem cua canh MN thuoc (C). Tim toa do 
dinh P. 



A.(—1;3) (3;3) B. (—1;3) (3;3) C .(-1;3) (3;3) D.(-l;3) (3;3) 

Bai 30: (BH-2014-A) Trong mat phang voi he toa do Oxy, cho hinh vuong ABCD co di^m M la 
trung diem cua doan AB va N la diem thuoc doan AC sao cho AN = 3NC. Viet phuong trinh duong 
thang CD bi& r§ng M(l;2) va N(2;-l). 

A. 3x+4y-15=0; y=2 B. -3x-4y-15=0; y=2 

C. 3x-4yl5=0; y=-2 D. 3x-4yl5=0; y=2 

Bai 31: (BH-2014-B-B) Trong mat phang voi he toa do Oxy cho tam giac ABC co chan duong 
phan giac trong cua goc A la diem D (1; -1). Duong thang AB co phuong trinh 3x + 2y - 9 = 0, tiep 
tuyen tai A cua duong tron ngoai ti£p tam giac ABC co phuong trinh x + 2y - 7 = 0. ViSt phuong 
trinh duong thang BC. 


A. x + 2y -1 = 0; 19x-22y + 3 = 0 

B. x + 2y+l=0; 19x + 22y + 3 = 0 

C. x + 2y-1 = 0; 19x + 22y-3 = 0 


D. x - 2y + 1 = 0; 19x - 22y + 3=0 


Bai 32: (BH-2015-A) Trong mat phang he toa do Oxy, cho tam giac ABC vuong tai A. Goi H la 
hinli chieu cua A tren canh BC; D la diem doi xung cua B qua H; K la hinh chilu cua vuong goc C 
tren duong thing AD. Gia su H (-5;-5), K (9;-3) va trung dilm cua cpdi AC thuoc duong thing : x - 
y + 10 = 0 . Tim toa do diem A 


A.(-15; -5) 


B.( 15; 5) 


C.(-15; 5) 


D.(- 5; 
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Bai 33: (BH-2016-A) Trong mat piling toa do Oxy, cho tu giac ABCD noi ti4p dudng tron dudng 
kinh BD. Goi M, N lin 1 not la hinh chieu vuong goc cua A tren cac duong thang BC , BD va P la 
giao dilm cua hai dudng thing MN, AC. Bidt dudng thing AC co phuong trinh x-y -1 = 0, 

M( 0;4), N (2; 2) va ho arth do diem A nho hom 2. Tim toa do cac diem B. 

A.(-l;4) B.(l;4) C.(-l;-4) D.(0;4) 


IB 

2A 

3A 

4B 

5C 

6A 

7A 

8B 

9A 

10A 

11D 

12C 

13A 

14C 

15A 

16A 

17C 

18C 

19D 

20A 

21A 

22C 

23A 

24A 

25B 

26A 

27C 

28A 

29A 

30D 

31B 

32C 

33A 
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XUONG NUT - LUYEN BE 

Be thi thfir so 1 - tfaoi gian 90 phut 

a ' r 3— x 

Cam 1. Tim tiem can ngang cua do thi ham so y=- la: 

a*-3 


A. y=2 B.y=l C.y=-1 

Cau 2. Tim nguyen ham cua ham so sau F(x)= J 
A. -~ln|l+cosx|+C 
C.ln(l+cosx)+C 


Dr- 


sinx 


1 + cosx 

B.ln(sinx+cosx)+C 

D.ln(l+ —)+C 
sinx 


Cau 3. Tinh [a,b]c biit a (4,2,5), b (3,1,3), c(2,0,1) 

A. 3 B.2 C.l D.O 

Cau 4. Cho so phuc z thoa man: (3 + 2 i) z+ (2-i) 2 = 4 + i .Hieu phan thuc va phan ao cua s6 phuc z 
la: 

A.l B.3 C.4 D.6 

Cau 5. Cho sinx = - va —< x <# . Tinh tan(— x)? 

5 2 4 ; 

A.5 B.6 C.7 D.8 

Cau 6. S6 nghiem cua phuong trinh: x 2 .3 X + 3 X (12 - lx) = -x 3 + 8x 2 -19+12 
A.l B.2 C.3 D.4 

Cau 7. Cho tarn giac ABC voi A(1;0), B(2;l), C(3;5). Dien tich tarn giac ABC la: 

3 


A. I 
2 


B.l 


C. 


D.2 


Cau 8. Cho hinh lang tru dung ABC.A’B’C’ co day la tarn giac deu canh a. 

Mat phang (L) tao vdi (ABC) mot goc 30° va cat tat ca cac canh ben tai M, N, P. 
Khi do ? S mp bang: 

la~ 


B. a 2 


C. 


D.3 a 2 


Cau 9. Ham so y = -x 2 --(m + l)x 2 + /m' + 3 nghich bien tren (1;3) khi m=? 

A.3 B.-6 C.-5 D.-2 

Cau 10. Cho tarn giac ABC co A(1,0,0), B(0,0,1), C(2,l ? l). Dien tich tarn giac ABC la: 


A.2 


B. 


46 


42 


2 2 
l2 < 


D.12 


Cau 11. Co bao nhieuso phuc z thoa man: z 2 =|z|“+z? 

A.O B.l C.2 D.3 

Cau 12. Cho tarn giac ABC voi A(3;m) ? B(m+1; -4). Tim m de cho dien tich tarn giac OAB 
dat gia tri nho nhat: 

-1 


A. 


B. — 
2 


C.O 


Cau 13. Chon cong thuc lugng giac dung trong cac cong thuc sau: 


A.sin3x=4(sinx) - 3sinx 


B.sin3x=3sinx+4 (s inx)' 
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C.cos3x=4 (cos x) 3 -3cosx 


D.cos3x=3cosx-4 (cos x) 3 


Cau 14. Cho hinli chop S.ABCD co day la hinh thoi canh a, SA=a>/3 , SA 1BC. 
Tfnh goc giua SD va BC? 


A. 30° 


B. 45° 


C.60 


D.90 c 


Cau 15. Tim n bi k C w ” +2 +C‘=7(n+3) 

B.l 1 


A.10 B.l 1 C.12 D.13 

Cau 16. Tong hai nghiem cua phuong trinh: yfx Tl + yfx+2 = 1 + y/x 2 + 3x+2 


A.-l 


B.O 


C.l 


4 j 

Cau 17. Ket qua cua tfch phan I = f- =dx la 

ol + 2v2x + l 


A.1+—In— 
2 3 


B.l-iln- 
3 3 


4 3 


D.2 


D.1+—ln2 
4 


Cau 18. Tim ham so co tiem can xien? 


A.y= 


x + 1 


B. 


x-3x-l 


C.y = x 3 -3x 2 +4 D. y-=x 4 -x 2 + 2 


x-2 x-1 

Cau 19. Cho tur dien ABCD co A(2,-l,l), B(3,0,-l), C(2,-l,3) va D thuoc true Oy. 

Biet the tfch khoi tu dien bang 5. Tung do cua diem D la: 

A, 2 hoac -2 B. 4 hoac -4 C. -18 hoac 12 D. 0 hoac -2 

Cau 20. Cho so phuc z thoa man: (1 - 2 i)z ™ ——- = (3 - i)z. Tap hap diem bieu diln s6 phuc z la: 

1 + i 


A.Budng thang B. Buang tron 

Cau 21: Tim m de he bat phuong trinh sau co nghiem: 


A. m<9 


B.me[-9;-l] 


C.Biem 
x 2 +10x+9<0 
x 2 - 2x +1 ~ m < 0 
C. m > -1 


D.Ellip 


2 2 
X V 

Cau 22: Elip(E): — + — = 1 co tam sai la: 
9 4 


A.l 


B.3 


C. 


4s 


D.m>4 


D.l 


Cau 23: Tim n sao cho trong khai trien (x+2) H hang tu thu 11 la so hang co he so Ion nhat? 

A.14 B.16 C.18 D.20 

Cau 24: Cho tu dien ABCD co AB=CD=2a. 

Goi M, N lan luot la trung diem cua BC va AD, MN=a%/3 . Goc giua AB va CD la: 


A. 30° 


Cau 25: Cho (A,): 


x = 1 + / 

y = 2-t ;(A 2 ): 
i = -2-2/ 


B.45“ 

x = 2+C 
y = \-t' 


C.60° 


D.90° 


z = 1 


Vi trf tuong doi cua hai duong thang la: 

A. Song song B. Cheo nhau C. Cit nhau D. Trnng nhau 

Cau 26: Tim x de 3 s6 sau lap thanh l cdp sd cong: In 2,b(2 x -l),ln(2 Y +3) 


% 
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buyersBe 


A.2 B.l C. log 2 5 D. log 2 3 

Cau 27: Dao ham cua ham so y=log fl x la: 


A. 


B. a x lna 


C. — a x \m 
2 


D. 


1 


x 2 xlna 

Cau 28: Cho a(l;/,2), 6(/ + l 5 2,l),e(0,*-2,2). Xacdinhtde aj),c dongphang: 


A. 1 


B.-2 


C. 


1 


D. 


5 


Cau 29: Tim dao ham so: y=2 x 

B. 2 x ln2 


A.’ 


C. 2 X 


D. 


1 


x 2 x ln2 

Cau 30.Cho z ] , z 2 lan Inert la nghiem cua phuomg trinh ~ 2 + 3(1 + z)r + 5/ = 0 T6ng ph&n thuc cua 2 
s6 z n z 2 la? 

A. -2 B.-3 C.-4 D.-5 

Cau 31. Cho M(0;3) vaN(l;4). Tim tren true hoanh diem D sao cho dien tich tarn giac MNP b&ng 
2016. Mot trong hai diem do co hoanh do la: 

A .4028 B.4029 C.4030 


D.4031 


Cau 32: Nghiem cua bat phuong trinh: 


x 2 -2x<0 
x 4 -5x 2 + 4<0 la: 
-2x 2 + x + 3 > 0 


A i; 


B. 


j_.3 

2*2 


C.(-2;-l) 


D.(- 2;-l)u(l;2] 


Cau 33: Tinh tong cua n so hang: 3 + 33 + 333 + ■ 


A. 


9 _i_ 3 H j_ j n» i 

- B. —(10” +1 -10-9/z) C.Bapankhac 


D. 


10"-27 


27 21" ' ‘ 9 

Cau 34. So do cua goc nho nhat tu* giac loi, bi4t rang 4 goc do lap thanli 1 cip s6 cong va goc nho 

nhat bang ~ goc Ion nhat la: 

A.50° B.40° C.30° D.20° 

Cau 35: Cho hinh lang tru dung ABC.A'B’C’D’ co day la hinh chu nhat, AB=a, BC=2a. Mat (oc ) 

tao voi day (A’B’C’D’) mot goc 30 va cat tat ca cac canh ben. Dien tich thiet dien cua (oc) va 
lang tru la: 
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A. la 2 


B MS 

3 


C. — 
2 


D.4a 2 


Cau 36: Cho z,, z 2 lan luort la nghiem cua phuong trinh z 2 - 2z+1 + 2i = 0. Gia trj cua 

P=|z,|+|z 2 |? 

A.5 B.1+V5 C. 2+273 D. 7l3 

Cau 37.Nguyen ham cua ham so: F(x)= 3* la? 


A. —+C 
In 3 


B. 3 X +C 


C. 3* In3+C 


3 X 

D. —+ C 
x + 1 


Cau 38. Cho 3 diem A(l,2,3)3(3,5,4), C(3,0,5). Chu vi tam giac ABC la: 

A. 12 B. -714 + 718 + 720 C. 712 + 714+726 D. 77 + 713 + 78 

Cau 39. Phuong trinh chinh tic cua Elip (E) co true Ion la 6, tieu cu bang 2-JE la: 


a.s + 1,A 


B. —+—= 1 
9 4 


4 25 


2 2 
x . y 


9 4 2 

Cau 40: Cho hinh lang tru dung ABC.A’B’C’ co day ABC la tam giac can AB=AC=a, 
BAC =120 0 5 BB’=a. I la trung diem cua CC\ Tinh cosin goc giua (ABC) va (ABT)? 


D. —+ ^- = 0 
4 25 


A. 




B. — 
2 


C. 


7J 


D. 


75 


2 2 7i0 5 

Cau 41: Cho (A): x-2y+l=0 va hai diem A(l;2), B(0;-1). Tung do cua diem M thuoc (A) sao cho tam 
giac ABM vuong can tai M la: 

7 


-4 

A. 1 hoac — 
‘ 9 


7 

B.O hoac - 
‘ 5 


C. 1 hoac 


D. Bap an khac 


Cau 42. Cho y=cosx,dao ham cap 8 cua ham so la: 
A.sinx B.cosx C.cos(x+4;r) 


D.tanx 


Cau 43. Cho (d): 


y + 3 3 


. (P): 2x+y-2z+9=0, (Q):x-y+z+4=0. Mot phuong trinh mat cau co 


A 2 1 

tam thuoc (d), tiep xuc vdi (P) va cat (Q) theo mot dudng tron co chu vi 2 n la: 

A. * 2 +(j+1) 2 + (z-4) 2 =4 B. (x-2) 2 +(y+5) 2 +(z-2) 2 =4 

C. (jc+3) 2 + (j>-5) 2 + (z- 7) 2 =4 D. (jc- 2) 2 +(j+3) 2 + z 2 =4 

Cau 44: Cho A(2, -3, -1), B(4, -1,2), phuong trinh mat phang trung true cua 
A.2x+2y+3z+1 =0 B.3x+5x+z=0 

C.x+y-z=0 D.4x+4y+6z-7=0 
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% , x 

Cau 45: Cho ham so f(x)= —-x 2 -3x. Tong hai nghiem cua ham so f (x)=0 la: 

A.4 B.3 C.2 D.l 

Cau 46: Cho hinh chop S.ABC c6 day ABC la tarn giac deu canh a, mat ben tao voi day mot goc 


B. — C.a D. - 


60 . Khoang each tCr A d§n (SBC) la: 

A. — 

4 2 4 

Cau 47: Cho tarn giac ABC biet A(4;4), B(0;2), C(8;-4). Dien tich tarn giac ABC la 
A.5 B.10 C.15 D.20 

1 

x +1 
362880 


Cau 48: Tinli y m cua y=- 
t 3628800 


B. 


r 36288 

C.-rr D. Dap an kliac 


■ (x + l) u (x+1) 11 (jc + l) n 

Cau 49. Cho mat cau (S): x 2 + y 2 + z 2 - 4x + 2y - 6z + 5 = 0 va (P):2x+2y-z+16=0 Diem M di dong 
tren (S), N di dong tren (P). Do dai ngan nhdt cua MN la: 

A.5 B.4 C.3 D.2 


Cau 5Q.Cho ham so y-—— (C). He so goc cua tiep tuyen cua (C) la? (Biet tiep tuyen vuong goc 

voi (d): x+3y+2=0 

A.l B.2 C.3 D.4 


Dap an 


l.C 

2.A 

3.D 

4.C 

5.C 

6.C 

7.C 

8.A 

9.A 

10.B 

ll.D 

12. A 

13.C 

14.C 

15.C 

16. A 

17.C 

18.B 

19.C 

20.C 

21.D 

22.C 

23.D 

24.C 

25.B 

26.C 

27.D 

28.D 

29.B 

30.B 

31.B 

32.B 

33.B 

34.C 

35.B 

36.B 

37.A 

38.C 

39.B 

40.C 

41.B 

42.C 

43.C 

44.D 

45.C 

46.D 

47.D 

48.D 

49.D 

50.C 
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De thi thu so 2 - thoi gian 90 phut 

Cau 1. Cho tam giac ABC co A(2; -1; 6), B(-3; -1; -4), C(5; -1; 0). Ban ki'nh ducrng tron noi ti4p 
tam giac ABC la: 

A.2 B.3 C.yfE D.l 

, , , X — \ r ' 

Cau 2: Phircmg trinh tiep tuyen cua do thi ham so y - -co he so goc bang 2 la: 

x+1 

A. y = 2x + 7 B.y = 2x - 2 C. y = 2x D. y=2x - 4 

Cau 3: Ph&n thuc cua s6 phuc z thoa man dieu kien r(l-2/) + r = 10-4/ la: 

A. -1 B. 0 C. 2 D. 3 

Cau 4: Cho mat cau (S): (x-1) 2 +(>>~1) 2 + (z+2) 2 = 0 vamat phang (P):x+2y-z-\l = 0. Vi 
tri tuong doi giua (S) va (P) la: 

A. Ck nhau B. Tilp xuc C. Khong cit nhau D. Bap an khac 

2 

Cau 5: Tim s6 hang chua x 5 trong khai trien (x 3 —)" biet 2C^ - C 2 + n = 0. 

x 

A. 125 B.35 C.540 B.560 

Cau 6: Tam cua dudng tron giao tuyen cua mat cau (£):(x-l) 2 + (y-\) 2 +(- + 2) 2 =9 vamat phang 
(. P):x+2y-z-l\ = 0 co cao do bang: 

A.2 B. 3 C. -3 D. 1 

Cau 7. Cho hinh chop S.ABC co day la tam giac vuong tai B,AB = 3a, AC= a^/lO , SA vuong goc vai 
day. 

Goc giua (SBC) va (ABC) bSng 60° . Thi tich khoi chop la: 


a 3 

A. — 
3 


B. 


W3 


C. 


3 a*-Jl 


D. 


3 Vs 


7 2 2 

J5 


Cau 8. Tiep tuyen di qua M(-l ;-9) cua ham so: j; = 4x - 6x +1 co phuong trinh la: 

A. y = 24x-15 B. y=24x+15 C. y=4x D.y=24x 

Cau 9. Cho lang tru dung ABC.A’B’C’ co A(4; 0; 0), B(0; 3; 0), C(2; 4; 0). Toa do diem B 5 la bao nhieu 

de the tich khoi chop bang 10? 

A, (1; -2; 0) B. (2; 0; —5) C.(l;l;3) D. (0; 3; 6) 

Cau 10. Cho tap A = {1, 2, 3, 4, 5}. Co bao nhieu s6 co 8 chu so lap tu cac so tren sao cho chu s6 1 co 
mat hai 1 In, chu so 2 co mat 3 lan, cac chu so khac co mat 1 lan? 

A. 1120 B. 3360 C. 2240 D. Bap an khac 

Cau 1 1 :Phuong trinh 36* - 7.6* + 6 = 0 co hai nghiem phan biet x,, x 2 . 

Tong x,, x 2 la: 


A. 1 


B. 2 


C. 3 


B. 4 


Cau 12: Tinh tich phan 1 = f - == dx 

o l + 2v2x+l 


A.l 


B. 1-—In — 
4 3 


C.3 


B.2 


Cau 13. Cho s6 phuc thoa man r + (l-2/)r = 2-4/. Tim mo dun cua so phuc w=z 2 -z? 

A.5 B.4 C. VTO D. Bap 

Cau 14: Ham s6 nao sau day khong lien tuc tren R ? 

A. f(x)=x+l B. f(x)=sinx+cosx 



4 
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C. f(x)=x+5 




D. < x + 1 
2 (x = -l) 

Cau 15: Cho 100 tam the ducrc danh so tir 1 den 100, chon nglu nliien 3 the. Xac suit dl t 6 ng cac 
so ghi tren tren 3 the la mot so chia hk cho 2 la: 

A. 0,75 B. 0,5 C. 0,25 D.0,2 

Cau 16. Cho tam giac ABC co A(4; 8 ), B(- 8 ; 2), C(-2; -10). Viet phuong trinh duong cao con lai 
cua tam giac ABC. 

A. x+3y+2=0 B. x-3y+6=0 C. x-y-2=0 D. Dap an khac 

^ - 58 

15 

A. 2 B. 3 C.4 D.5 

Cau 18. Tim m d& ham s 6 sau khong co cue tri y = x 3 + (m + 1 )x 2 + 3x+2 ? 

A.-4<w<2 B. m<4vkm>2 C. m=2 D.m=4 


Cau 17. Tich phan J x 3 ^x 2 +1 dx = — khi do a= 


Cau 19. Cong sai cua cap so cong 
-1 


u 2 +w 5 -w 3 = 10 
Ut+u 6 = 19 


la 


A. 0 


B. 


C.3 


D.2 


Cau 20: Cho phuomg trinh x 3 +4x-l = 0 khang dinh nao sau day la sai 
A.Ham so lien tuc tren R B. Phuomg trinh luon co it nMt 1 nghiem 

C. Phuomg trinh co nghiem x € ( ■-oo ;0) D. Phuang trinh co nghiem x € (-1; 1) 


Cau 21 .K£t qua cua tich phan 1 = J 


4 sin 4 x + cos 4 x 


3 * +1 


-dx la 


A. — 
16 


B. — 
16 


C. 


5k 

16 


ln_ 

16 

D. Duong thang 


D. m=0 


Cau 22: Cho | z+i |=| z +21. Tap hop bieu diin so phuc z la 

A. Diem B. Elip C. Duong tron 

Cau 23:Cho ham s 6 y = x 3 - 6 x 2 + 9x~l. 

, , \ 9 

Tim m de phuong trinh sau co nghiem duy nhat: — x 3 - 3x 2 +- x - m = 0 

A. m <2 B.m<0, m>2 C. m>0 

Cau 24. So nghiem cua phuong trinh 3 X -3 ]_x = 2 la: 

A. Vo nghiem B. 1 C. 2 D. 3 

Cau 25. Cho A(l; 0), B(-2; 4), C(—1; 4), D(3; 5). Tim hoMi do diem M thuoc duong thang 3 x-y- 
5=0 sao cho hai tam giac MAB va MCD co dien tich bang nhau? 

A. 0 hoac 1 B. 1 hoac 2 C. -1 hoac 3 D. Dap an khac 

Cau 26:Nghiem cua phuong trinh sin 3 x+cos 4 x = 1 la ^ 

£Jl ; 


x-kn 

n , _ 
x = —h k2?t 
. 2 


B. 


x~k2n 
n 


n , _ 
x = — k2u 


C. kn 


D. Dap an khac 
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Cau 27. Trong khai trien P (x) = (5-4jc) m . Tong tat ca luy thua Ie cua x la: 


A. Khong du dieu kien de xac dinli B. 9" 


C. 9! 


D. 


1-9" 


Cau 28. Dien tich hinh phang gioi han boi cac ham so sau y - x 2 -x-3 va y=x la 
A. 5 B.6 C.7 


D.— 

3 


Cau 29.Cho A(1; 5; 0), B(3; 3; 6) va (A): ^. Diem M thuoc (a) de tarn giac MAB 

co dien tich nho nhat. M co tunng do la: 

A.l B. 2 


C. 3 

71 7t 

Cau 30: Cho sina+cosa=l ,25 va — < a < — gia tri cua cos 2a la: 

4 2 


A.0,25 


B. 


±a 

16 


C. 


-9yfl 

35 


D. 0 


D. Dap an khac 


Cau 31: Ket qua cua / = Jsin 2xsin 3 xcbc la: 


A.l 


B.1 

5 


C.0,5 


D.2 


Cau 32. Xep ngau nhien 3 hoc sinh nam va 2 hoc sinh nu thanh mot hang ngang. Tinh xac suat de 2 
hoc sinh nu dung canh nhau? 

A.0,2 B.0,4 D.0,3 D.0,1 

Cau 33. Cho (C):y = x 3 -3x 2 + m n§u (C) nhan A(l;3) lam tarn doi xungthi gia tri cuam la: 

A. 5 B. 4 C. 3 

D.2 

Cau 34:Nghiem cua phuong trinh: log 2 (x 3 +l)-log 2 (x 2 -x+l)-21og 2 x = 0 la: 

A. x=-2 B.x=l C.x=3 D. Dap an khac 

Cau 35: Dien tich hlnh phang giai han bai do thi cac ham soy = x 2 +x-l va y = x 4 +x-l la: 

3 4 3 

A. — B. — C. - D. 3 

15 15 5 

Cau 36: Co hai s6 thuc a, b d! phuong trinli z 2 +az+5Z? = 0 nhan so thuc z=l+2i lam nghiem thi 
a+b=? 

A.2 B.-l C.3 D.4 

'Jt + 1 o •> ' 

Cau 37.Cho ham so y =-. Tim m de dudng thang y=x-m cat do thj ham so tai hai diem phan 


~2x+2 
;h tu 

B. 0,5 

Cau 38. Ph§n thuc cua so phuc z thoa man 


biet A, B sao cho khoang each tu A den true hoanh bang klioang each tu B den tme tung? 

D.2 


A.± 

12 


C.l 

z+z = 10 
-1=13 


la: 


A.2 B.3 C.4 

Cau 39. Nghiem cua phuong trinh sin2x-cos2x=2sinx-l la 
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A. — + k2n 
2 


B. 


x-kn 

n 1nt 
x = ~- + k2n 
2 


C.x = kn 


D. Dap an khac 


Cau 40:Cho ham so y = -x 3 + 3x 2 - 2. Phuong trinh dubng thang di qua hai di£m cue tri la: 
A. 2x-y-2=0 B. x+y+l=0 C. 2x+y-4=0 D. Dap an khac 

Cau 41: Tim he so chua x 8 trong kliai tri$n |x 2 + x + -^ j(l+2x) 2 ” bi4t 3 C 3 = 7C 2 

Dap so:_ 


Cau 42. Biit 7 = J 


a 


x - 21 nx , 1 , _ . , 

—=- ax = — In 2,. Gia tri cua a la: 

x 2 .. 


A.l B.ln2 C.2 D.3 

Cau 43.Cho ba diem B(l; 0; 1), C(-l; 1; 0), D(2; -1; -2). Phuong trinh mat phang qua B, C, D la 
A. -4x-7y+z-2=0 B.x-2y+3z-6=0 

C.x-2y+3z+l=0 D.4x+7y-z~3=0 

Cau 44.Cho ham so y = -x 3 - 2x 2 +3x(C) .Lap phuong trinh dubng thang di qua diem cue dai cua 


(C) va vuong goc vdi ti4p tuy£n cua (C) tai gbc toa do? 

A.y=3x B. y = -J-x+” C. Dap an khac. D. y=2x+3 

Cau 45: Co ba khau sung 1, 2, 3 ban doc lap vao mot hong tarn. Moi khau ban mot vien. Xac suat 
bin trung lln lugrt la: 0,7; 0,8; 0,5. Tinh xac suit co it nhat mot kMu bin trung? 


A. 0,5 B. 0,851 

Cau 46: Tim mo dun cua z bik z + 2(i- z)z = 3i -1 ? 

Vf85 


lot khau ban trung? 

C. 0,47 D. 0,97 


A. >/2 hoac 


10 


B. 3 hoac 2 


C. 4 


D. Dap an khac 


Cau 47. Tap xac dinh cua phuong trinh log 2 (x 3 +l)-log 2 (x 2 -x+l)-21og 2 x = 0 la 
A. x<l B.x>0 C. x khac 3 D. R 

Cau 48. Dien tich hinh phang gibi han bbi do thi ham soy =-, true hoanh va cac dubng thang 


z-l 


x=-l,x =0 la: 

A. 21n2 


B.3 C.31n2-1 D. Dap an khac 

Cau 49. Cho C”^ ~C " +3 = 7(w + 3). Tim he so cua x 8 trong khai trien (\ + <Jx* 


,x 

A. 495 B.450 C. 840 D. 240 

Cau 50: Cho ham so y = -2x 3 + 3x 2 +1. He so goc cua tiep tuyen tai tiep diem la nghiem cua 

phuong trinh f ’(x)=0 la: 


A.l 


B. - 


C.2 


D.3 
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l.C 

2.A 

3.C 

4.A 

5.D 

6.C 

l.C 

8.B 

9.D 

10.B 

11.A 

12.B 

13.C 

14.D 

15.B 

16.A 

17.B 

18.A 

19.B 

20.C 

21.B 

22.D 

23.B 

24.B 

25.D 

26.A 

27.D 

28.D 

29.D 

30.B 

31.B 

32.B 

33 .A 

34.D 

35.B 

36. B 

37.A 

38.D 

39.B 

40.A 

41. 

42.C 

43.D 

44.B 

45.D 

46.A 

47.B 

48.C 

49. A 

50.B 


Goiy 
Cau 41: 

Cachl: 

Cac em nhap nhu sau: 

Cau lenh nay co tac dung tang X len 1 dan vi roi tinh gia tri bieu thuc 

M E Math A M 0 Math A 

>4=X+1:30CC35-7C ► c3(XC3)-7(XC2) 

Sau do bim CACL r6i cho X=2 r6i cu dn = tori khi xuat hien 0 

M E Math A M E Math A 

30X3)-7QX2) X 

0 9 

Cach 2: Hoac cac em co th£ dung TABLE : Mode 7 , nhap xong &n “=” nhe 

M E Math M E Math 

fCX)=3xXC3-7xXC2 g(X)=i 


Start? 


End? 


Math 


20 


X 

FCX> 

B 

9 

wmB 

IQ 

MS 


Math 


Vay dirge n = 9 

x 8 trong khai trien ^ x 2 + x+ “ j 0+2x) 2 ” 

Ta xet rieng khai trien nay: (1 + 2x) 2n Cho Start 0= ; End 18= ; Step 1= 

M E Math M E Math 

fCXMlO) 18 -* u 

IE 

lOOOOOOOO 

Vay ta quan tarn tori k = 10,11,12 -> x 8 ,x 7 ,x 6 

So hang x 8 cua khai trien la :—.Cjj 2 8 x 8 + xC, , 8 1 2 7 x 7 +x 2 .CH2 6 x 6 = 8062080.x 8 He so: 8062080 
4 


X 

ID 

FOB 

■nfr 

II 

IS 

I-idI 

i'ioE 


<1 
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Be thi til fir so 3 - then gian 90 phut 

Cau 1. Tinh dien tich hinh phang gidi han bdi cac ham s 6 y=-x 3 + 3x-2 va y=-x-2? 

A.4 B .6 C .8 D.10 

Cau 2. Xac dinh tap hop diem bieu dien so phuc z thoa man |2iz-l |= VJ la dudng tron co tarn 
hoanh do la. 

A.-l B.O C.l D.2 

Cau 3. Cho (P):x-y+z+2=0 va A(l;-1;2). Diem A’ doi xung voi A qua mat phang (P) la: 

A. (0;1;-1) B.(-l:3>2) ^ C.(-l;2;3) ' D.(3;0;2) 

Cau 4. Mot hop dung 9 the dugc danh so tu 1 den 9. Rut ngau nhien 3 the va nhan 3 so ghi tren 3 
the voi nhau. Tinh xac xuat de tich nlian duoc la mot so le? 

A.i- . B.— ' C.1 D.± 

42 42 39 43 

Cau 5.Cho tur dien O.ABC veri A( 1 ; 2; -1), B(2; - 1 ; 3), C(-2: 3; 3), D(0; 0; 0). Thi tich tu dien 
O.ABC la: 

A. — B. — C. — D. - 

3 3 3 3 

Cau 6 . Cho hinh chop S.ABCD co day la hinh chu nliat canli AB - 2a, AD = a. Hinh chilu cua S 

len mat phang (ABC) la trung diem H cua AB, SC tao vori day mot goc 45. The tich klioi chop la: 


A. 


2a 2 -Jl 


3 


B. 


« 3 V3 


C. 


D.Dap an khac 


2x + \ 


Cau 7: Do thi ham so y=-. Co tarn doi xung co toa do la: 

x-\ 

A.(2;l) B.(l;2) C.(l;-2) D. (2-1) 

Cau 8: Nghiem cua phuong trinh log 2 (9 X -1) = x log 2 3 + log^ ^3 la: 

A.I B.2 C.4 D. log 3 4 

Cau 9. Co bao nhieu so phuc z thoa man|z-2|=|z| va (z+l)( ~ - 1 ) la s 6 thuc: 

A.O B.l C.3 D.4 

Cau 10. Cho so phuc z thoa man: 3(z+l-i)=2i(z +2) tim modum cua so phuc 
w=z+iz+5? 

A.4 B.5 C .6 D. y/l3 

Cau 11: Cho ba diem A(l; 2; 1), B(0; - 1 ; 0), C(3; ~3; 3). Tim toa do D sao cho ABCD la hinh chu 
nhat? 

A. (4; 0; -2) B. (4; 0; 4) C. (2; 0; 2) D. Dap an khac 

Cau 12: He so cua x 8 trong khai tri 6 n (.x 2 +2)" bi4t +C l n = 49 la 

A.210 B.240 C.Dapankhac D.280 

Cau 13: Goi A, B la hai diem bieu dien cho cac so phuc la nghiem cua phuong trinh z 2 +2z+3 = 0 
tinh do dai AB: 

A.5 B.7 C.10 D.2V2 

9 , . 1 

—cos‘+3cosx+— 

2 2 

A.-l B .-8 C.4 D.-9 

Cau 15: Tim hai so thuc (x;y) thoa man x(3 + 5/) + y(l-2i ) 3 = 9+14/ la 


Cau 14: Gia tri nho nhat cua ham s 6 y = 2cos 3 --cos 2 +3cosa-+- la 


A.(l;l) 


B.(l;-2) 


172 -3 
C.(—; — ) 
61 61 




D. Dap an khac 


Cau 16: Nghiem cua bat phuong trinh log 2 (x+l)-21og 4 (5-x) <l-log 2 (x~2) la: 
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A-4<x<3 B. 2<x<3 

Cau 17: Tap hap nghiem bieu diln so phuc z thoa man: 


C. 2 <x < 5 
z-i 


D. 3 <x<5 


= 1 la: 


A. Duong thang 


B. Diem 


z + i 

C. Duong tron 


D. Elip 


Cau 18: Tinh lim 

x —2 

A. 0 


x + 2>/2x+5 


x+2 


B. 3 


C. 1 


D. Khong ton tai 


x-1 


Cau 19: Cho ham so y - -. Chon phat bieu sai: 

x+1 

A. Ham so luon dong bien B. Ham so khong co circ tri 

C. Do thi ham s6 co tiem can dung x = 1 D. Do thi ham so co tiem can ngang y = 1 
Cau 20: Xac dinh m d$ duang thing y =mx-2m tiep xuc vai do thi ham so y = -x 3 + 3x+2 ? 

A. m = 2 B. m = -l C. m=l,m = -2 D. m = 0, m = -9 

Cau 2L Tir 6 chu so 1,2, 3,4, 5, 6 lap dugc bao nhieu chu s6 co 4 chu s6 khac nhau va chia hit 
cho 5? 

A. 128 B. 120 C. 60 D. 360 

Cau 22: Cho A(3; 0; 0), B(0; 2; 0), C(0; 0; -3). Tim cao do true tarn cua tarn giac ABC? 


A. — 

7 


B. 


-12 

17 


C.3 


D. Dap an khac. 


Cau 23: Cho hinh hop ABCD.A’B’C’D’ co day A’ABD la h’rnh chop dSu, AB = a, AA'=a-fi . Thi 


tich khoi hop la: 
A. — 


B. a 3 


C.2a 3 


D. 


Cau 24: Cho ham s6 j = x 4 -2ji- 2 +4. Tim m dk x 2 (x 2 ~2)+3 = m cohai nghiem phanbiet: 

A. m< 3 B. m > 3 C. m > 2 D. m > 3 hoac m = 2 

Cau 25:Khoang each giua hai duang thang sau la: 


x = l + r 
y = 0 va 
z = —5 +1 


d,: 


x = 0 

y = 4-2t' 

2 = 5 + 3/' 

A.4 B.5 C.2n/T7 

Cau 26: Cho (P): 2x-y+z + 2 = 0 va (Q):x+y+2z-l=0. Goc giua (P) va (Q) la; 
A.30° B.60" C.45" D.90° 


D.3 


Cau 27: Tong hai nghiem cua phuomgtrinh x+2'Jl-x = 2%jx-l + •J-x 2 + 8x- 7 la: 
A.l B.8 C.7 D.9 

. Ij2x +]->/Px 


Cau 28: Ket qua cua giai han lim 

x -+0 


sin 2x 


A.O 


B. — 
12 


la 


C.l 


D.2 


Cau 29: Cho A(2; 0; -3), B(4; -2; -1), (P):x + y + 2z + 4 = 0. Phucmg trinh duang thang (d) thuoc 
(P) sao cho moi dilm thuoc (d) each dki A va B co vec to chi phuang la: 

A. (1; -1; 1) B. (3; l;-2) C.(l;l;2) D. (-1; 0; -2) 

Cau 30:Cho khai triln (1 + 2x) ,0 (3+4x+ 4x 2 ) 2 = a tl + a,x+...+a,^' 4 tim u 6 ? 

A.2441424 B. 482496 C. 209674 D. Khong co du kien 


% 
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Can 31. Tim m de duang thang (d): y = -x+ w cit y = 


— 2x+1 
x + 1 


tai hai diem A,B sao cho 


AB= 2\Jl. 

A. m=l,m=-2 B. m=l,m=-7 C. m=-7, m=5 
Cau 32: He so goc cua dirdng thang 2x - 3y + 3 = 0 la: 

2 


D. m=l, m= 


A.l 


B.2 


C. 


D.4 


Cau 33:ChoM(2;-l;3) va (A): 


x = 1 + It 

y = 2 -1 Khoang each tu M den (A) la 
2 = 3/ 

A. -Js B.3 C.4 D.2 

Cau 34: Tim a de phuang trinh sau co nghiem thuc: 3x 2 + 2x +3 = a(x +1)%/jc 2 +1 
A. a>l B. a <-3; a >2^2 C. a=-3 D.a<l 

Cau 35: Tim lim 8> ~ C ° s5x ? 


A. In3 


B.ln8+ 


25 


C.4 


D.2 


Cau 36: Phan thirc cua s6 phuc 2 = (1 + /)" biit log 4 (w-3) + log 5 (/? + 6) = 4 la: 

A. 0 B. 208 C. 128 D.-512 

Cau 37: Vdi gia tri nao cuam thi 2 diem cue dai vacuc tieu cuahkn s6 y = x 3 + 3x 2 + mx+ m-2 
nam ve hai phia vai true hoanh: 

A. 2 <m < 3 B. m > 3 C.m<3 D.-l<m<V2 

Cau 38: Hinli chieu cua duang thang (d) : tren (Oxy) co phuang trinh la: 



X = 1 + It 


x = -1 + 5/ 


A. < 

y = -l+t 

B. « 

y = 2-3t 

C. < 


2 — 0 


2 = 0 



x = -1-2/ 
y = -l + t 
2 = 0 


D. Dap an khac 


Cau 39: Cip so cong co 3 s6 hang, tong cua chung bang 9, tong binh phuang la 125 co s6 hang thu 
21a: 

A.l B.2 C. 3 D.4 

Cau 40:Cho ham so: y = -x 3 + 3/rax 2 Vai gia tri nao cua m thi ham so co diem cue dai va 

cue tieu doi xung vai nhau qua duang thing (d): x + 8y - 2017 =0 

A.2011 B. 2012 C. 2013 D. 2014 

Cau 41: Cho diem A(2; 0; 0), B(0; 3; 1), .C(-l; 4; 2). Dien tfch tarn giac ABC la: 

A.l B. 2 C. 3 D. Dap an khac 

Cau 42: Cho hinh chop S.ABCD co day ABCD la hinh vuong canh 2a, SA = a, SB = a^3 va mat 
(SAB) vuong goc vai day. Goi M, N lan luot la trung diim cua AB, BC. Cosin cua goc tao bai SM 
va DN la: 

ft r-ft „ft 

f2x+xy+j/ = 14 
|x 3 + 3x 2 + 3x-y-\ = ( 

D.3 


A. — 


B. 


2 2 

Cau 43: So nghiem cua he phuang trinh: 

A.O B.l C.2 
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Cau 44: Tir cac chu s6 0,1,2, 3, 4 ,5 co the lap dugc bao nhieu so tir nhien co 6 chu so khac nhau. 
A. 300 B^400 C. 500 D. 600 


Cau 45: Cho ba diSm A(2; 0; 0), B(0; 3; 1), C(-l; 4; 2). Tinh do dai duong cao ke tir A cua AABC? 
A.l B. VI C.3 D.4 

Cau 46: Cho hinh chop S.ABCD co day ABCD la hinh thoi canh a, BAD =60 0 , SA = a. Goi C’ 
la trung diem cua SC, mat phang (P) di qua AC song song voi BD cat SB va SD tai B’, D\ Tinh the 
tfch S.AB’C’D’? 


a\/l 

17 


Cau 47:Cho ham so f(x)= 


A.l 


B. 


a 3 ^/3 
18 

\£7T-2 


C. 


ajJ 2 

17 


D. Dap an khac 


x-3 khi x ^ 3 va khi x=3. Be ham so lien tuc tren 3R thi a bang? 


B.2 


C.3 


D I 

4 


Cau 48: Cho tam giac ABC voi A(1; 5), B(-4; -5), C(4; 1), tam duong tron noi tiep tam giac ABC 
la? 

A. (2; -1) B. (5; -3) C.(l;-1) D.(1;0) 

Cau 49: Toa do dinh cua parabol: y = x 1 -3x+2 co tung do la: 

A. - B. — C.l D.O 

2 4 

Cau 50: Cho b6n dilm A(3;-1; 0), B(0; -7; 3), C(-2; 1; -1), D(5;4m - 1; m 2 )■ Tim m di 4 di&n 
tren tao thanh 1 tu dien co the tich nho hom 8? 

u (2; \ {0;3} C.m=2 D. Kliong ton tai m 

J ^ 

Dap an: 


A. m=3 


B. l'^;l 


l.C 

2.B 

3.B 

4.B 

5.B 

6.A 

7.B 

8.D 

9.B 

10.C 

ll.B 

12.D 

13.D 

14.D 

15.D 

16.B 

17. A 

18JB 

19.C 

20.D 

21.C 

22.B 

23 .D 

24.C 

25.C 

26.B 

27.D 

28.B 

29.B 

30.B 

31.B 

32.C 

33.A 

34.B 

35.B 

36.D 

37.C 

38.A 

39. C 

40.C 

41.D 

42.C 

43.C 

44.D 

45.B 

46.B 

47.D 

48.D 

49.B 

50.B 
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Be thi thir so 4- thoi gian 90 phut 

Cau 1. Cho so phuc z thoa man (1 + /) z+ (2 - i); = 4 - /, phan thuc cua z la: 

A. 2 B. 1 C. 3. D. -1 

, 

Cau 2. Hinh chop S.ABCD co day ABCD la hinh vuong canh a, SA vuong goc voi day, ti so — 


sao cho khoang each tir M - trung diem AB den (SCD) bang —= la: 

A. 1 B. 2 C. 3. D.4 

Cau 3. Cho ham s6 y = x 3 -3x 2 (C), phuong trinh ti4p tuySn (C) tai diem co hokih do xo = 1 la 
A. y = ~3x +1 B. y = 3x+3 C. y = x D. y = -3x-6 

Cau 4. Cho tarn giac ABC co^(4,4),i?(0,'2),C(8,-4), dien tfch tarn giac ABC la: 

A. 5 B. 10 C. 15 D . 20 

Cau 5. Co 2 thung dung tao. Thung thu nliat co 10 qua (6 tot, 4 hong), thung thu 2 co 8 qua (5 t6t 

va 3 hong). L^y ngau nhien moi thung 1 qua, tmh xac suat de lay dugc it nhat mot qua tot. 


A.H 

20 


B. 


_3_ 

20 


c.il 

40 


D. — 
40 


Cau 6. Tim gioi han lim 

X->1 + 


A. 4-00 B. 4-oo C. 0 D. 1 

Cau 7. Cho 3 diem B(l;0;l),C(-l;l;0),D(2;-l;-2). Phuong trinh mat phang qua ba diem tren la: 

A. -4x-ly+z-2 = 0 B. x-2_y+3z-6 = 0 

C. x-2^+3z + l = 0 D. Ax+ly-z-3-Q 

Cau 8. Cho ham so y = /(x) = cosx- sinx la ham so: 

A. Chan B. Le C. Khong chan khong le D. Khong xac dinh 

Cau 9. Xac djnh tap hop diem bieu dien so phuc z thoa man |2zz -1| = \fE la duong tron co tarn co 

hoanh do la: 

A.-1 B.O C. 1 D. 2 ~ 

Cau 10. So nghiem cua phuong trinli -j3x+4 - V2x+I = yfx+3 la: 

A. Vo nghiem B. 1 C. 2 D. 3 

Cau 11. Cho hinh chop S.ABC co day ABC la tarn giac deu canh a, mat ben tao voi day mot goc 

60°. Khoang each tu A den (SBC) la: 


A. 


B." 

2 


C. aS 


, y ” — YiX 4 - Y) — 1 

Cau 12. Ket qua cua lim---= f{n) . Tinli f(2)? 

*-* 1 ( x - 1 )- 


A. 0 


B. 1 


C. 2 


D. — 
4 


D. 3 

3 + 2sin 2 a 


. x —3 71 

Cau 13. Biet cos a- —,— <a<7r . Tinh gia tri cua bieu thuc P = 

5 2 * 4-cos2a 


A. — • B.“- C. 27 

107 


D.-“ 

107 


107 107 107 

Cau 14. Cho yt(2,-3,-l),i?(4,-l,2). Phuong trinh mat phang trung true cua AB la: 


i 


A. 2x + 2jy + 3z-3 = 0 


B. 4jc-4v-6z+— = 0 
2 
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C. x+y—z = 0 D. 4#+ 4 ^+ 62 -7 = 0 

Cau 15. Ham so y = f(pc) = tanx+sinx la ham so: 

A. Chin B. Le C. Khong chin khong le D. Khong xac dinh 

Cau 16. Trong cac menh de sau, menh de nao dung? 

A. Vxei?:x 2 -x-l>0 

B. Vjcg R:x 2 >9=>x>3 

C. \/xeN*: n(n + l)(w + 2) chia hit cho 6 

D. Vx€ N*: w(Wl) la sole 

Cau 17. Parabol y = ax 2 + bx + c di qua .4(0,2) va co dinh 1(2,5) co tong b+c la: 

A. -1 B. 2 C. 3 D. 4 

Cau 18. Cho tur dien O.ABC A(l; 2;-1), 5(2;-l; 3), C(->/3; 3; 3), 0(0; 0; 0). Thd tich tu dien O.ABC 

A. 7 B. — C. 8 D. — 

3 3 

Cau 19. Voi m bang bao nhieu thi 2 do thi ham so y = x 4 - lx 1 + 2 va y=m co 4 diem chung? 

A. m=2 B. m=l C. 1 < m < 2 d. m <] 

Cau 20. Cho tarn giac ABC co a = 24,6 = 13,c = 15 . Goc nho nhlt cua tarn giac co gia tri la: 

A. 26°32 B. 33°33 C. 28°38' D. 22°22’ 



Cau 21. Goi Z l , Z 2 la can cua so phuc w= 5 4-12 i . Gia tri cua P = |rj| + |r 2 | la: 
A. 5 B. 1 + -JE C.2+2-J3 D. 2^/^3 


Cau 22. Hinh chieu cua dirang thang ( d ): 


jc —1 _ y + \ 
2 ~ 1 



tren mat phang Oxy co phuorng 


trinh la: 



CN 

+ 

II 

* 


JC = —1H- 5/ 


X--1-2/ 


A. < 

y = -l + t 

z = 0 

B. < 

y = 2-3t 

2 = 0 

c. * 

+ 

I o 

II II 

D. Dap an khac 


Cau 23. Cong thuc nao sau day khong phai la 
abc 


A. S = - 


2 R 


cong thuc tinh dien tich tarn giac chinh xac? 
B. S = pr 


C. S = Jp(p-a)(p-b)(p-c) D- s = \ a K 

Cau 24. Dien tich hinh phang dugc gidi han bdi do thi cac ham so y = x 2 + x - 1 va y = x 4 + x - 1 


A. — B. — C. - D. — 

15 15 3 15 

Cau 25. Cho hinh chop S.ABC co ABC la tam giac deu canh a, mat ben tao voi day mot goc 60°. 
Khoang each t£r A den (SBC) la: 


a-Jl 


aj2 


A. B. ^LZ. C. a-j3 

2 2 
Cau 26. Trong cac dang thuc sau, dang thuc nao dung? 

A. sin(180°-tf) = -cos<7 B. sin(l80° -a) = -sina 

C. sin(180°-<2) = sintf D. sin(180°-u) = costf 



V;if 

\fCflci 
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Cau 27. Nghiem cua phuong trinh log 2 (9*-4) = :dog 2 3 + log^ >/3 la: 

A. 1 B. 2 C. 4 D. log 3 4 

Cau 28. Cho O la tarn dubmg tron ngoai ti£p tarn giac d£u MNP. Goc nao sau day bing 120°? 

A. {mN,NP) B. (mo,on) C. ( MN,OP ) D. ( MN,MP ) 

Cau 29. Mot nhom hoc sinh co 5 nam va 5 nu' an lau bang chuyen Kichi-kichi. Hoi co bao nhieu 
each xep cho ngoi cho cac e sao cho nam nu ngoi xen ke: 

A. 240 B. 120 C. 1024 D. 360 

Cau 30. Tich cac nghiem cua phuong trinh: 5 2 * +1 + 7* +1 -175* -35 = 0 
A. 0.5 B. 1 C. 1.5 D. 2 


Cau 31. Tinh the tich khoi chop tur giac deu S.ABCD co do dai tat ea cac canh bang a.: 

>/2 j „ „ 2 ^ 3 


A. — a' 

6 


B. -— a~ 
3 


C. 


D.±^ 


r 3 3 

Cau 32. Cho ba diem A(0,l s 2), B(2 r 2,l), C(-2;0; 1) Vi&t phuong trinh mat phang di qua ba diem A, 


B, C: 

A. x+2y-4z+6=0 B. x+2y-4z-6=0 

C. x+2y+4z-6=0 D. x-2y-4z+6=0 

Cau 33. Phuong trinh 3 2 * +1 -4.3 X +1 = 0 co 2 nghiem phan biet x l9 x 2 trong do x { <x,, chon phat 
bieu dung: 


A. Xj +x 2 =-2 B. x r x 2 =-l C. jCj+2x 2 =-1 D. 2x 1 +x 2 = 0 

Cau 34. Cho phuong trinh: x*. 3* + 27 x = x.3 x+] + 9x 3 tim tong cac nghiem cua phuong trinh: 
A. 1 B. 2 C. 3 D.4 


Cau 35. Cho ham so y = x 4 +— x 2 -1 5 phat bieu sai la: 

A. Ham so nghich bi4n tren (-oo; 0) B. Ham s6 d6ng bi4n tren (0; +oo) 

C. Hkn so kliong co cue tieu D. Ham so ck Ox tai 2 diSm 

Cau 36. Tong cac nghiem cua phuong trinh: 12 + 6* = 4.3* + 3.2* la: 

A.l B.2 C.3 D.4 

Cau 37. Cho hinh chop S.ABC co day la tarn giac ABC vuong tai B, AB=a, AC=2a va SA vuong 

goc voi day. Goc giua (SBC) va (ABC) b'mg 60°, Thl tich S.ABC la: . 


A. 


W3 


B. 


C. 


a 3 V3 


D. 2a 3 


3 2 2 

Cau 38. Goi Z], z 2 lan luot la nghiem cua phuong trinh r 2 + 3(1 + i)z + 5/ = 0. T6ng phdn thuc cua 
hai so Z], z 2 la: 

A.-2 B.-3 C.-4 D.-5 

Cau 39. Nghiem cua phuong trinh sin 3x - *J3 cos 3x + 2 = 4 cos 2 x la: 


A. 


n kin 

x = —l- 

6 5 

_ 5 n kin 


B. 


_ n kin 
X ~ 6 + ~ 
_ 5 n kin 


C. 


n i 

x = — + kn 
6 

5n 7 „ 
x = — + kln 
6 


D. Dap an khac 


Cau 40. Cho a( 1, t, 2), b(t +1,2,1), c(0 5 1 - 2, 2). Xac dinh t de a , b, c dong phang? 

2 




A. 1 


B. -2 


C.I 

2 


D. 
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Luyem Be 


Cau 41. Cong sai cua cap so cong 
-1 


u n +w 5 -w 3 =10 
u n +u 6 = 19 


la: 


A. 0 


B. 


5 


D. 


Cau 42. Cho s6 phuc z thoa man ^ ') - 111 . Tim modun cua Z 9 ? 

z + 2i 2 

A. 7l7 b. 5 C. V205 D. 16^2 

Cau 43. Xac dinh m d<§ diremg thing y = mx-2m tilpxuc voi do thi ham s6 y = -x 3 + 3x + 2? 

A. m = 3 B. m = -l C. m=l,m=-2 D. m = 0, m = -9 

x 2 -2jc<0 
x 4 -5x 2 +4<0 
-2x 2 +x+3>0 


Cau 44. Nghiem cua bat phuong trinh 


A. 1; 


B. 


l;: 


c. (- 2 ;-l) 


D. (-2;-l)u(l;2] 


Cau 45: Cho A(1; 5; 0), B(3; 3; 6) va (A): = Z_i = ±. Bilm M thuoc (A) dl tarn giac MAB 

co dien tich nho nhat co tung do la: 

A. 1 B. 2 C. 3 D. 0 


.. r > , , .. y/lx + l-y/l-X p 

Cau 46. Ket qua cua gioi han lim-—--la: 


A. 0 


B. 


12 


sin 2x 
C. 1 


D. 


3/2-1 


Cau 47. Dien tich hinh phing giai han boi duong cong y = - va duong thing y = -2x +3 la: 

X 


A. 


B. - + 21n2 
3 


C. —-ln2 
4 


D. 4 + —ln2 
3 


Cau 48. Cho mat chi (S) : jc 2 + y 2 + r 2 —Ax + 2y - 6r+ 5 = 0 va (P): 2x + 2.y- z +16 = 0. Diem M di 
dong tren (S), N di dong tren (P). Bo dai ngan nhat cua MN la: 

A. 5 B. 4 C. 3 D. 2 

Cau 49. Phuong trinh chinh t&c cua elip (E) co true Ion la 6 ? tieu cir bang 2V 5 la: 


*.*♦*-£ 


9 4 


C.^ + ^ = l 

4 25 


_ x~ v- , 
D.y + y- 1 


Cau 50. Tich cac nghiem phuong trinh 


inh: i 6 X ^ + 1 = 2 X ^+3 X ^ 


A.l 


B. 2 


C.4 D.O 

BAP AN BE 04 


1A 

2B 

3A 

4D 

5A 

6C 

7D 

8C 

9B 

10B 

1 IB 

12B 

13C 

14A 

15B 

16C 

17A 

18A 

19C 

20C 

21D 

22k 

23A 

24B 

25D 

26C 

27D 

28B 

29A 

30A 

31A 

32A 

33D 

34B 

35C 

36C 

37A 

38B 

39A 

40D 

41B 

42D 

43A 

44B 

45D 

46B 

47C 

48D 

49B 

50D 
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Be thi thu* so 5- thoi gian 90 phut 

Cau 1: Bo thi ham so y = x 3 -3x 2 + ax A- b c6 diem cue tieu4(2; 2) Tim ting a+b? 

A. 2 B.4 C.6 D. 8 

Cau 2: Tam giac vdi 3 canh la 5,12 va 13 thi co dien tich la bao nhieu? 

A.20 B.30 C.10 Jl D. 10-73 

Cau 3: Mat phang (P) chua dtrcmg thang (d): ~~ = ~ - —va vuong goc voi nip 

(Q ): 2x4- y -1 = 0 co phuang trinh la 

A. 2x- y- 1=0 B.x- 2y- 1=0 C.x+2y+z=0 D.x4-2y-l=0 

Cau 4: Cho hinh chop S.ABCD co day la hinh thoi, goc BAD=120°. BD=a. Hai mat phlng (SAB) 

va (SAD) cung vuong goc vdi day. Goc giua (SBC) va day b&ng 60°. Thi tich khli chop la: 


A. 


2a 


B. 


C. 


a* 

4 


Tis "'Til '4 

Cau 5: Ham so y=x 2 -6x 2 +mx+l dongbien tren mien (0;+a>)khi gia tri cua m la 
A. m<0 B.m>0 C.m<12 D.m>12 


Cau 6: Tap hop diem bieu dien so phuc z thoa man -— = 1 la 

z + i 

A. Duongthing B.Bilm C.Budmgtron 

Cau 7: Nghiemcua phuangtrinh: log 2 x + log 2 4x = 3 la 


D. Elip 


A. 2 


B.4 


C. yfl 


D, A 
2 


Cau 8: Hinh thoi ABCDcanh a ,goc ABC^dO do co dien tich bang? 


A. 


a 2 yl .3 


B. 


a 2 S 


C. 


a 2 J 3 


D. 


a 2 ^3 

10 


2 8 9 
Cau 9: Tu cac so 0,1, 2, 3, 4 lap dugc bao nhieu so tu nhien co 2 chu si phan biet? 

A.20 B.16 C. 12 D. Dap ankhac 

Cau 10: Tam giac ABC co BC = 10 ,goc A = 30 do,. Ban kinh dirbng tron ngoai tilp tarn giac ABC 

bang bao nhieu? 

A.5 B.10 C. D. 1073 

73 

Caull: Cho mat cau(S):(x-l) 2 +(y-l) 2 +(z+-2)^=9 va mat phang (P): x+2y-z-l 1=0. Vi trf 
tirong d6i cua (S) va (P)la: 

A.Cat nhau B.Tiep xuc C. Khong cat nhau D. Dap an khac 

Cau 12: Mot hop dung 9 the dugc danh so tu 1 den 9. Rut ngau nliien 3 the va nhan 3 si ghi tren 3 

the voi nhau. Tinh xac xult de tich nhan duoc la mot si le 


42 


B. — 
43 


C.- 


43 


D.- 


'43 


Cau 13: Tong hai nghiem cua phuang trinh sau tfxTl + tfx + 2 = 1 + \Jx 2 +3jc+ 2 la 
A. 4 B. 1 C. 2 D. -2 

Cau 14: Ham so y = (m - l)x^ + (m^ - 2m)x^ + m co 3 diem cue tri khi? 


m <-l 
1 < m < 2 


B 


m < 0 
1 < m < 2 


m>2 
-\<m< 1 


D 


m > 2 
0</w<l 


€ 
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_ -28 

CSu 15: Trong khai triSn (x<(x + x 15 )" S6 hang khong phu thuoc vao x la s6 hang thu bao nhieu, 
biSt C" + C"~‘ + C"~ 2 = 79 

A. 6 B. 7 C. 8 D. 9 

Cau 16: Vec ta nao la vec to phap tuyen cua duong thang -y=— 

A.(2;-l) B.(-l;2) C.(-l;-2) D.(2;l) 

Cau 17: Cho tu dien ABCD co A(2 r l,l), B(3,0,-l), C(2,-l,3) va D thuoc true Oy. Biet the tich 
kh6i tu dien bang 5. Tung do cua diem D la: 

A, 2 B. 4 C. -6 D.8 

Cau 18: Co bao nhieu s6 phuc z thoa man |z~ 2\ = |z| va (z + l)(zD - i) la so thuc? 

A.O B.l C.2 D.3 

Cau 19.:Xac dinh m di ham s6 y = x^ + 3x^ + mx + m luon dong bien tren R? 

A. m<3 B. m > 3 C. m>3 D. m<3 

Cau 20.:Lap phuong trinh dudng phan giac cua goc nhon cua goc tao bdi hai dudngthing: (d):x + 

2y + 7 = 0 va (A): x - 2y- 3 = 0 

A.2y-5=0 B. x + 2=0 C. 2x- 6y + 7=0 D. Khong xac dinh 

Cau 21. Phuong trinh sin 2x - sin x = 2 - 4 cosx co nghiem la 


A. 


n . _ 
jc - — A-kin 

3 

B. 

x = — + kin 

3 

c. 

1 

* 

II 

+ 

to 

D. 

x = — + kn 

L 2 


x = -— + kin 

L 3 


II 



■- — + kln 


3 

x-kn 


Cau 22: Cho ba diim A(1 ;2;1)JB(0;-T ;0)- > C(3;-3;3) Tim toa do D sao cho ABCD la hinh chu 
nhat? 

A.(4;0;-2) B.(4;0;4) C.(2;0;2) D. Dap an khac 


Cau 23:Tfnh gioi han lim = 
A.-l 


V3jc + 3-3 


x —>2 

B. 1 


C. 0.5 
2 -/ 


D. Dap an khac 


Cau 24:Cho so phuc z thoa man (1 - 2 i)z -- = (3 - z) tap hop diem bieu dien so phuc z la 

1 + / 

A.Buong thang B.Buong tron C.Biem D. Elip 

Cau 25 Cho ham s6 y = ^x 4 -x 2 -1 phat biiu nao la sai 

A. B6 thi ham so nhan Ox lam true doi xungB. Ham so dat cue dai tai x =0 

C.Ham s6 dat cue tilu tai x =±1 D.Ham s6 ddngbien tren(-l ;0)va(l ;+oo) 

Cau 26: Mot lap co 27 hoc sinh nu va 21 hoc sinh nam. Co giao chon ra 5 hoc sinh de tham gia thi 
chao mirng ngay 20/11. Tinh xac suit di trong top ca do co it nhit 1 nu? 


A. 


40562 

1712304 


B. 


C 3 C 2 
'-'21 *—21 


c. 


C' 2l JCl I 

cl 


D. dap an khac 


Cau 27. Cho tu dien ABCD co AB=CD=2a,Goi M,N lin luot la trung diim cua BC va AD, MN = 
a*j3 Goc giua AB va CD la: 

A.30° B.45 0 C.60° D.90‘ 

Cau 28: Goi A, B la hai diim biiu diln cho cac s6 phuc la nghiem cua phuong tri 
0. Tinh do dai AB? 

A.2sf2 B.2 C. 3 D.3>/2 

Cau 29: Ham s6 y= x z - x+1 la ham so 
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Luyeh Be 


A. ham chan B. ham le C. ham khong chan ,khong le D. khong xac dinh 

A , . •’ ' ' -x-2 

Cau 30: Ti'nh dien ti'ch hinh phang gioi han boi do thi ham so y =- va true hoanh ,cac 

x~\ 

dudngx=-l,x=0 

A. 1 B.2 C. 3ln2— 1 D. 21n3 -1 

Can 31: Tam cua duang tron giao tuyen cua mat cdu (S):(x- 1)^+ (y- 1)^+ (z+ 2)^= 9 va 
mat phang (P): x + 2y - z- 11 = 0 co cao do la: 

A.2 B.3 C.-3 D.l 


Cau 32: phiromg trinh 5 lx - 24.5*” 1 -1 = 0 co nghiem la 

A. 5 B.l C.-l D 4 

Cau33:Goi z 13 z 2 lan luot la nghiem cua phucmgtrinh: z 2 -2z + l + 2/ = 0 giatriciia 

p = \ 2 i\+\h\ ^ 

A. 1 + 7? B. 2 + 7? C. 3 + 7? D. 4+7? 

Cau 34.: Cho lang tru dung ABC.A’B’C’ co A(4;0;0),B(0;3;0)„C(2;4;0) Toa do diSm B’ la bao 
nhieu de the tichkhoi chop binglO? 

A.(l ;~2;0) B.(2;0;-5) C. (1 ;1 ;3) D(0;3;2) 


2 1 

Cau 35: Cho ham s6 y = tan 2x + - tan 3 2x + - tan 5 2x , dao ham y’ la 


A. 2(1 + tan 2 2x) 3 B. 2(2 + tan 2 2x) 3 c. (2 + tan 2 2x) 3 D. (2 - tan 2 2x) 3 

Cau 36: Cho (A):x - 2y + 1 = 0 va hai diem A(l;2), B(0;-1). Tung do cua diem M thuoc (A) sao 

cho tarn giac MAB vuong tai M la 

7 7 7 7 

A. 0 hoac - B. 1 hoac - C. 2 hoac - D. 3 hoac - 

5 ‘3 ‘4 '5 

Cau 37: Cho A( 2, -3,-1)3(4,-1,2) phuang trinh mat phang tmng true cua AB la: 

A. 4x+4y+6z-7=0 B. 3x-y-2=0 C. x+y+4=0 D. 2x-y-6=0 

Cau 38: Nghiem cua Mt phuomg trinh log 4 (x+l) -Iog 4 (5-x) <lla: 

A.-4<x<3 B. -1 <x< 19/5 ' C. x<3 D. 3<x<5 

Cau 39: Cho tap A = (1, 2,3,4, 5}. Co bao nhieu so co 8 chu so lap tu cac so tren sao cho chu sd 1 
co mat hai lan, chu so 2 co mat 3 lan, cac chu so khac co mat 1 lan? 

A. 1120 B.3360 C. 2240 D. Bap ankhac 

-X 2 — yjx 2 + 7 
r-1 


Cau 40 : Tinh lim 


V5 


Cau 41: Tam giac ABC biet A(4.;4), B(0;2), C(8;-4). Dien tich tarn giac ABC la: 

A.5 B.10 C. 15 D.20 

Cau 42. Duong tron co tarn I(-l;3) vatiep xuc vai duang thing (A): 5x + 12y+ 8 = 0 la: 

A. (x-l) 2 + (y+3) 2 =9 B. x 2 + y 2 - 1 Ox - 4y + 12= 0 

C. (x + l) 2 + (y-3) 2 =4 D.Bap an khac 


Cau 43: Mot trong s6 phuc thoa man|z+l-2i|=5 va Z.z = 34 co phdn ao la: 
A.5 B. 6 C. 7 D. 8 

Cau 44: Cho goc a thoa sin # = ~ Gia tri cua A= (sin4a+2sin 2a) cos a la: 
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A 199 0 225 „ -123 _ 224 

A. B. C. 13- 

228 128 256 127 

Cau 45: Cho hanisS y=x^-3x^+mx+l .Tim m de ham so co cue dai,cuc tieu? 

A. m<2 B. m>3 C. m<3 D. m >2 

Cau 46: Cho A(-4; 1), B(2;4),C(2;-2). Bilm D co tung do la bao nhieu thi C la trong tam cua tam 

giac ABB? 

A.-11 B.8 C. 10 D. 9 

r O 

Cau 47: Nguyen hkn cua ham so /(x) = tan°x la: 

1 tam A 

A .-tan 2 x + ln|cosx| + C B. -——+C C.tanx 2 +C D.Bapankhac 

Cau 48; Tu 6 chu s6 1, 2, 3,4, 5, 6 lap dirge bao nhieu chu so co 4 chu so khac nhau va chia het 
cho 5? 

A. 128 B.120 C.60 D.360 

Cau 49:Tam giac ABC co ^(4 ? 0,0),B(0 5 3 ? 1),C(2 5 4,-1) la tam giaegi? 

A, Tam giac can B. Tam giac vuong C. Tam giac thucmg D. Tam giac deu 

Cau 50: Tim m d£ ti£p tuyln cua d6 thi ham so y = - 3x^ + m tai diem co hokih do la 3 vuong 

goc voi duong thang x+9y-l = 0 

A. 1 B-1 C. Bap an khac D.2 


BAP AN BE 05 


1C 

2B 

3B 

4C 

5D 

6B 

1C 

8A 

9B 

10B 

lie 

12A 

13A 

14B 

15B 

16B 

17C 

18B 

19B 

20B 

21B 

22B 

23C 

24C 

25A 

26D 

27D 

28A 

29C 

30C 

31C 

32B 

33A 

34D 

35A 

36A 

37A 

38B 

39B 

40A 

41D 

42D 

43A 

44B 

45C 

46A 

Aik 

48C 

49C 

50C 
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